l'f 'POO and %Cx.) are ?"Iﬁ“”"’c‘ds
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"F&:O a...-:cm+a.._.->cm “+ -+ QA+ Q3o

with.  am>o

(e d_eg ?eo am)

%w= bn':xk+a| Zk_‘-c-----(-l:),z -(-b, w‘d'h, b‘=>° (].'C. dgg %@O’- I:)
“hen

( +eo 'rf m > k

Imﬂ:)ﬁ fom=k

o £ m<k

'Ex‘ﬂeiu_l_zter 4

[im _3n-t .
N 4wy e~ ""Waw‘a dag=l
iy 3
T Ao - Why?
Chm -2 _0 = hm Jb-=_-0)
N-> n n—-»oo n
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Sandwich Theorem :fw Se«rueme&

Let {aul. fba} and fcul be SeTAe,v\ces cf veal numbers .

lf aINeN st Qi sbnsca ‘for n=N and vl\‘-_:n“am=v|‘iracﬂ-L,-tke~

Geometvical me.av\ing :

N X a*\
% b
*Ca
3
;‘ %
L - —
=
Y
N >
eq Find  lim '
" el i
) | { _
No‘i‘e-osm-‘_msm VneN and vl\l_v’v\“o=v(~l_v:.“ =
By, Sanduich theorem , im ' = o
3 " el +din
e.%_ Find Vl\l-v:\aa —ln—sivw\.
Note : -t -Lsimns % VYneN and vl\i_v:lﬁ"‘k =vl\i_v:\a’yl'\, =0

N



We mau :Fuv-ﬂ\er %ev\eral'rze the. gbove exam-‘>le as :

lf fa.} and fbal be SetTue_v\ce.s cf veal numbers such that v!!v:s”a.\ =0 and
{bn} 2 bounded

prosf -

FACT (wrthoxt “Fvw'f D)

(ve. 3M>0 st lbuls™M VYneN.) , -ten vlj_g«“av.l:v\ o .

bwi Ga=0 @ lw lad =0
n->oc0 n->c0

Note :  -laul s an < |anl
-M<bas M
-Mlanl € anbn = Mlaal

V!KV\“Q“. =0 <> v!gn“ lanl =0 = v[f.!"a'Mla“| = vlLi_:A“Hlanl = o
B|a Sanduich “heorem . ‘ljy“a.&:.,\ =0 .

EX : %e lim S'—Q: =0
n-00 N
Hit - Bé vs'mg “he above resutt.

Mond‘tov(\c S.ea‘u\ev\ce —n'\eorewx

D%V\THOV\.
Let {anl be a seguence cf veal numbers .

> fan} s sad 4o be bounded above j’ IM>0 st. QusM — called an upper bound
@) fan} 1s said 4o be bounded below Yf M >0 st. an<c™M — called 2 lower bound
G {8} s sad 4o be bounded f IMs>o st. [Gul<M (ie. -M<an<M )

bounded = both bounded above and below

(v) fan} 15 sad 4o be monctonic increasina ‘j’ Qe 2 8 YneN

W) {Gn] 18 Said +o be wmonctonic decrea.s‘ma j” Qe s @ VYneN




eometvical meaning :
i
X Gwn

'3

M
M

{an? s bounded above b«a |
Rut maa lﬂaFF_mn ‘that a Sll\a\rFar bowd ™M’

® Qn

f8n3 s wmonstonic ‘w\cnaos‘ma.

Covv\’oivﬁna "'bjeﬂ\ev- :

Moms‘tovﬁc gealu\ew:e _n\eoerw\ :

l‘f fant is bounded above (res’F. below) and wonstonic ‘mcreos‘ms (decreasiv\a) ,
then.  lim a. exists .
W0

Geometvical me.av\ina :

x QG Caution :
M fad s bouded gbove by M.
S buk v!.i-;".»q" is NST necessary ‘o ke M.
%
. =




eq. Let {anl be a Secluence_ cf veal numbers def-wad 193

Q.= nd  Qpy = 142 ()
' a et [+ Gn "

Does [im an exst 2
1) Claim: {ad 18 moncstonic lhcreasiv%
(Note : From —he conshuction cf the wenca. , Qnzo VYunem)
Prove the Statewest “Guuzan” \oa nduction :

