im Sin. X =1:
X0

1) Consider O<x<L , we have

P&moonA’B<Areaofsec{'w- OA'B<AmconAC

t . L 2 L 2
Tr’Sw\x < 5% < =rtanx

Sinx < X < tanx
A——

v 3

Sin <
=

Sin %
COS X < =

. Sint
L. _Cos X< = < |

2) Consider -% <x<0 , we have

Let ta=—'x_,'bhen 0<«3<-§_= , So

cos la < _sﬁ‘a'ﬂ'_ < |
Sin (=x)

= < |

cos (-x) <

< |

. Sinx
J. COS X< —

Sanduich Theorem = lim St _ |

x>0 &

eq—Find o Soza

|im Sin3x . lim Sndx 3 . .3 .3
A0 pd XSO 3 A 2 Q2

eq Bind alim, COSax;;CosL-;x

2Sin —xa;_b Sin —xbg_“

IiW\

cosax-cesbx _ |im
x>0 o

AHO -

snathy  gnbay

= lm a(2tbyb:ay

. S
b-a




Limt  at Ivrf’w\“rha :
I'f :‘?GO 36\‘5‘ closor and deser €o a vea| number | as x gets b‘,@%@r
and big%er Cas x Goes ‘o +o0), then L s called he limrt cf j?co ok 400,

We e _fon feo - L

( Similar cle:ftv\'rhov\ -fw J;"“_’\Q’F&J) An

(3= (33}
J_\’u:;—-ﬁ-,_) = L I____/_\_____ :

/ x
o feo - M =
J_\’u*f;‘feo and J_\’V‘_’\“ ave NGT necessany +> be +he Some !
But 'If J;“;—Feo =x(_\)u_/\°°'€(-;o = L , Sowme S’lM'Fl(a_ wyite x(—‘:;\c—f(’) =L
eg. f(vo = % 9.
bofeo - bt - o 4¥

R seply fn feo - o \

FACT Covest ];mff')
|f|<>°,'ﬂr\ev~ (’\W\ #=0

A~>-+00



JM@%mm q%ﬂmﬂms Gf Lwwrts  at bﬁﬁ%,

AD+o0 L+o0

) fwm (—fbo + 6@0)

A+o0

fwn Feo> + w geo

@ fw (foo - geo) -

@l (Feogea) -

i 'F('*) = [im g(x)
AD4c0

Ad+4c0

mAf@)-hAgﬁb

Ad+4o0 Ad+o0

e Jun fees .
Ny T ngerws
A~+o0

Sjiwilar vesuts  hold j%r liwits at -oo.

lf hm'f@) and MAQCO exdst (WMeiMFW@MtQ) . Hren

R

W
€.3. F‘Mé ('\W\ ?1
Aroo L4 |
>
e ina
Ao L+ | 7\ T
A4+
[ RS
- | |
RS — p——
e+ x>
-3
|+ O0+0
=3
F‘W\A ('\W\ 2+l

Qg.

O R e v

NA Q?ﬂ
Ao 3o - D+

. >
o f =X
AD+0 - —— pre— —
% a3 + x}.
_ O +0
3 -0+0

&Bgﬂ’\ li»\Tb
oo NST edst )



lV\ S\Ammawa ,

i'f "FOO and g0 are 'Folgmwﬁo.ls
'F(’:O = amxm—c-a,._.'xw'-f----«-a,x-«-ao weth.  am>o (e deg "F(v()am)
%(70 = bv\_‘x.n—l-a“__.‘xn-l-&----(-b,x-c-loo with. b >0 (e deg %&)am)

then

“+00 nf dea 'F(-x) > dea %(u)
lﬂ“ _'é% - Lﬂm rf de@ Peo de@ 960
) .-f dea Peo de@ 90

A

Similar vesutt as te case 1 lwits cf SeTAmS.’

FACT (orhest ?Mf p)

I\
lim G+L)  easts !
A=+

=<
<
We. cle'ﬁv\e_ e = JJ_";\N(HLX) A 2FIEE (ie. call the [wit e )
Fom e - |+-,(+i+i+...

