
 

Ch2 Cauchy'sTheorem Its applications

I Goursat's Theorem

ThmHe Cor1.2

If r open in 1C i
notethedifferent interminologyf holomorphic MD in thetextbook

I
r boundaryof a triangle T or rectangle

Rstr ut u r UR CD

then fy f Hd't 0
Remark The mainpoint in Goursat'sThm is that there is

noneed to assume t is contaious Cauchy's first
observation used Green'sThmwhichneed to assume
Ux Uy Vx try are continuous

2 Local existenceof primitive Cauchy'sTheorem in a disc

and Appendix Bi SimplyConnectivity andJordanCaveTheorem

Notation For a simple closed piecewisesmooth corner

int 8 bounded componentof Cir
ie the interior of the Jordan curve of 8
not the interior of as a topologicalpointset



Thm29 onpage361 ofthetextbook

If f i r Q is holo r open

er simple closed piecewisesmooth curve St

ru intLD c r

Their
f f d't 0

3 Evaluation of some integrals selfreading

4 Cauchy's IntegralFormula

Thru4.1 Cor4.2

If f is holo on r
C positiveoriented suipledosed piecewisesmooth

curve St

C u intK ar

then f z e int C h 0,1 3

M n
f e If yyd's



Consequences Cor4.3 Cauchy inequalities

Think4 Holomorphic analytic Taylorsformula

Cor4.5 Liouville's Theorem

Cori FoundamentalTheoremof Algebra
Cow factorizationof Polynomial

thing Uniqueness of holomorphicfunction

self reading

55 Furtherapplications

5 l Morera's 1hm converseof Cauchy's1hm

Thrust of A on r e
note
the.fipe.intetefffoiufIoss

f O V triangle T with TU2T CR

then f is holomorphic on R

5.2 Sequenceof HolomorphicFunctions

1hm5.2 1hm5.3 tn holo on r fh f uniformly aptsubset

Then f holo ar r and fol f uniformly on Ipt subsets



5.3 Holomorphic functions defined in terms of integrals

Thru5.4 r openin E FA s DX Ebb Cl

Suppose a For each SE ta b FA s 5hold in Z

E FEC Nx La b
Then

fez Sba Fft Dds

is a holomorphic function on r

Theproofis notcovered in MATH2230

Pf It is clear that one may assume D To I

Seine R may be unbounded we works on an

arbitrary disc DC D CR

For NH consider Riemann sum

fnot In IE FH he

Then d fn H b holo that

By F C Ccr x10,13
Fez is uniformly continuous on 5 591

HE 0 I 8 0 Sit V

ZEDIFCZ.siFA sa KE F IS Sako
since des't so D Is Sako



sup tfCZS FA KE f ISt salad
2ED

Therefore if n to then FEED CD

Ifnta fest s FE E J Fft Dds

EE SEI FEEnds S FezDds

I E SEEFEES FhsDds
E EEJEEHEES FED Ids

E EJEE d s E

i f is the uniform limit of fin on D

ByTbm5.2 5.3 f is holomorphic on D

Suice D CD C r is arbitrary f is holomorphic
on r

5.4 Schwarzreflection principle

Det Anopenset r ni k is symmetricwithrespectto
the real line if

2 Er E E R



If r is symmetric Wrt R true we denote

rt Lz xtiy c rig o I

c z xtiy Er yeo's

I DMR

Then D rt u Ivr

Thin5.5 symmetryprinciple

If flirts e f er a holo suckthat

f'textendcontinuously to r uI with

ft f Tx tx EI

then fc I H ZEN
ischolo oarft Z f Ct 2C I

f Cz Z Ect

Pf Clearly only need to show that f is holo at points of
I

Hence we only need to r

consider a disc D

DC D CR St I

its center C I
Then D is symmetricart R line too

consider triangle TCD if TC Dt a D

then Cauchy's1hm Safdie O
Z



If T n I t 0 then
can I Th I avertexofT

TE

Approximateby a TeeDtaD
Then uniformcontinuityof f

fzfdz O VE o Say f dz O

Te
Case2 TAI an edgeof T

Sameargument as in Case 1

Case3 TnDH and Tn 5 10
IT

Then ThI divides T into triangle k
1

a polygon completely contained in

D UI a DUI If it is a triangle apply case 2

If it is a polygon subdivide thepolygon intotriangles

as in Cases I 2 Their using results in cases I 2 and

bythe cancellationofthe integrals along the commonedges

we have
fAz 0

By Morera's1hm thm5 l f isholo or I



Thm5.6 Schwarz Reflection Principle
let S be symmetric Wrt R line
f rt Q is holomorphic and extends
continuously to I suckthat
f X E IR TX EI

