Ir\‘Eej\'u‘t?on cf |W¢l‘€ional Functions :
. |w{'Eij\d wrth A= | a4 , da-3 (a>0)

W For A@-€ , we let x=asin® -L<ogT
@ For A2 , we let x-atame  -E<0<E
@ For d¢-2& , we let <-asec® 0D<OKT

eqg. fw_‘MTt e




eq (B e

Ix’J#-a& R [et % =2sin®
=J1 8sirde Jlcod® (2caze) dB b= 2 cosBJO

=\f 23 cos OsIn0de
X =2Sin® = <inb = %

=I 3 cosO SIN O
cos® = tll-site = J-@F -2 22X

=j 2D oS0 (I-cosB)

= [ 3 cod® - 22cos0dcos® -F<e<t 5 csB 50

’ EY
= 32 ~osfe - % cos’e +C cos © = 4,_;."'

L e A ") +C

(IT




Note : /&2 s ueJl-qlefmecl onlé when ad-o 20 ,that means -a<x<a.

T T
Blso we have -l<csinB®<l when -=s0<3

*

So -asasin®@sa , Hat is the veason wl'ua we let % - asing.

Think : How about @+ and -2



[et ~=2sec®







I vation Ip.a Parts

Recall : Let uco and veo be cl‘-ffwhable ‘ﬁmc&iovs .

fPVDdU\C&; YU\‘Q : adz(uv) = M%"‘ Véﬁu

Mgﬁ =ad_z(uw) - v%ﬁ

l‘ﬂ{ejmte both sides  with resred-_ o wx :
Judtae =[St ae-fudeade
\Yugﬁdx=uv_\rvg§dx

OR : \rw:lv = uv-fvdu



Intaqration by Pacts. Judtds - uv-[yvdade

es \f—f [ne dx = j(lnx) x> o=




e.q
J

\rx’ nx dx = j(lnx) > o=

3

= (.(IV\‘Z) d—(l = =_£ )
J Qs MMMJ—'L'&







e.q
J

A_m :

(P -3x4+2)+ C.




Question : How 4o make a quess Ucd  and Ve 2

I vation loa Parts - j‘ uﬂ;’—cdx = uv—fv%“&dx

e.q. J2laxdn < [Unn) 2 o

= fana (2 o
Realize. the ‘«vrteﬂmml os a 'Fvoolwc{: of parts and make. a guess o-sz ueo and veo
Such Hat  one part can be vealized as a 'jev\wc'(:ion ue . onother part s K



e.q gr-xsin's-x_clx
J

L Sin 3o

!
=vr d(-‘éCOSBX)

- xeoos3x - ‘-% cos3x< dx
L

=—3 Zmi}ia—l SiV\%‘X'FC,




Integration of Logartthmic Functions

v(‘[nzclx=? fmr *>0

US'WS

lwtearation bu part :
J a |

[ he dx Uz bnme

V="X

<

xX IV\"X_ —E"ld IV\'X_

< lnx -fx.-de
J A

'x_lvr'x- (.elx
J

x> - +C







ea (Tmnsﬁmmed_lm_-ﬁaLudﬁinal_lﬂfaﬁml )
J

J e"L Cond:c




J € cosx dx= \f e dsinx
. e Snx - fsin'x. de™
= e'sinx - J. sinx o
= e_is'mx— ‘f e“d (-cosx)

< .
= Esinx - (- cosx - _f- cosxder)

= Esinx- (-Scosx - j‘-excos-xdx)

= E'Sinx+ €1CDS“L -Ié@sxdx Be Ca:eﬁnl cf +/- 2
-—
back +o ‘r&se!f 14

, ~—Dont fb\'get ?

. 1fQ*Condx - €Sinw+ € cosx +C

J Scosx ol = -&e"(s‘w\x+o>sx) +C (c- "i c)



eq. Sin Un=) dx
g

j‘ Sin Un=) dx

xsinlln=) - J"x d sintlnx)

~ sin Unx) - j) cosn ) o

= sin Un) - (xcostin -\fxd COS(IV\'I))

~ sin Unx) - xCoS(IV\ ) -j\ Sin Un=) le

J‘sin Un=) ox = —)':-x [Sindlnx) + cos(ln x)] +C



Redmdion Fomv\lae
|dea : Obtain a -fvmla +o reduce -the Cothlead'\':%_ uf the ivrﬁajmvd.

e.j. et T, - Sx“ et , wheve n s a novmejahve ‘M‘Eeser‘.
Prove that In=x'e*-nTIp, ., For nz1.