2 3t

'Rouslnlca s-real:ing . PAs x-s+em, e gyows :fos(:er' " don any «F . wheve k>o

EACT (Wvinont ‘Fno‘&g)
(3

kX . x -
D) i&n+“x U = -xl-lnw ? = O ’ ‘fb?‘ awa ko .
-x _ & .
2) if_v:*“ 'Fer. = jlti_v:*w :Eé_x— o . ‘fbf‘ avua Fola\r\owua\ 'FOO .




et Y=-% .

| K
x

=-

| <t ‘&='—§E

boa Cla—o=
X0

vltt—“;-eﬁ(l-‘-_) = gl-i:)h+oo( L= 9

‘_TW\T& 'V\volvi e :
d “la Ly
eg. Fin m 1+ )
A+ -1\
Lex-0+<%
L (e —1 )x = lim (1t )1
A=+ 22~ A+ 22X ~1\
21 _% L
= N . L =
‘=lt‘:>“+o°[(l+2’t-l ) ] (l+2’1-\ )

d
e.q. Find _,ltign_“ G+ L-x_)

a8 A—>-o0 , 13—3-\-&
138

hIM J—)%

g_—>+eo( g-!

gkmmﬁfé-'mﬁ)

X
]

Remark: From Hhe above taeamrle . we  know ’ltl_n;a G+ ;) .

e.a. Find liwa (H—'x)%z.

A0

., a3 xX->0 , (6—->oe (Nst onl‘a +o0 , but also - )

= hm (l+—l—)‘% =e
o 4



Coﬂhummrtm :

d
A —Jﬁmm_-fu)_ls_SAdJa_be corttiuous at x=C rf liwm ‘fm -fcm

xX->C

= dea : @ al
[
\
i $e0y = f
»x>c Y J
7 N\
| \
® —n/ﬁ i 3 3 ell- at x=c
W (V)] ="?C‘K)
i 4>

¥ .
—E(C) ——————————— —
! I
m«a}: ! \f e cuvve dees NST
v X I -
/ ' : bveak v ot He ot ~x-=c !
/ — > P f
7 S %
f‘f Qa ‘fl«hcaom is  Conttinmous  at esma_"zomb .
then JJ? s called a cortinwous ‘Jﬁm\c—aov\,.




2q. Lot j’:ik—»'ua defined bg §m=x+| y =feo

Ilm Fe =2
® jﬁm > Pz T

je s iscontivuons  at x= 1.

LS

eg. Let je:TR\{TS — R defined ‘og_ fe:o Sl B

-1

Y= —f(%)

@ I'lvn 'f(z) =2
XS
® fcl) 8 NST el —Asrﬁv\ecl /V

_f s discorttivueus okt x =1 /
Recall :
l\vv\ —fc—:o =L 'j and “6 ?f vlL'L’W\C -fbo = k:c';fbo =L
Rewrite :

A 'fmd:ion 'f(-ac) 1S Sdid €o be cortinuous at x=c rlc

-;['—fow = E_V:c__;f(i) = f@
eq. (:Y f(x) = { =*= 3{ = | 4

-2 3 A< \/} %vf(x)

i - 1 =
D lim, Fe = bwm, o

x>+ (

D [wm e =twm 1-x =0
xX=>)

A1

® —)E(l)=|‘-l =0
- -F IS conttious at = 1.



Absdute value :

x| W =

eg. 2] = 43 =49 = 3
|3 = de3F =49 = 3

[ol = o

(Siwtrlla SI:M‘:W\% : Havow al.)ma ~+he + or - Siavx)

Y
—

(.Rewv'rbe_ :

-

=20

lxl={i JJE o

e.@. (—vae —fbo =lxl s cortbtinuwows at x=o.

©) liM (=) = (‘wv\ ~ = O
2> P

@ hM =) = [‘(w\ - = O
Ao ASC

® fco) - o

!cl_s;r\o +—'Fbc) = ’li_vro_ (=) = f(O) = 0

fcx) Is contmueus  at w =o.

Further zusb‘uov\.- Is -f(x) = x| a cotlinwous fwcam'?




(Remavks :

0D We con 'f\«f‘Hl\e,Y vewvite. :
A 'ﬁmcb‘uon 'f(—x) 1S Said to be cortinuous at x=c rlc l!z-'ro 'f(c+k) =jC(c)
(Hiek - let x=c+h , as hso, wsc)

2) FACT (rhest me >

. Tolamw&a\ 'f,\vcl-lov\ ?Cx) I8 Continuous evevau)r\eve_ .
. B 18 conthuens -jeov X 20

Al tigonometvic ‘fuv\c-b\ovxs are. covbrumous at evema Towd: where. 'H/\ea ave deflv\ed

IJQ f(-:o 6(—:0 ave. conttiuous , then —f&w gm j-"bogeo g(;)) (When 36:0 #0)

ave. continnous .

ljz f(-x) , g(x) are. conttauwous , then :‘f(g(u)) (hen T is al.c:ﬁmnl ) 13 continueus .

e.a. LE't fR >R be a fhv\cﬁow such  that
) f s corbinuous ot © .

iy f&x-\-\a) ='f60+'fua) fu( all '1,3 eR.