Then I F r c holomorphic suchthat
F let f

Infact F is unique by 1hm4.8 assumingconnectednessof R

Pf Define f Cz FTE for 2 Eri

Then it is easy to check

f i r E is holomorphic

f extends continuously to I

and AXEL f Cx feet ft fix as fadC R

By Thin55 symmetricprinciple

FC f
th Z C Rtu I

t Ct fT z en
is holomorphic one

andclearly Fleet

5.5 Runge's Approximation Theorem

Omitted



Ch3 MeromorphicFunctionsandthe Logarithm

1 Zeros and Poles

Thml l eThem1.2 r open in Q Zo tr f holomorphic ai R Ho's
In a nbd of Zo I holo function 8 and integerheel s t

f z Z Zo gc Zo 5 a zero

Cz Zo5 ga Zo is a pole
Incaseofzero f is actually halo in R

multiplicity of zeros and poles
simplezero and simple poles

Laurent series expansion fizs n.ES ane zoo isolatedsmigularities

Principalpoet at a pole
Residue at a pole residue

7 t fzIIT.net t Etz Gtf
principalpart holo in anbdof 2o

2 The Residue Formula

1hm2.1 Cor2.2 Cor2.3 Residueformula
veoriented

suppose f hole in an opensetcontaining a simpleclosedpiecewisesmooth
curve 8 and outer exceptforpoles at ZN C intCD Then

fc dZ ZITI reszaf



3 Singularities and meromorphic functions

1hm3.1 Riemann'sTheoremon removablesingularities

Suppae R openin E Zoe R

f Ryzo Q holomorphic

If f is bounded on DR Zo's then Zo is a removablesingularity

i.e f canbeextended to a holomorphicfunction on r

Forisolatedsingularities either removable tf boldnear to
pole Gf I the ar Zo

or essential singularities

Thru3.3 Casorati Weierstrass

If f DrAo lHo's E holo and has an
essential singularity at Zo then

f DrEdHo's dense in Q

extendedcomplexplane

rational functions self reading
Riemann sphere

Stereographicprojection



4 Theargument principle and applications

Thru4.1 Cor42 Argument Principle tveoriented

Suppne f mero in an opensetcontaining a simpleclosedpiecewisesmooth
curve r and uit r If t has neither zeros nor poles on V

then IEE dz Z P

where Z numberofzeros off in int 8

P numberofpolesoff in int 8

Thru4.3 Roache'sTheorem

Suppne f e g areholo in an opensetcontaining a simpleclosed
piecewisesmoothcurve r and uit r If

If I I Igl zs l t z E 8

then f and f1g havethesame numberofzeros in witCD

Thm44OpenMappingTheorem

If f holo on a region R ft const then f isopen
ie f maps opensets to opensets

Thm4.5 Maximum modulus principle

If f holo on a region R ft const then IfI cannotattain a
maximum in R
Forsimplicity sometimes wejustsay maximumof f for
maximumofHI Eh do



Cor46 Suppose R is a region with compactclosure 5

If f holo on r a continuous air then

Iff HEH E EEP HestRTR

5 Homotopies and Seinply ConnectedDomains

Def r open inQ Notts et Ct tea b curves in r with

common endpoints ie Toca Mcas L Jock MCD p
To 8 are said to be homotopic in R if 7 continuous map
HCst Eo DxEab r such that

Itlost ToCt HCl t Ct ft Elab

and HCS a L H Sb f f SE 0,1

Remark Usually thinkof Host bit as a familyof curves in R
with the same end points VsCa L Vs D p
Sit for 5 0 I are the original two curves to 81
Hence one curve can be defamed continuously intotheother

centre without ever leaving r e

Thm5.1 If f holo in r then

fC dz Sy fez dz

provided to and 8 are homotopic in R


