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Let E If E Ctab fix O TX Eta b S CA

A FEE f ispositive cts on the
closed bounded

interval Lgbt therefore I m 0 Sit

fix Z M 0 AXEL a b

Consider Binet geetab dog f E

t GEBEA we have H XEIab

gas gas fix fix

I fix Ng fila

fix E e m Mz Mz O

GEE I have BEEF CE

i E is open in Cabs do

Similarly one can show that taek

f ECE b fix L Fx Eta b

If e Cta b fix Sd tx ETAT

are open in CtabJ des



And If E Lab fixed K X Eta b

te Cta b fax E d HXEta bJ

are closed in cab dis Ex

Caution Ciab I Ife Lab f x 22 TXGtaby3 feta b fix L K XECa b

914 Let I 0 and d discrete metric on I

Then t subset ECI

BIX IS C E F X EE

HW4E is open
Therefore any subset E of I disnete is open

hence any subset E of I discrete is closed

Together any subset E of I discrete is both

open and closed

In particular any 2x C discrete is both

open and closed



Prop2.6 Let I d be a metrospace A sequence

In converges to x tfandailyf
t openset G containing x I no such that

Xn EG A R2 no

Pf Let G open
X EG

I E o sit Bex C G

As Xu X father's E o I no sit

dexn X SE A nano

Xue Bex CG the no

F HE O Bex is an openset containing
x

Therefore I no sit Xue Bex A nano

dan a s e than
oxy

Propt Let I d be a metric space Then a set ACI
is closed ifandonlyif whenever Xn CA

and Xu X as a a implies that X EA



Pf E Supposenot Then X A
ie X E IIA which is open as A closed

IE O BE CAA

Ontheother hand Xu x I no St dan X CE f nano

Xn EBay CI A

xn A contradiction

e Supposenot Then A is notclosed

ILA is not open

XENA St Bex IIA HE O

In particular Byu n A 0 tn 3

Pick Xu G Beacon A for each n

Then Ixas CA deux St ta

x as no

Contradicting the assumption as XE 1A



Prop2.8 Let f I d T 9 be a mappingbetween

metric spaces

a f is continuousat x
t openset G int containing fix

f G contains Bax fu some E O

b f is containous in I
F openset G in Y IG dope in A

Rf a Suppose not
then I open set G in'T containing fix

sit ICG doesn't containing Bald He o

ie Bead ATI f G 0 He o

In particular BEN FEIG 4 tn

Pick XueBINTANG on

Then
Xn EBI x xn x as no

I Xne EG fan G An



ByProp 6 fix fix Contradicting the

assumption that f 5 cts at x

HE O Belfex CF is an open set containing

fix By assumption

f Baffin Box forsome do

i e fly e Be fix t ye Box

d fig fix s E f day x so

i facts at x

b follows from 9 Ex

Note We also have

f is cts in A

A closed set FCF FCF is closed in I

Pf Ex



Eg islet ACA A 0

Since face dex A is it f
GF X EE dex A D PICB.co

is open in E

Ii Claim If A is closed then A I Gta7
Hence any closed set is a countableintersection

of opensets

Pf It is clear that A CI Gh as A CGI tn

Let XE Gin then X EGta An

dex A I An

I Xu EA sit dex xn tn tn

Hence Xn CA is a seq as A ski xn x

Since A is closed we have XE A Prop2.7

A Gh



2.4 PontsinMetricspaces

Def let E be a set in a metric space I d

4 A point x GI not nec in E is called a

type of E if I openset GCI

containing X GRE 0 GIE 0

Gn IE 6

a The set of boundary points of E will bedenoted by

21 and is called the boundaryoff

3 The closureof E denotedby E is defined to

be É E U ZE

Note

i In l it suffices to check G of the

form Belt fu all small e g or even

ByCx FREI See the proof of Prop2.9 a
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9 For Brix yet day x r inletstandard

2B x SIX yet dey x D

BIN BFD USBA YEA dy X Er

Further Notes i 20 0 Ex

Ii H ECI SE is a closed set

Iii If E is closed then E E

Pfof Consider a seq Xn c2E converging to

some TEA
Then HE O Xn eBay fa nano fu sore no

Be doxy Xn Belt
EE E

As Xn EZE E date X

NILEBeday Dneto
Bedoxy D E 0

Beane p Eigg

BED IE O
XE JE

Therefore 2Eidosed



PfofI Only need to show that

JE CE if E is closed

Let X EZE thenby definition

BIG AE 0 Bilbo E 0

I Xue B D ME

Ida X ta An
i Xu X

Since E is closed Prop 2.7 XE E

Since X EZE is arbitrary JE CE

Propf let E C I d Then

a X EE Brix ME 0 th O

b A CB ECB t A B C Id

c E is closed

d E nd C C closedset C E

ie E is the smallest closed set containing
E



Pf a X EE XEE a XE OE

If X EE then XE BA n E F r 0

Brix AE 0 t r 0

If X EZE then by definition of boundary point
t openset G containing X GRE 0

GIE 0

since Brix is open and XEBrix treo

we have Brant 0 tho

If XEE we are done REECE

If X E then for any open set G containing X

X E GIE Hence GIE 0

To show that Gn E 0 we choose to o

sit Brok C G it is possible since G is open

Then by assumption Brok DE 0

and hence GRE f Brok ne 0

b let XEA

By pasta Bran A 0 t t o



Suite A CB Brix AB 0 t r o

Part a again XE B

ICB A

e Consider a seq Xu's EE such that xn x

fu some X E I Weneedto show that XEÉ

Supposenot then X E
Propst

Part a I e o such that Be ME p

Fa this Eo o I no o suchthat Xue Bea f n no

Then Beane 0 X E JE IE fa nano

In particular Xu'sIn is a seq in ZE and

Xu X By Noted's above and prop2.7

XE JE CE which is a contradiction

d By C E is closed E E

E e C C closed set C E

E o n c C closed set COE



Conversely let C be a closedset C E

Then by lb and Iii of FartherNotes above

Ec E C

E c nd c c closedset CoE

Ref Let E be a subsetof a metric space Id
I A paint x is called an interimpart of E

if I an open set G St XEG GCE

e The set of all interiorpointsof E is called the

interim off denotedby E

Notes I E is open

Ci EO EYE

di EO A CAT
Iv EO U G G Open GCE

Pf EX
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dis However EU F
0

E UF n'general

Counterexample E Q ad
F RIG E standard

Then EU F IR

GOFER
Howere 5

0 0

EOUFO p IR EOF
We onlyhave EOUF C EOF Pf Ex
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let 5 4 FEI I fix 5 KXETO I

1 Claim J FEI IE fix 5 AXETO IT



Pf Let C FEI Efx 5 AXE0,13 S
Then 3 is fix n fix 5

closed will do
I C is closed Ex

ICC byProp2.94

Conversely H fed

su
fix ES un

Note dffn f max Ifn flex
XEN
E Ith I L o as new

FEI as fast
Hence CCS A

2 Claim So FEI I fix 5 AXELTIJ

Pf Ex


