
 

2.5 Elementary Inequalities fa Functions

Recall

Young's Inequality

For a b o and p 1

ab e aft by
where q is given by

t t t 1

and equality holds aP b

Note q É I is called the conjugate of p

recall Pf study theminimum of

9 a of bf ab EX

Note If p 2 it is the elementary inequality

zab sat b



Thnx Holder's Inequality

Let f g e Rta b Riemann integrable and psi

Then

Jaga axe Sab tax Sigulda

where 8 7 the conjugate of p

Equality holds

either tag o almost everywhere

or b I constant i o sit

Igo18 1 Ifix P almost everywhere

I constants Ni Izzo notboth zero such that

fix IP del go 18 a e

Rf Omitted

Note If we denote 11flip L If Pdx Thea

the Holder Inequality can be written as

Sbalfixigaldx s 11flip11911g



Note Limiting cases note Riemannintegrable

bounded

i poi quotas
Sablfixgo dx E 11511 119 lo

Ci p to 8 21

S fix go DX I 1151611911

1m24 Minkowski's Inequality

V f ge Rta bJ
and p l

II ftgllpellfllp.tl gllp

Equality holds
either a for 9 0 a e

or b Ilflip 0 11gllp o and I constant

No sit gas I fix a e

I constants 11,1220 notbothzero sit I fix 1291
Pf Omitted



Remark Thisshoves that 11flip fa p l is a nom

on RE9byn relatianmoda.e

other conditions are trivial



ch3 The Contraction Mapping Principle

3.1 CompleteMetricSpace

Def Let I d be a metric space
1 A sequence IXas in I d is a Cauchysequence

if HE 0 I no sit dexn Xm E F n m z n o

e E d is complete if every candy sequence in Ad
converges

A subset E is complete if the induce metricsubspace

Ed is complete ie d d I ere
ie every Cauchy sequence in E converges

with limit a E

Note Convergentsequence is a Cauchy sequence Ex

PropI Let A d be a metric space

Every complete set as I is closed

b If I is complete thenevery closed set in I
is complete



Eia Let ECI E complete

Suppose I Xn CE with X x in 71

By note I Xn is a Candyseq in E

Then completeness of E Xu ZEE

Uniqueness of limit X Z EE

E E is closed

b let I d becomplete E is closed in I
Then every Cauchy seq Xu's a E is a Cauchyseq

in Z Completeness of I Ix GI

sit Xn x Suice E is closed X GE

E is complete

egI IR standard is complete

Ta b C A b Ea a complete

a b bfinite not complete

Xu b k b4595

Oh is not complete



eg I CEDI dis is complete

Cauchy seq Ifn is do metric

HE 0 I no sit

Max fuk fax se Hn m Zn o
Ea b

fax fix uniformly fasone fe cab

eg let p I f e cab fix apex area b for some

polynomial pix
Then P is not complete in da metric

hnl x É II EP

but has x ex uniformly ni da metric

ex P


