l'f "Pbc) and ge0 are ?°|3Mal%
’Fbo = B 4 G X Qe+ Qo with @m>o0 (e deg 'Fec)=m.)

%(‘:O: bkxk+ak_‘xk"-+--.+b.-:c+lo., wrth. b, >0 (e deg %&c)=|<)

‘hen

+o0 'If m > k
. n) Gm - =
Intw =) B g om=k

o ,_f m <k



Edmna_-ms_dea

Eind | In~1

e .q
d N0 L 4D,

[iw L]

N v e~ Yovua\/\ha d.eg=(




Eaugamajﬁls_ldga_

e?) Eind | In~1

N=2e0 JLvd 42

[iw L]

N v e~ Youa\/\ha d'eg=(

3%
NS> ']4_% Nlma.’
Clim 4-2-0 => bm Jt-==-0)
n—oo n n-sco n

- 2
Y

'Ex‘l‘ﬂdn_l_aie\f‘ ?




Sandwich Theovem :fw Seclueme&
Let {an}. fbn} and {ca} be SecIue.v\ces (7('7 veal nuwbers .

lf aINeN st. Gsb.sca “fbv n=N and vl\i_g«na.ﬂvl\ir“c“-L,-tkm ,lim,,bn.ﬂ--

Geometvical me.av\ing :

A %aﬂ\.
*x bw
K—Cn
LS
* x
L K
% %
*<
%

Z
v



eq Find i ——
. LTI YRR

( (
Note : © < s VweN_aud_llm_oL‘l‘h_@
An+t +Jn 2n W= ot

—_&a_SAudm:h_'Hamﬁa_,_Lm —L .o
"2 Jntt +din







We may "fw-\-‘r\er %evxera"rze the above e.xam-FIe as :
l’f fa.} and fbal be Secfmuces cF veal numbers such +that v!kmwa,\ =0 and
b s bounded (1e. IM>0 st lbuls™M VYueN.) , “hen ‘L‘!;\,,anbv\ =0 .
'P\roof :

FACT (uirthowt 'Fn:mf b}

bm an =0 & lm ladd =0
n-»co n-»c0

Nete :  -lanl £ Qn = lanl
-Mgbas M
~Mlanl £ anbn < Mlaal

[im Q=0 <> lim land=z0 = lim -Mla.d = lim Mlad = o
N->co N->c0 N> n>c0

B|a Sanduich  theorew |, ij;«“a.\b“ =0 .



Sﬂx:o
14"




Mono’kovﬁc gequ\ev\ce —n\eov'ew\

'bef]vﬂ‘ﬁovx.

Let fand be a seguence cf veal numbers.

@ {an} 15 sad +to be bounded above j’ IM>0 st AnsM — called an upper bound
a) {anl s sad 4o be bounded below j’ IM>0 st. Gns™M — called a lower bound

@) fand 18 sad 4o be bounded :rf IMso st. land<M  (ie. -M<an<M )

bounded = both bounded above and below

Giv) {QV\} is sad +to be monctonic increas‘ma ‘:‘f Qv 2 8, VYneN

QY] {an} is Sad +o be wmonctonic decrea.s‘ma ":f Qg S Qi Vnen




Geowmetvical meav\imcq) g

X Gwn

M

MI

<
Y
Y

fan} s bounded above by ™M

[)




% Gn

r

fa.3

N
[{




Comlo'iniv\é 'h:aeﬂ'\ev- :

Mond’[‘ovﬂc Sea‘u\ev\ce —n\eov'aw\ :
|‘f {an} s bounded above (res’F. below) and wonstonic Mcreos‘mﬂ C decreasiv\a) ,

then.  lim a. exists .
25 )

Geowmetvical me,omif% :

% Qi CaWhOV\:
M fad 15 bounded above by ™ .
S but vlg_;nwa,\ i NST necessavy 4o be M.
w




%_@M%m@umwbg

Q=1 and Gp = 14+ 20 =)

[+ Gn
Does [m @, ewst 2




1) Claim: {a.l is monctonic ]V\CYEQS'\V\a

(Note : From the conshrction cf +the SQTuemc.n.. . G20 NVueml)

Prove the Statewmest “Guyzan” ba induction :

; -a,= 4 y_.gq, =2_1=L
S—kzFl. 0"‘“"(”(“(.) a ==<-1=4 >0

S'EQF 2 Pssume Q2 O "for some kel
- - ey —Ge )
Qs = Oy “+l+ahﬂ) (H'l-mh

= _Reny A
48y +Q

. Y .~
(1+ag, )(1+a

i fad is bounded above b(a_ 2.

