
 

2.2 Limits Continuity

Def A sequence Xu's in a metric space I d is said to
be converge to X E I if

Yg d xn x 0

Inthiscase wewrite thisxu x a Xu x in Z

Ep Uniquenessof limit
If Xu x Xn y in a metricspace then x y

Pf same as in IR by using MI

egs i Convergence in R dz is the usual convergence in AdrCalculus

His Convergence in Cegb do is the uniformconvergenceof
a seqof functions in Ca b

Def let d and p be z metrics defused on I
4 We call g is stronger than d or d is weakerthan g
if I C 0 Sit

day s c goy AXE I

2 They are equivalent if p is stronger andweaker than d
ie I Ci Cz O S t

dix y E c f x y e Czday t x y EI

or a day s yex y s e Cz day s



Prop 4 It p isstrongerthan d then

hXu's converges in CI p wiplies

In converges in I d andhave thesame limit

e If p is equivalent to d then Xu's converges in

Ip if andonly if Hu's converges at I d
3 equivalent of metrics defined above is an
equivalent relation

Pf Easy ex

eg On IR dioxin E Ni bit

1
dz x y E Ni yip
dos x y May IXi Yi

check

i dayy s a desk y s a day
dis d x y i s n da x y e n dix y

Therefore di da dis are equivalent metrics on IR

of Ciab diff g Sab If 9 I

duct g Egg if 91
Then clearly

diff g s b a ductg V f g e ca b

i dis is stronger than di
However it is impossible to find C 0 sit



daff g E C dit g H f g e cab
Pf Define f on Ia b To I

fax th XEto he
0 X E G I

Then n

d Ifn o SdIfn In 0 as new

doctor o
MoggItaly n a as neo

O f s
i n dalfn O IC dicta of E th

which is impossible

d isnot stronger than do
Therefore di dis are not equivalent

Def let f Id Yp be amapping between two metricspaces
and x EI We call f is continuousat x if
f Xu f x in F p whenever Xn x in I d

It is continuous on a set ECI if it is continuous at every
point of E

Prop2.2 let f I d Y g be a mapping between 2metric

spaces and Xo EI Then

f is continuous at Xo
HE 0 I 870 such that

p fix fix o s e f x with dexXo 8

Pf Ex



Prop23 let f Id F p and

g LFg Z M

are mappings between metric spaces
a If f is continuous at X g is containas at fix
then g f I d Z m is continuous at X

b If f is cts in I and g is cts in F then

got is its in 1

Pf Easy

Eg let I d be a metricspace ACE A 0
Refute 9A I IR by

fax guffdly x

distancefrom X tothe subset A
Claim I 9 1 1 paly E dix y Kx y EI

Pfofclaim Forfixed bye I

By defu of pacy
HE O I ZEA sit palyHE dizy

Hence false dez x s dexy day Z

doxy Pay te

Paix pacy a doxy ite

Interchanging the roles of X y
pacy palx a day te

Therefore Paix paly I day te
Saia Ezo isarbitrary I PAID Paly E day A



By claim dex x 70 PalxD Calx

PA I d IR is cts

In fact PA is Lipschitz continuous

This example shows that there are many ctsfunctions
on a metric space
Notation Usually we use thefollowing notations

dex F if I day yet
d EF if I day X EE yet

fu subsets E F

2.3 Open and Closed Sets

Def let I d metrospace
A set Gc I is called anopenset if
U x EG I ESO Sit Be x Ly digX ES C G
Thenumber E 0 may vary depending on X

Wealso define the emptyset 0 to be an openset

Prop2.4 let I d be a metricspace Wehave
a I and 0 are opensets

b Arbitrary union of opensets is open if Ga at A
is a collectionofopensets then YeaGa is an openset

C Finite intersectionofopensets isopen if Gg Gn are opensets
then I Gj is an open set



Pf a Clear

b let xeYeaGa
X EG fusome at A
I E 0 sit Bex CGa SinceGa open
Be x CLeaGa

C Let XE I Gj X EGj Kj L N

I Ej 0 sit Begx Gj Hj N

let E min El En's 0 Then

BeX C BegX CGj Hj IN
Be x ÉGj

Def let I d be a metricspace
A set FCI is called a closedset if the
complement IIF is an openset

Prop2.5 let I d be a metricspace Wehave
a I and 0 are closedsets

b Arbitrary intersectionofclosedsets isclosed if Fa at A
is a collectionofclosedsets then ahFa is a closedset

C Finite union of closedsets is closed if Fy Fn are dosedsets
then Fs is a closed set

Note Prop2,4 2.5 I 0 are both open closed

89210 1 Everymetricball Brix dyet dixy r roo

is an open set



Pf FyeBrix

ayyy p
Be

Then E r day O

IV ZE Bely
de x Eda g t day x

s E t dlyX r

Bey Brix A

2 The set E Ly EA day x r fu a fixed XE Z
is open and hence

IIE 3y EI day x Er is closed

Pt yet axis r

Then E day r o

t ZEBely
diz x a day day

dex y day r r

Bely C E A
Note Weusually write

BT X Bret ly EI dly XK r
the closedball of radius r centered at x

Confusing notationhere maynotequal to the closure of
Brix in a general metricspace

3 Since Brix E 3yet dexys r are open

Brix UE is open
Il Brix u E YEA day r is closed



In particular E Lye I dexys o is open
3 3 IIE is closed in anymetricspace

Note x may not be open unless I 870 Sit Bek 3x's

gall Biaix n 1,3 are opensets

Clavin I BIG 3 3 closed maynotbeopen

infinite intersection of opensets may not be open
Pfof claim t yen Banks yeBiaix t n 13

day x at ta

day x 0

y X X