I, - J’x“ P Sar=rd



NO'(:Q H I°=,re’“d-x = Qx‘fc
We can o.FFha_ Has jeormuxla re|>ecd:l3 wrtil we see T :

jx‘e’“dx =T, = e -3T,

= -3 (xXe*-21,)

= et - S(v?e*- 2(e*-1-1.))

w

= ’131-3‘1,'614-3-1131-3-1-('10
<
= ';t.sei—'s-fe.x-&%-’lxex-?:-l-l-e +C
3 3 3
= 'Ee*-?|£el+?zxex-?3ex + C

[ ‘é’ (& I)Y 'P?- e e

ln ﬂevxero.[ , ,rx’."é’“dx «[éo(—l)’r'P:vc""'ex J+c jem- ne L.

The ‘formv.la. I.="e*-nl,, is called a reduction fm‘mmla.






I.A = vr-ban"x d’L

=V(, +a" % tan*x dx

=VY +tan" % (sedx-1) dx

- m’ix_sw“'zxd*
J

=I+Ln¢\'iz_dimn7—-1h.=.

= o' - Tus

n=i




As we can see, the index n is decreased b(a 2, So we have

Case | : start ‘fvum on_even iv\'('.e3er n=2m

M-
I;w\ '-'ﬁ +an +Ia.m-1
_ { Um-{ | am-3
s tean Xt == tan %+ Tam-s
1 am- | am-3 { 3
s +an = + 5= +an = +---+—3--bay\x++m\x + I,

am-1

am-3
4an % + '_s-l-nvx % 4o+t tadx +tanx + %+ C

it
y

two cases :

(end at T.)

(L=J‘dx=1+(:)



Case 2: start -fvow\ an odd iv\'(:eﬁev' = 2m+l

Tamer =g tan > + Tamey
=,2;n—-l-.anmx+ :_w!_} tan % +...+-"‘—_'{-ay\“x +_"i %+ T, (end at T.)
=.>_:M—+m\mx+ 2w:-‘>. tan X 44 —fi-ban“x +7;_- 2 + In|secx|+C

(71, =j'tan % = In|secx|+C)



Feo

4

A




Riemavm Sum
Brea as Hre limt o‘f a sum
G

- <

~

o=l Xy K Xy Apa X Tnzb X

Subdivide [a.bl into n eﬂm( subitervals , G -wo=oax L 121,23,



UFPe_r Sum = MAax fcg.)ma +  max fcggmc +oo 4 MAX f(;,\)mc
ST S, IR TSN L1 £ BnE 20

—Z max E) A
"11! 'g|‘x| fg x

Lower Suwm = Mmin f(’g.) aAX + Mm f(’g,) AX 4.+ MiIN
Xo<E <X, ESER TR L IWES S M

fcg,‘) ax

n
L. 2  min fcg,) ax
=l ’4-[5?35’4

Note : L, < Area U,

Poual« idea: N—>o , wmore vectamjles , better O:P‘me'lma'tion /4

I-f lim Ly = lm Ui =A ., we deﬁne the area to A. — (k)
NS>0 NS00




Remark :
1) lf the avea is deflned, we dencte It loa f:f(z)dx

2) If -fbr.) s & coritinuous fw\ctlon, I::f&)dx is ue“-definec] fov any ashb.
2 let a4 -2 fedax < Zflarto-ah) Ba  then Lnsa.sU..

Now, we. know llm Lv.= lim U.\ = A ,—So llm a,\-A
Nn->o0o n-»co N-+>oco

%4
%:f('x)

yail

—
Aozl X, Ko X Kns, Xt Tnzbo x



4) s o piecewise conbtinwous on [a,b] . ie. discotinuous only at Finttely wman owts
P 4 g ey P

then j:fwdx is deﬁwzd as the ‘fb(lowirﬁ :
(64\ (6\

\ >
/ —
| > X } ! >

a b a % b

e - [ fencte o [ froce o [ Foode




f x|

. . (1
6.3. Let j‘(x\ = t . :P
J

~> {
-~ r . [l
Jojwd"‘Jgjwd""'J. jeodx > L
= Ix| +2x|
=3

Note : width cf a 'Fo‘w\'(', =0




Rules jaor Deflnﬂ:e |vf€e3rals :
Le:t ftx) . ﬁtx) \:e. continuous  Cor Fiecew‘-se cortinuous ) -fw\r:(:ior\s.