~ Bla moncstonic Seﬂueucz “theovem , vl‘ir)o*aw exists

(Rt , what is +the value 2



o llek lman=A

n->o00
N = Zn :
L+ Gn
an g

[imn Gt = i 1+

A=+ A-

T+A
N+A-1 -0

A=-Lti|§— or J::LE (rP\'iecl'gd)

Note : the  limrk s NST 2




Constrnet. e :
Consider 0 nuwber (141" At szewals on m ond N and

D) -:-gbc m saé m=loo , W s 321’\'1!/\8 lavaex andl la«ae,r.

N=1° N= 100 N= 1000

loo®

<(+—Ylv\—)v‘= [.Oll° ((-‘._YVIT)“: (.ol'°° ((-l-—wlT)“= (.ol

2) jelx n, say - n=teo, m s jdhv\g laréer and |av3e,r.
" = 1O m =100 m= 1000

QY= 010 QY= 16™ (el 100

-“then

—> 40

—> 40



How abext szt\'?/\g m=n_and let +hem becone (avsex ard IQ\SM 2
At =2 as no+eo (e limt odasts

Sow\e'\'\f\l\«ﬂ baehoeen +o0 and | 77)

N=10 N =(0D n=(00D0 —> oS
o [ooo
C+-LY'= 1t QY= 1.00° (e L)'= lLosl
A 59454 A o4& a2 FiL3> —2F DY

vt existe and call it e .
Lt an=Qe)

D Prove  fad I8 monstonic lv\creasiv\g
2) Prove fad s bounded above )"‘& 3.



|_iwirks lnvolviv\a e :

eq. Find lm 1+
(o] n->o0 [Ad
n & 2
bm  C(1+2) = lim [+ L7 ] Clet y=2 | as nosos . y—>oo
n->co v n—>o0 (&) d n d
m Gt =LY% =l (4% =e )
ne>oo ) y>os 7)




eq. Find  lim (1e—L_"
0 Ne>os -1




eq. Find lim 1+ )W
0 N—>oco an-1

N Lan-n+t
b (1) = i L)
A -1 500 2n-1
2n-1_<
= lm [Cle—L ) ] o

Nn—oo 2Zn— n-|

= e{ . l

= e-%:










Limrts uf Frnctions

|_wrte tsf a -f\mc-b\w\ .
l'f fw 36%5 cosar and dsser to a vea number L as x gets closer
andcloser | o o from losth sides ,Hen L s called the linrt of Feo
at C . We wyite (\M—Feo=l_

AT

t Note : a e bt w\‘xs\eachng 3
-F<c3 wxava NST e%»\a! +t L, even TE w\aa ko W\c:lcﬁv\ed 3



'Deftvtrl:im

Let —'f:'lR—»TR be a fmaem oand ceR.
LeR s sad 4o be He lwit affaem?mbcaj’
VYVeso , I 8>0 s:t. l-f(x)-L|<i: Vo<lx-cl<$§

Meav\'ms : No matter hows small € caou\ @ve. me. , (Z'
| can q(wmas -flv\d S$Sso st lf %« 18 a 'Fem-t wih o< distx.c)<8
+then f(x) lies m the €-tmanel C ?.-ne::a‘/\bo\rb\ood cf L)




Q.S. ‘jg f(x} = X+ | . —ﬁﬂd J;m 'ff(i) ‘?

