
 

2.5 Elementary Inequalities for Functions

Recall

Young's Inequality

For a b o and p l

ab E pad bag
where f b given by

f t tf l

and equality holds aP b8

Note q i is called the conjugate of P

Recall Pf Study theminimum of
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Note If p 2 it is the elementary
aiequality
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thm.IO Holder's Inequality

Let f g E RTa b
Riemann integrable and psi

Then gablfaogcxsldxefabffaopdxjff.bg Pdx

where ftp.T the conjugate of p

Equality holds

either ca f a g o almost everywhere

or b I constant d o sit

Igad18 D IfixXP almost everywhere

I constants di Azzo not bothzero such
that
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Ncte If we denote HfIlp If Pdx Then

the Holder Inequality can bewritten
as
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Pf If HfHp o a HgHq 0 Then f o u

9 0 almosteverywhere Hance

0 5 Ifixsg Idx
and the inequality holdstrivially

Assume now that HfIlp o and 11gHq 0

By Young'sInequality we have for any E 0
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11gHq HfHp 8

HgHq Http

From the proof Equality holds

Haag f EPftI lgcxIq EE
almost everywhere

with E given above

EPIfcyP 1911 almosteverywhere

Ig 18 2
8 If 18 almost everywhere
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Conversely if lgcxslkdlfcxslt.fr
some Aso

we clearly have the Equality
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Note Limiting cases Note Riemaanaitgnable

i p 21 q y
bounded

fablfixsgaoldx E HEH 11gHo

ai's p to of 217

SabHaag IDX E HfHas 11911

HfHasablgadldx

TIME Minkowski's Inequality

tf f g E REA bJ
and p l

Hftg Hep E Hftp.tllgllp

Equality holds

either Ca f org 0 a e

a b HfHp o 118Hp o and I constant

a o s t g Dfix a e

constants di Azzo notbothzero sit d fix 429



PI Clearly

If 1g IE Ift g f Iftg I
E If1g1 If It If 1gIt 1g I

SabAtgPe SabHeyl El S H ist ist

Holder's Inequality
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Sea f we have gcp is P
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ie Hf 1911ps HftIp 111gHp

Equality holds
p l

i IftgI Ift g k Ift g l If I 1191
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Lii Equalityholds in Holder's inequality for
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which implies If 1gKP
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for some constants d O de O

Here we assured If 1g1 0 a e is not true

Otherwise If 1g 1 6 ace HftgHp O



equality holds Http 111gHp f e f O a e

which is the trivial case

Hence HE IgM a e

which implies fix _tea gas a e

where D 5 so

If 191 0 a e is not true

either x Heyl so has measure so

f is c m

is measurable

Hence rifx If 1gI o has measure so

and for XE Ri we can use cis to obtain that
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and hence
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Fat X f Ri ie Stk 19k f 0

Then If'tglP d HIP
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f o and g o a e wi Eab IR

Hence trivially f dg a e in Casbah

Together we have

fix a gas a e in Eab

Alternate proof notusing Holder's inequality

lemme 4ft t p 1 is strictly convex on 6,0

in fact 9Ets o t te O

Hence t a b o and he 6,13 f µ

c A atdbJ C d aPtdbP
Equality holds a b
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Use 9kt so to show that

4 1 o tu DECod

Hence maximum of 4 attained at

the boundary A O 4 1

Since 4103 0 141
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This also showsthe equality code

Pf of Minkowski's Inequality

If HfHp o then fix 0 a e XETa BJ

the inequality in fact an equality

Stinilarly if 1194 0

Assume Http o and 11gHp 0

Then
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using the fact that 9ft t t EE 167

is a strictly convex function tapu

and Http

ftp.ff gp 1 we have
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Equality holds Ctf HftIpso 11gHp o

4 If 91 E HI 11g a e No HTP facta

stuff Yfg
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It is clear now fcxt dgcxlae.EE
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for some positive constant
a 0

Remade Thisshaves that HfHp fa p I as

a noun on RE9b
relationmod a e

other conditions are trivial