SwFFose ashb .
b b
D B ks a constant . J kfeodx =k {ifeod

2) j:—feo:tﬁeodx = J’:-feodx tf:seodx
2) f:»feoelx =0

b
4) f: feodx is clef‘v\ecl +o be -I a feo o (reverse divection )



b < b
5) ‘( ?Iﬁ. = l ﬁ'&ﬁ.i [ #‘&d_z #r Qna c gs;dkdix';;_ion)

% as<cshb
9n
y =0
¥
L T~ T S~
a = c > aQ b a ce—c




ﬁ c<asgh ,

94 gFeo
Z el T
= = +
: ! o b c a c b

(s [ frode o [ frose
1£fw&1

Ex : Think wkua 5) is twe lf asb<c !

These ‘FWFeY‘bes are ft"ouecl +he defln'rbiov\ K) .



CamFﬁmn_gff;m

NoT rw&w&m&&s




qum:zﬂm
_Leiéd:)_b_e._a_cndinhm FLrunction
J
|6A
//
/ \K
o “—A—> >t
! t
—fed movable




~
(D) Lf&)d{: s well dzﬁwed fur all xR

2) What & a ‘ﬁ.«ncbion? 'Rousl'\la Sreakmj, '(V\"»d‘. >, DU((:FWE %
Now , conshuct a wvew ‘fwnct'\on Feo cle-fined baa
Feo = Brea  under +he cuvve 8=-feb over [te.x]

- ‘[: fd:)d-e

) How about choosinj ancther fxed 'Fclvr(-_ 2
Let ﬁw=wa& , what s the &ﬁerence between Feo and Feo 2

In—fact,
F(vo-ﬁao=,[zf¢>&e-ﬁfeadt

- f: fd:)&& + J': fet)d-h

= j': fet)d-ﬁ which is a constant .



Fundamertal  Theorem c{)? Caleulus :
Let &1 be o cortinous Function , =z be a fixed pont .
Sur'rose Feo s a fuv\c:ﬁon lefined by

Feo - _L feordt
then Fey s a el'-ﬂ?erewﬁable Function _and Feo =Feo .
Ge. Feo is an antidevivative cf feo D,

0 Divect cOV\seﬂuey\oe : I:fwdx ‘szd"' ‘ijdz

= Fb - Faw)

ie. tf we know how o cow\'l>w€e. avttidevivative crf f(x) .
b

then we know how to find Ju odt.



2)  Wait ! Antidevivative of feo is NoT w\iciue. , but umiclue wp 4o a constant .
Which one should we pick 2
B Eooe [ frdt . then Foo is ancther antideriatve of $oo.
[ j?ad: , His NoT strisiv\S, we know &0 - ﬁ(—::.) is a constant .

Also, J:fcodx f Foodk - wadx

= Edo-F
-T'r\erefu\re ,We can ’PiCk QV\aOV\Q op



e.s. (\/eﬁflca-(:ion cf Fundamerrtal  Theovem crf Caleulus )

-f(-l-.)rt . %oz O

Feo = S:-fc-e)&(—,
= Avrea of the. shaded '('Jr'lanjle

= L
= =

Note : We have Feo =-f(=0 .

3 y=Feo-<
N
Y L
Fo=



g -feo e x4l

Avtidevivative of ftz) = J‘->c+|d-x = —'i-.+x+C

Choose C=0, let Feo = Z +x

Pnrea of the shaded reﬂion =\S‘l fbod-x. = F@)-Fw

= 4-2

5

2

What  we wvite :
Jlfb«)d‘x =[%’.+X]’;

=S%;+2‘)-SL.:+|? = 4-% =

5
PS

F& Fw




e.a JP(an =
J J

Y= fc—:o =

o = J

P
.

44

U]

|
—Jt
o -

’l—v‘ U'Iﬂuv

"
—~

1

—
P

"
w- o

/

N

S
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