
 

eg 4 Let I 0 and d discrete metric on E

Then A subset ECE

Bzu x C E F X EE

E is open
Therefore any subset E of CE

disrate

is open

hence any subset
F of CE discrete

is closed

Together anysubset E of EE
discrete is

both open and
closed

In particular any 2x CE
discrete 5 both

open and closed

Prof2.6 het CI d be a metricspace A sequence

Hn converges to X Ifandadgif
t openset G containing x 7 no sack that

Xn E G F NZ no



PI let G open
x EG

7 E o St Be C G

As in X for this E o 7 no St

Dan X SE f n's no

xn C Be CG then

HE 0 Bees is an openset containing

Therefore 7 no set Xu C Bek H Rho

dan s E th Zn o

Prophet het Ed be a metricspace Then a set ACB
is closed'ifandonlyife whenever Lxn CA
and xn X as a a couplies that x EA

Ef Supposenot Then XIA
ie x c EIA which is open as A closed

EE 0 BEG CAA

Ontheother hand Xu X 7 no St dan x5E
NINO

Xn C Bek CE A

xn A contradiction



supposenot Then A is notclosed

ILA is not open

7 XENA s t Be EIA HE 0

In particular Biaix n A f O t n 3

Pick Xu C By h A for each n

Then Hass CA dcxn.MS'T t a

xn as n 20

Contradicting the assumption as x EEA

Prof2.8 let f I d F g be a mapping between

metric spaces

a f is continuousart x
t openset G int containing fan

f G contains Bears for some E o

b f is continuous in I
A openset G in'T f'tG 5 open air E



Rf a Suppose not

then I open set G in Y containing fax
St 5kg doesn'tcontaining Badd too

ie Behan FEI f CGD 0 too

In particular BsacxsnLEIFCGDFO.tn

Pick xnoBfcxnLEIFCGD.tn
Then

xn C BEN xn x as a as

Xue after fkn f G f n

ByProp2.5 fix 1 fix Contradicting the

assumption that f s ots at X

V E o Badfexs CF is an open set containing

fix By assumption

f Betfair 3 Bgex forsome 8in

i e
fcy C Be fix F YEBok



dffeys fix s E H day x so

i fact at x

b follows from a CEx

Note We also have

5 is cts in E

tf closed set FCT f CF is closed in E

Pf Ex

Eg let ACE A 1 0

Since Saks dex A is cts
in IR

Gr txt E dex A er's
ftp.fo

is open in E

Cii Claim If A is closed then A EIGta7
Hence any closed set is a countableuttersection

of opensets



Ef It is clear that A Gt as AINGE

let XE Gia then X EGta tn

dex A the the

I xn EA st dex xn stn ten

Hence 2Xn's CA is a seq ai A Sta Xn X

Since A is closed we have XE A Prop27

A G'a



2.4 PonitsinMetricspaies

Eef let L be a set in a metric space Ed
is A paint x EE not wee in E is called a

b H of E if t openset GCE

containing X G n E to e GE 0

Gn IE 0

The set of boundary points of E will bedenoted by

TI and is called the boundaryoff

3 The closuresof E denotedby E is defined to

be E E U 2E

Node

i In l it suffices to check G of the

form Beck for all small e 0 or even

Btk Fn El see the proof of Prop2.9 a
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2BrCx Sfx lytE dcy xs r

B rat Brix U 213rad

YEE day x Er

Further Notes

d 20 0 Ext

dis tf ECE 2E is a closed set

Ciii If E is closed then E E

Pfofc I consider a seq Hn c2E converging to

some AGE

Then HE O Xn C Bek for nzno fu soon

Be dung Hn CBelx

As Xn C 2E E E

E dan 9 X

Be.de 5DnEtof
in

BEdcxnxfxnHE g

HE



Be AE to

suiae.io
BeCX3lEf0

arbitrary ezE Therefore 2E isclosed

PfofC i Only need to show that 2ECE if E

is closed Let xE2E thenbydefinition

Binks AE f of G Binks
E 0

I Xu CBy NE

thdata X da
ie Xu x

Since E is closed Prop27
x EE

Since XE 2E is arbitrary 2E CE



Propff let E C CE d Then

a X EE Brad n E f 0 t r 0

b A CB A CI t A B C Ed

c E is closed

d E n C s C closedset d E

ie E is the smallest closed set containing
E

PfeCa X EE XEE or X C 2E

If X EE then X E BRD n E t r O

Bruh AEF 0 t r 0

If X C2E then by definition of boundary point

t open
set G containing x Gta EF 0

GIE 0

since Brad is open and XEBID
tho

we have BradAE 0 tho



If XEE we are done KEELE

If x E then for any open set G containing x

X E GIF Hence GIE 1 0

To show that Gn E t 0 we choose ro o

set Broca CG it is possible since G b open

Then by assumption Browne 0

and hence Gene Bro NE 0

b let x EA By partca

BradDA 0 f r 0

Susie ACB Br AB FO
tr 0

Part again
X EB

i ACE

Consider a seq Hn EE
such that xn X

for some x C I Weneedto show that XEE
Prop27

Supposenot then X E



Part a I Eo o such that

Be n E 4

Fa this Eo o I no 0 suchthat Xu CBedX f ns.no

Then Bedx NE 0 XnE 2E LE fa nano

In particular 1Xu'snino is a seq in 2E and

xn x By Note Is above and prop2.7

2E C E which is a contradiction

d By c E is closed E E

i E C C G closed set CoE

E o m c a G closed set CoE

Conversely let C be a closed set CoE

Then by 6 and cii'sof FurtherNotes above

Ec E C

E and c C closedset CoE's



Eef let E be a subsetof a metric space d

is A paint x is called an interimpoint of E

if 7 an open set G sat xEG G CE

The set of all criteriapointsof E is called the

criteria off denotedby Eo

Notes is E is open

Cii Eo EVE

Ciii Eo I CHET
Civ Eo U G G open GCE

Pf Ex f

EGIL E Qs 6,13 in To B d exist Ix y 1

Then EO 0 e E Eo 13 2E

eg 9 let D be a domain in 1132 bounded by
several cts caves S

f

Then

I uS DuaD

J D



eg Eof E UE fa E f d

Ext

I's However UFJ E UF ingeneral

Counterexample E Q

F R
Bd
IR standard

Then EU F IR

Eoff IR

Honore EO Fo 0

ou fo FIR CEOF

We onlyhave Eoofo c Ufj Pf Ex

eg2LI E CEO I dolt 9 Hf Ghs
Let 5 4 FEE Is fix E5 AXE6,13

l claim f LFEE IE fix E5 THEO D's

Ef Let C lfEE IE fax E5 AXE B

Then C L is fix n l fix E5 s
closed wi do

C is closed

Fcc



Conversely f f E C
fa Max fad Ith E E CEOD

fu
Then

fix E 5 thI Itth s

fix E S
Note dffa f Max Ifn f tix

xEloi

E I t z I In o as u w

I f C as ta f
Hence Cc 5

2 Claim f
0
1 FEE Kfc x e5 FX 13

Pf Ex

The topic on compactness of myold notes from
2016 17

are removed from the curriculum as it is overlapped

with the topology course It is replaced by

the topic Elementary Inequalities for Functions

as supplement to the examples of function spaces I


