
 

Conservative VectorField

DefII let r CIR n or 3 beopen Avectorfield E defined
on r is said to be conservative if

ScEFdsffcE.dF along an oriented came C ai r

depends only on the starting point and end point of C

Note This is usually referred as pathindependent ie If

d e da are oriented comes with some stag paintA and
end point B then

q
B

Sgt Tds SafTds
A

so thevalueonly depends on the points A B Gdirections

Notation If E is caesaratiae we sometimes write

SBaE Tds to denote
the comma rake of ETds

along any
oriented came C from A to B

I
agI F i mR2

d Fct XitsityCtSj a EtEb

Then ETds fdE.dffbaxttsdt xg.is Mas

x coordinate atTcb
FeedatFca



i SdETds depends only on the startingpoint endpoint

E is conservative

Note F Ff where fix ys x

Thad Fundamental Theorem of LineIntegral

let f be a C function on an openset RCR n a 3

and E Tf bethegradientvectorfield off Thenfor

any piecewise smooth oriented canoe d
or R with

starting paintA and end point B

E Ids f B fCA

Pf Assume C is a smooth cave parametrized by

Fits as te b a

Then SCEFds Eadie

fabECFftp.rttsdt

fabEffects Ttt dt

Sab dat flat Ddt
by 1 variable

f Fcb fCFlaD fundamental Then

f B FCA of calculus



For a general piecewise smooth amore
c

C d UdaU V dk µ AFB
a 3

4 Czt Ck A Ao AL ka

in orderto indicate
thattheorientationof di are correct wrt the

orientation ofd
where Ci is smooth going from Ai e to Ai

Then E Ids Sc F Fds

HAD fCAI il

f AD ftAo

f B FCA

Thing let RCR n a 3 beopen and
connected

E is a continuous vector field on R Then the following

are equivalent

a 7 a Cl function fir Be suchthat

F Ff

Cbs E di o along and closed Anne Carr

s E is conservative



PI a Cbs If f is Cl and E Ff
and F Cab r parametrizes C anyclosedcame

C clod Tcas Fib A

Fundamental Thmof Lime Integral

cEdir f Fcb fffiaD HAS HAS 0

d c Suppae Ci Cz are oriented awes with

starting A and endpoint B

Them d u C da

aD Cz better notation 4

is an oriented closed cave

Then by 4

O DF gEdirt qE
di

qEodF qEdf
Since 4 Ids are arbitrary E is conservative

Cas Assume A 2 for simplicity other dimensions aresimilar

r
let F Mit Nj are caesaratiae

Eaa Ten



B SABE Fds commonvalue of E Tds
forany d from A to B

since a conservative

We've also used the assumption that R is connected

otherwise there is no path from A to B tf A B

belong to different connected
components

notaawe aid

Hence ftB is well defined

Clavin E Ff
Pfof dawi 2 B g

fCBTEi FCB
E

Let d beanoriented come
from A to B

µ
B BtEe

L
horizontalluiesegaut

Then f Bt Ei fromBto BtEe
with 14 sufficientlysmall

J
t E df Cat Ctl Cr

Sd LEodf E di gE d
open

SIE DEILE.df fCB t SLEDE



i fCBTEi
e
STB

ISLE df parametise L by

Effmantis de if
i 3 B fujio IS Matt Ddt

Ma y by MVF M is contaiaas

Similarly EgCB Nagy by considering

µggEtejSo If E vertical
luiesegment

Sina E is continuous

ie M 3 N are cataiums

tis d

Reward The function f in Cal ofThm9 is called the
potential function for E It is uniqueup to an

additive constant F ft c E t const c



Corollary to 1hm9

let E be conservative and Cl
connected

t
n 3 If E Mi Nj LI au R CR

then 3 _Ex
13
I 2 3 connected

n 2 If E Mit Nj Car CRY
then 2 3

Pf E conservative ThmI E If for somefunction f

ie Ff It It i

Mit Njt LI F

EE C FEC Hence mixedderivatiaes then
claimantsThy

2 35 3 5

3 Itsy 4
I EEE3

similarly fun 2



egI2 Showthat ENDS it Xj is not conservative in IR
Sod Eet LtfEf 39 01 1 3

By CortoThun9 E isnot conservation

Remark Important

For a C bedafield E MitNjt
the

cartoThug

F conservative
M N L satisfythesystem

of PDE in the car
toThem9

Answer Not true ingeneral needsextracondition on the
domain r connected 5notenough

eg4I Consider thevectorfield

E I 55
and the domains r IR's CXo EIR x so

DE ITE s 10,03

r doesn'tinclude Rz doesn'tinclude
thenegation takes theorigin

5J origin
o butinclude negatin

x axis



In polar coordinates

t ef e singe 1 j t I t
t t tE rotatesarmed tea a

origin anti dockunisely

left 0 AHH

f cannot beextended
Ittf to as to a directorfieldArk

Besides Oso F b C and hence E is din r and also

d in Rz

Questions BE conservative on Ri
Is F conservative on Rz

Sold 41 Far and Cxy can beexpressed in polar

coordinates with r O

t at
Cdos areunique

Define fix y Q smooth arr check

then int
r

y are fq sing 05
E it j 8f
E is conservative



G Fa oh thefunction

fix91 0 cannot beextended

to a smooth function on

the whole Rz fee
function f a jump

i fixy doesn'twork
atthenegative x axis

in the case of R2

Toshowthat Eisnetansaratig
antanasYmnottithexatumosfdff.ae

we consider a closed came

C Fct lost i suit j t EE159

unitcircle in Nz but it is not a cave
in Rl

Then
fqt.dr fffsufdfto.IT Tftsdt

f suit it at Csuititootj dt
r 1 O t

f 1 It along c

IT
21T I 0

By 1hm9 F is not conservative



Summary
NzRl

fCxy a fad 0

Smooth function on R is not a smoothfunction on P2

0cannotbewelldefined on the
whole R2

xHyZ I d s x 5 1
is not a cave in M is a closed curve in Nz
because C1,0 CC but

C1,0 GR I

t f
C enclosed the hole

closedawe cairn circle around
C cannot bedefamed

centaias

theorigin closedcaves Caithin oh to a point wire

can be defamedcontinues withinRs

to apoint link