7
2..
T % 09 o099 0433 [ lool (ol (.|

i

‘f&ﬁ 1.9 (.99 [R]9 => 2L ool 2.0 2.1 //

be‘l'des—l-bl as « tends 4o | .
We wike _hwm feo = 2.
=1

Remarks :
O + The “nble on(a_ 6?ves an icturtive Tdea |, bk NST a Y‘i%omus 'an‘f ?
2) Do N&T reéam\ as 'Fw'l'\‘ivxg ~x =1 inh -ffx) and 6¢b T(D = !



2

eq. Lt jf:TR\{ﬂ — R deﬁmed bg} -:f(x) = 7_;:" . r & A
We can vewite j"- as —the f'fbl\cmnag

fw={'“' T %r//
w\deﬁ‘ned 1—} =1 |

< 0.9 0994 0.94% I [.ool (.ol (.1
—'560 1.9 (.99 quct W,\ACF,,\QA 2. ool 2ol 2.




|

9:{@0

€6~ L<t :f:'k\{o's — TR cleﬁuecl log_ f@o = % . X#O Y
/

Y -0 -0.01 -0.00l\ o ©.00\ O.0| o1

j"eo (o lof TS uvxdzfimed S o oy

-feo tends to 4o (NST a reql nuwber) as x tends +o o
(\W\ 'f'(x) doe,s NST oxdst.

S ]

(tht . Some shil wate  fim -foo = +00.)
x>o

?Lv



le%L\'E Havxcl Liwtl and L.E:FE Hand Liwmtt :

|'f f@o 36\'5‘ Alosor and deser € a veal number L as x 3{&5 closer
and closer to ¢ “fVOM Y‘?%‘Kt (\"@F bﬁ:) hand  side. ,‘R/\QV\ L %S called -the
h‘%\/d: (r@F. left) hand  linrt c-f jeco at c.

We.  wWivtke &3@*{@ - L (resp. &;ﬂc:fw =L



x4\

%> O 9 g:-fm

e.g.
f Foo=g o 35 %m0 y
- wf << o g

lim "f('ao =l > =1
- 5"

fim_feo = fm L (does N&T east)

A*->o

'f(o)=0

(Remo.vk H

"R*.SH hand lintk and left  hand  lwirk o-f a fnction at_a ’Foivd: s Ne&T
necessary 4o be the game !




FACT -

fip foo =L o ad oy o oo = Jrpfes - L
R ﬁé\’*’ vl (e&' hond it exst ond e%wal s L)

FACT (oot 'Fn,af)
D) ‘fk?&aocvsbwt,hvw L - L

ASC 7\

(1) &Lv\c‘x_ =C Y%de.d as constart "jalﬁlf\cb{ou\ ‘F@ogk



Alédovatc ?wFarhes csf Liwrts -

3
ad
(@))

D

(€D)

e~
k&f&) and 7lg_v\)/\c_ g(x) exdst (\/Qvta 'lw?be'tqwt 2

D (—fuo + 6@0)

hW\ (—fao 6@0)

I oo + iy goo

b_g/xc—ﬁx) - jg_vg\cgcxv

ﬁrc(—fm%eo) - &_quvg_yégm

ooy e feo
x—*’c( 3(7()) - x[_‘!,""cg(x) Tf v([.-t—?c %@Q *o

, then



%(g SY)

eq. Fnd b (=5 |
A2 .
D hW\ ~ =22 . So (?M = lim () = [ima - D %
> > > x> P >N
=2 -2 = Ll—
1&3 €))
!
) lim 2 =3 lim - =4 , So [‘w\ 2 = limn L
= > A2 >N b r >
= -4 =12
73‘6 )
) b 26 = 2 , hm5-5 . Se (w25 = w2zt -~ lim &
P Z >N A &Y =2 PSS

= [1-5 :?

But what we wvite -

A2

2
[‘xw\ 20-5 = 3(lm=x) -5 =%
AL



e.?). -l:\_V\A l"nM 311— 3

Y

bon 2X=3 =3('z|if>'\x)1— 3 (-3

- =
-14( .x-_l N - <
’[('_V:(I) - (-2




eg Thnk - —
T OO N A

>0 % x>o

Rat we kwow lz_h’/‘\, —!: does NoT  exst.