Show Haxt :

'f(o) =o ;

f IS corttinuons evevawl«m )

ad FPU(&IV\S x:a:o,

f(o-t-o) = -f(g) +)9<p)

Fo - 1—fm)
‘j"@ = 0

'o) f T coxbivuwous b © = J\F:\Q ‘f(o+l«\) = f(o)
= I!:‘rg'f(k) =f(o)= o
Let x.eR .
J\TQ 'f(':r..+l«) = J\F_TQ 'f('xo) +fdn) ('?w];w.ﬂ-a cjz —f )
= fe:.) + k!;\;fdn)
= :f(x.)

-f 1’ cortinueLs evzrgwlr\er&




e.g ) 'féx) =%—’;§(—_l %ucrhewb Sf “‘wo FJanom‘m‘S Ccontinuors —ﬁ«v\cb?ons)

A
= —'f—g-:i»é_o the denowinator I novzevo when X # I ov A

-f(-x) 18 continuons e_vevvaw\»eve excof'b x=1,%

Se‘le Cyrttevion fbr‘ Covfl'lv\uvfr‘:g
A fw\cl:\ov\ je 18 cortinuous at c '{f and onlxa_ 'ljl

fbr evena sec(wmce O, wrth v!_i_;a“a.\-c, we have m-fm=:f(£g“a.\)-fm).

. R x N -
e.j. Consider Ba= gl we have J_I;V; Gn= 5
Pll%o ., e bnow f(x)--b_L is coritinuwous at -z“_- ,

lim - -f(kg&a,o

NSes

(im J_V\l"_l_ =’H_F =_'2

NSaT 43

8.3. Con%'lder

f(xh{l Tf e . and  Bnzit .
(o] *} X#0

Note : f is NoT  conbtinmous at x=0.

dy fad < by for -0 - o

but j?(&-"-".,.“") . f(e) =1




Cordinnous on [a,b]
Let -f:[a,u — TR ke a.‘ﬁ«v\ct{ovx.,
f it Said 4o be codbvuons ab x=a rf lim -]‘360=~f<a)

~=>at

-f is Said 4o be conbiuons ab x=b Pf 1l(‘l_v’»'\\:_‘_ -ftx)-:-f(b)

3% (b A)

(We camst. —nlk abouk
Jg-:‘\r -f(x) and &:L"’ ’f(x) )

t
s
)

\ 4

S
ot -

a3 ‘f=ta,|o'_| —R 12 contnews ok every pont xelakl
+hen —f 13 said 4o be continuous on [a,bl .

Meon  Value Proparty Cntermedtiate Value Theorem )

guﬂ;ose +hat -f s eontons on Takl ad i@ <fdo) .
Futhermore |, Tf |13 a veal number suda dhat ‘f(a) <| < ‘f‘(b) ,
then there edsts (at least one) c eta.b) such Hat -f(c)= L.

f(c)= L

S‘lmila.\( vesute holds for 'f(ob >l s ‘f('o) . (w\'\ab 1S the ?chnre 2 )

Y



e.g. 2 @ Number of f]b\rodwchs Tvocluced (n handreds  warts)

Revenne = R&) = (00 (4oo - 3x*)

Cost = C6d = (hoooo + Foox

’owrl-, = Peo = Re) - CE = (00 (m33+393% - Doo)
@ ?(O) = - (o000 < o

® PGB

2qoen >0

® fPQx) R a 'Folévxow\‘\a( , So Tt 8 coutinuous e.vavvaw]/\m ,
ln "Fafhculav , Tt 3 continons ow [o,57

%4\ (5,3‘1000) We do NST krow +the Sl'\a?e. csf

7//‘ - -fl'e.ar?b\,\owbuoekmvbv—bwqus

+the. «-oxis at least once |

le. P =o (uwhch meas breakeven)

R

g -for some <c(0,5)
(O, -ooov0)

Condusion : We do NOT know e SL\aPe o‘f the. a\mrk, bt we know . nkersects
the ~-axis at least once , which wwa e evxowjl'\ -’fbr Cevtain Prrpose..

eﬂ. Let 'f=|:o,l] —R be a continuous fmc(:‘low sSuch that :f(o) =:f(|).
Brove that there oist celogl such that Fo=Ffleed,

4
Lt 3&0 = -fco -'f(x-(--{-) which ® cont. on [a.b] j’(c):—fcc%)-

ge> =j?<o> --f(—&) Jor=Fw / /\
ij:>=)2&)—§3<0 = -q©

l’f S(o):o , éoneg (c=0)
lf 3(0) >0 , then 3(-%) <o } lrtevmediate Value Theorem

%(o)oa . then g&‘,—_bo = F celp,i1 st. S(c):o

l.e. f(c\ =f(c+-é_—)




Differerttiation :

’RQCA.“ : (Q\}Q\(‘Q\SQ) SFQE& - d/]_sb%f\::&
distance
e
I Nete : Constast stJz
SF&A - s(s;Fe =V
S‘\‘fo&él’\’t fine:
= S
S=vt & v= 5
> time €)
PRQW\Q* B

Os‘w\g eliSPlacemev\'b and Veloc:rta TJE Yo know .

