
 

3.5 Appendix Completion of a Metric Space

Def A metricspace I d is said to beisometrically
embedded in metric space Y g if
I a mapping E I Y s t

dex y p Ex Ey

Notes I E is called an isometric embedding
from Id into CT 9 And sometime

called a metric preserving map

i I must be one to one and continuous

Def Let I d and Y 9 be metric spaces
We call CY g a completion of I d

if a E p is complete

e I isometricembedding
I d LED

suchthat the closure EX 7



g Y p IR standard Q C IR

I d Q inducedmetric

Then IR standard is complete

I Q inducedmetric IR standard

8 É
ICQ OI IR Q is dense in IR

Def Two metric spaces I d Ibd are

called isometric if I bijective isometric

embedding from I d onto I d

Notes I the inverseof the bijective isometric
embedding is also an isometric embedding

is Two metric spaces will be regarded as
the same if they are isometric

Thy If Y 9 E p are completionsof a
metric space CA d Then I g and

YS p's are isometric

ie Completion is unique up to isometry



53.2 TheContraction Mapping Principle

Ref I Let I d be a metric space A map
T A d I d is called a contraction

if I constant r ECo 1 suchthat

d Tx Ty I 8 dexy tx yet

e A point X EI is called a fixedpointof T

if TX X
usuallywriteTx instead of TX

E3 Contraction Mapping Principle

Every contraction in a completemetric space

admit a unique fixedpoint
This isalso called the BanachFixedPointThan

Pf Uniqueness Suppose X y are fixedpts oft
Then d x y d Tx Ty x y arefixedby T

I 8 day for some re 6,1
dex y o x y CT contraction



Existence let Xo EI

Define Xn nI by Xn TXn t fun 13

Then Xn Tent T TXn 2 Txu z

T Xo

For any man

d xn Xn d TX TX d YoTNX

d T T n'xo T TNXo

r d TMNT tax TNko

where Velo D is the constant sit dax Ty Erday toe
f

synd T xo Xo

ON dTank T NY d T GT NY
t t d CTXo Xo

2N dÉxgxo trd To xo t

H N'dCtx xo tf M'dTayo
j it at tf M JdCTxoxo

YI detoxo



Therefore HE 0 if N 0 is chosen s t

YI dCTxgxo Ez

wehave f n MEN

d xnXm E dexn XN Td xn Xm E E

Xa's is a Cauchy seq in I d

By completeness of Id I x EI st xu x

Note that a contraction is always contains Ex we have

ThisXu legTx i Theta i TX
x is a fixed point of T H

931 T 0,1 0,1 Caution COIT is notcomplete
X H E

Clearly I Tx Ty I fix yl Kt I I
t T is a contraction

However if x Elo IT is a fixed point of T
then

Tx x E X X O 46 I

I T has no fixed paint on co I

This example shows that completeness is necessary in the
Contraction Mapping Principle



egad S IR IR
X H x log ite

IR5 complete

Then Fx l É
Sx Syl tyco lx yl six y

But there is no constant rat such that
I Sx Syl s rix y I Ext

since log ite O V X EIR

S x X G XE IR ie no fixed point

This example shows that rel cannot replaced byEly
935 Let f to 1550,15 continuously differentiable

with Ifat s t on co i Then f has a fixed
point in to I

Pf By mean value theorem

H X YETO I I ZELO II Sit

fix fly Fa x y

I fix fly E fol lx Y l