\A)'Adt ’S M\n\u\g 2

Ans : lim %- does NOT edst, S0 we camct use ) ak k)

Ao




20
eq. Fnd liW\ %&
(% A= -3+

Note 7[('_”’: X-3%x+2 = 0 , So we camcst use @) .
-*
By &)
liM _#. - liM (X—l)(x-(-l) _ th\ | - gm >+ 2 -
Al -3+ LS N CEDICTPY) x>l A= lma =2, - <

A




e, Lt f:’k\{l'& — R deﬁued loé. —f@): E—:: . XA L
Find Jc‘\_v_,v\l":f(x).

NO‘EQ . For 2 #N (‘7&-( #0, denominator 18 nonzevo. )

-1 -t e

-\ T =1 I+l X+
(T - = b —L (We only concom Fhose ~ near | kot NST egual o D)
x> A=) o>l W+ ‘6 %

=L (Sl the same . o NST Ve%aw:\ as ?c«‘f\‘\«g x=1)



—n\zofem. 3
lim. feo L &V SeTAev\ce fa.} with vl\ig\“a“_=c , we hove !\i_f\” je(a.\) = L

x>C

3
£ 2

—f@--




—nﬂ.e.orevv\.:
[, f&o =L & Vv Se;iv\ev\ce fa.] with yl\lg\“an,-—-c , we have vl\i_vr\“ "Je(ao = L

xX=>C

[n -fac-t ) i-f we. want to  show ,'J_':‘Je"" =L, is 7urbe iwfross'«ue <o check ‘mfnﬁel%
mavua SeTAencp. . This statement is useful in_ veverse divection :

B Ff 3 {ad st. linan=c . but lim F@o does NOST exst,

+then lim "f(vo does NST exist .
ERYS

2) Ff 3 {ad ., fhd st v{l"'n“" =vlf_'>"‘.,o'°" =c , but V{z_;&je(a,) fv!g&jedo..)

then lim -'feo does NGIBT exst .
A*HC




2.3. Let f:'k-—»‘[k dgfme_d l:,g_ 2 &

=

[ rf xe® 4 ffu)

o rf- *xeR\Q =2

™ secewms -the %\mrl\ cowsists crf +two
sbmijkb lmes , but m Tad’. ivfw(-ela
Consider seguences fa , fbal defmed lo.a Mc.ma lholes are theve.
On= €® ba = = eR\@
Then y!.i-'»"eoa" =v!|_v)n°°b,,, =0 , but vl\l_v,n“-f(a.\) ='Ll_v;q”| = |

dug, Fo> = iy 0 < ©

_E:.o;f(x) does NST exist .

[ 'facrb, wrth (e mocliﬁcaﬁon , we. can show _:ld_?cf(w does NGOST exist VceR.



Ex: Let —f-'k—»’k dzfmd bg

{S'm—,'z Yf X#0
o "r? AX=0

Shows  +that vl‘j_v;\o;f(vo does NBST exist .

Hint : Consider SeTnew;es fad |, fbal defmed B(a
|

Gz O G



Sanduwich  Theovem "fw Functions
Let -f,%,hﬂk—-k be. ‘fw\c'bloms and ce®

l’f -fc:os 3@05 heo =fow al % wn a neigkbo«l«\oocl c’f c and i".'{'cf"’" =’[‘:lgc heo = L,
~then ,l;".’;‘cﬁ"" =L

Geowetvical me.av\ir% :

Y
(g =heo
LA Y=g
g=feo
c T






FACT (without T""’f)

liwa =f<=o o & lim lfeol =0
A>C »C

e.ﬂ. hW\ x=0 = hw\ Ixl=o
xXvyo Ao

e.a. Rove that lim ~« cos

A—-=>0

[,
_z_—O

Note that -lxls « cos —;t_ s kx| and Ji_v;n;l-zl = lim &l = o

A0

B‘a Sanduwich  theocew lim ~ cos —_;L =0 .

A0