How a\owct 4hs case.
distonce

(/S\) S = ’f&“ﬁ) distonce traveled _ distance Haveled
From tzo te k=l from £=3 tv kel

le. QFeeQ\ s CL\ana‘uvxg

[ o~ 3 4 > time €6)

ST&A - ciffecert at dffecent  moment. .

Hold on 2

What 15 Fhe mearing of Speed at a ’rWhaJav momerct  (rstataneous speed) 7
We need a defintton 1



[nstartonesus SFe.e.cl at +=t,:

SA S=f&b) X
/ :l = fﬁ:‘-‘.&) _‘f&o)
|
. a6
' i
e > -t |
t | |
. X >t
+o +o+ At
\IO_VIa swall
P.Nevzﬁe ?Fe.en\ bebdeen +, ond to+st
- C'/\QV\SQ_ n chstewce - _OS _?H"’*Na ‘—-FH-’) = S‘oFQ b’f L
dna e W tme ot at
)
u [dea : Lebt 2t becomes swmaller and smallev !
[nstartanesus sFeed at t=t, = d<Fmed +o be A&_“—/; . ':R-&"*‘s:}t"%)
(‘Fvov’ided H edaste .tf so ., it s dencted bta -f &ty )
3-—3”—6:) X 3%@
! as st—eo /(
| _— .
| =
1 : :
! ! ;
\ %.t ! \/t

‘lt‘. . +xC +.

Note : When st50 , L becomes the -Eav\jevré e at t=t , So
S[UFQ_ c]e +he 'Eanﬁmt e at t=t. = jf @




eg. g S=:%(‘t) =-€,—fnv\d j"’(z) (wstatanesus ?r.o.\\cl ac =) .

$io> = ‘=F(1+A't) ~fe)

|
.§.'_.'

]
T
IS
+
o
L]
IS

IV\ 3ey\era| , We have \a=f(vc) . 'ﬁx Ao .

Then ‘fl(’xo) means  vate o‘f cl«anae of ta wirth ves?er:b +to x ot wx=x..

’f(vc) 18 sad +o be &ffm&b?able at * = ‘rf
[imn ’f(xﬁmc) ‘Fe(‘) exists  (denoted '08 -f'(xo))

AX->°

H s called 4he devivative cf feo at x=%. .

Note By defintion,, rf fcm 15 NOT well-defined , we camst  defire few |,

f(x) wust NST  be c:h%emwhalo(e at A =A..



(Perfcm He 'Pewious ?EEF o dr?fa«evct To‘wd:s :

&) 'tavﬁey\-b ine at (’X.,'f(v())
(=« 160D /
_ shpe - b Fenmd
I

Recall : What s a ]de—)on ?
’Rovgwg s'real:‘mg , 6’(\/@\ an ’m?utt « , vetum a wvalue .
Now, we constvnet a new —fw\ch‘ov\. , fléx) = lim Fecs 0 -Feo C‘.j’ edsts)

Ax-0 Var d

Cie. given._an :“?dc ., vetun e slope sf the -‘mvaurb hne at  Gx &) )

eﬁ. f :?(70 =‘7(_’-,-fimd :f'(x)
'ff(vo = lim Lextax) —f0

AX->0 DX

= |im gx+A-x)"—-1"

AX->0 PaTd

= liW) 2L AX +A-x\

AX->0 A

= liw. A+ AL = U=
AX~>0

Relation betueen he 8ml>|43 sz 'f(aofzt.1 and "f,60=')_x :

T8 ‘]e(x) =% 12 :?’(70 =2
4
j‘zm =2
603 =0
> > ,
Fev=
Meav\’mj ??




Neotations :

%=§eo==&

ﬁxi = %ti- = ‘f,("l) =2
d .
S&-L_% - El;al*s = fo 2@ -6

e.@. |§ "f(':t):k , where £ s o constont f’bd:?
g n

Nete : S[o]». 'SJC e tmmaest
k

lne. at Gfe0) = G,k s zevo
f/(x)=o

M{---4
\
ol

chnz&z cOwe]Dv\'\'zhovx :

hwx ___F(’L"‘A“) -feo
&

Ax->0

= hw\ &

meys o g A #O)
= hm S
BX=>0 PAY &
= (ivv\ O =0
Ax—>o
Ex: Fnd Feo 130
(@ f(x) = > Ans =f’<x> =
b feo =6 Feo =3

FACT (Wrhedt ‘Fwof)
|'f j’(-x)='xr . wheve v I8 a veal number

“hen -:f'(ao =X henever  w de-ﬁv\ed.

CThink - (f r=dt , oo which s defned when %20



