
 

eg 2.1 I IR dexy lx y 1 is a metricspace

g 2.2 Let 71 112 d x y Ei Ai Yi Euclideanmetric

fu X x Xu y Yy Yu E IR
Then Rn da is a metric space Proofomitted Ex

eg 2.3 Let 1 Rn d lxy EENi Yi
dos x y YEE Ni Yi

Then R di IR do are metricspaces

Generalization of egs 2.222.3 to function spaces
eg 2.4 let Ctab I real continuousfunctions on tab

H f g e cab define

daff g 11f gllo max I Ifix goal XEtaby
Then Ctab do is a

FYI gumetric space Ex

Similarly one can define

diffg S Ifix gas dx

It is also easy to verify that Ctab di is a
metricSpaceX

The natural generalization of the Euclidean metric to cab is

daff g if



M1 M2 are clear for dz because f g cts
Notethat daff g 115 9112 as in Fourierseries

da satisfies M3 Ex Using Cauchy Schwarztoprove
Ilftgll Elif112 119112

Agb dz is a metric space

eg25 On I Ria b I Riemann integrable functions on tab

d is still defined
diffg Sab if g

However M1 is not satisfied

d ft g 0 f g almosteverywhere
f g ateverypoint

i d is not a metric on Rta b

To overcomethis we consider It R9

where n is an equivalent relation on Rta b

defined by f g e f g almosteverywhere
check n is anequivalent relation

Thenelements of
a

can be represented as

If or I IgeRiab g f almost everywhere

Now define di on Rab by
di F J diffg



check di iswelldefined ie indep ofthe choice of
representatives f g
H f EF G Eg

Then d fi g S If gil

Sift fit gl K1
diff g

Similarly d f g f diff g
diff g di fig

Then it is straight forward to verify that REM di
is a metricspace
Similarly fu Rtalk di is a metric space
note that di is the E distance defined before

Def A norm 11 11 is a function on a realvectaspace I

to to b sit A x y EI d ER

NI 11 1120 11 11 0 X o

Nz Hall KI IlXII
Ns 11 911 E 11 11 11911

The pair I 11.11 iscalled a named space
And day IX y it is called themetric induced by the
norm 11011

Ex Show that doxy lx yIl is a metric with theproperty
dax g la dex y f aGR



egs Axle Ext All Exit

Axl is MaxdIX l in are norms on IR

If 112 S P 11511 Jab Ifl

11ft sup2Hex I XEta b are norms on Ctab
We've seen nam indene metric

eg I non emptyset

days if xty
if x y

discretemetric on g

Ex checkthisis ametric

I not necessary a rectaspace so d isnot inducedby norm
Even I is a recta space

f diary KIdays

Contradiction for 1441 fatty

Def let I d be a metricspace Then fuany non empty
FCI A d y is called a metric subspace

of H d

Notes I metric subspace is a metric space
I We swiple write CK d fa I dtext
Ii Ametric subspace of a namedspaceneedsnotbe a
named space unless it is a recta subspace