S‘EeF L: BGy-a,=>04+ lf‘ ) - aq, ='§T""‘i >0

Q,

S'EQF 2 Pssume Q2 Gy 'fbr some kel

- = 4 - a
Cieer = O (|+_ELI+%‘) (I+—Ll+ak)

=_a_5ﬂ____a_5_

l'fﬂhﬂ l+af_
= Y i o
(+a., (+a

i) fad is bounded above ‘Oca_ A

. E‘a monctovic Seﬁuev\ce “+heovem J\ir’n*a.\, exists (But , what s the value 2

et IW_’V;“G-\= A
Note that O = 1+ =22  duking liwk on bothh sides
[+ Gn "
[iwr
lim O = lin 1+ 2n = |+ e
n->co oo =+ Gn (...y(&,‘ah
_ A
CRNES t+8
A+A-1=0

N (rejected)
Note : the limrt s NST 2 .



Constarnt, e :
Congider a nuwber (141" et anewals on v ond N and then

1) -:-frx m ., sa.a m=loo , N s jcﬂ-mg lanser and |ar6e,r'.
N= 1O N= 100 N= 1000 —> o

loo®

(l-l——wlT)“_—_ (.o|'° ((-l—-—v%)“: (.o|'°° ((-l——nl,—\)“= l.ol —> 40

2) -:fb« ., saé N=too , Mm 8 36&&«3 larSex and |aw3e,r.

m=I(0 m =100 m=100D0O —_—

kY= 0% Gt Y'= 0™ el 00 — |

How abest Sr.zk\'mg m=n_and let them become [aw\r:)e( ond la\@“ 2

(H——‘w)‘,\—)? OS  N—>+o0 (“l.c. [t edists 2

Some:l"'\u\/f) botoeen +o0 and | 72 )

N=1(0 n=1(00D n=1000 —> oo
°© [ooo
Qe 11° GaY'= 100 (e fLost
X 95 ~ JFo48\ A ] —sdF -

[iw.ﬂ: exdists and call * e .

e of procf-

Lt an = (et)

D Prove  {a.d I8 monctonic lucveasiv\g

2) Prove fanl s bounded above b(a_ 2.

[iwirts IV\Vleiv\S e :

eq. Find y&'\w(lﬂ'%)n
N o
vl\:!)“eo U2 - 'l\lvxw[(w(—‘%))TJ Clet g=% . 3 nee o gres
V\L‘gv\m (I+@)" =‘g39m (l-\-—}é)% e )



e.g Find lim Ct+ ‘}y: ; )

N—>co -
N Len-n+%
lm Cle—L")" = lim Cle—L—)
PRAS Q-1 N>oo 2n-1
2n-1_Lt <
= lm [re—L ) 1° . +—LH*
N>os 2n~1 2n-1

o
W

v

eq. Find lm -ty
o N—>oo (4%

lim (=)™ = e (2"
n—o i N

V-0
= ()"
woos SA-1/

T e




[imrte cJQ Funchions :

lvrfovmal definction. :

|‘f Feo 3ds Closor and dsser *o a veal number L as x 3@5 closer
and closer T t- ¢ —ﬁow\ bothh sides 4hen L s called +he limrt cf- feo
ab C . We wiks  [m = L

t Note : a e bt M\s\eqchv\g 13
’F(Q) W\ala NoST e%«a( + |, even YE w\aé ba w\ch:ﬁned 3

Deﬁwrﬁow
Let ‘fﬂR—»TR be a Tp,mc‘t?en and ceR.
LeR s sad +to be the limrk offah-bk’_'ro‘mbc‘lf

Veso , I3 8>0 st If(x)—Ll<£ VY o<lx-cl<$

-
0
1

|

]

I
]

]

|

]

i
- -
]

|

|

|

|

|

]

|

Q
on L
D H---q-
{ o F
woe
(25}
J
N

Meavx"ma . No matter how small € Yo a‘we_ wme. , 1?" x+4c
[ can alwcuas flml S$so st Tf 2L 18 a Femt wrth o< distx.0)<8
+then i(x) (les W the € - twanel (E—V\eiala‘oov'lnoael cf L)



e.a. ‘jg ‘j(x):'zu\ . -F‘wml _Jc‘m-fw

$0 tods +v 2 as % tends ko | .
We wyike liw—f(—;o=z.
ESad

fRemmr& :

D + The 4able on(a %‘-ves an intutive dea , bk NGT

‘% Y =T
2'/
t < 0.9 oA 0.9499% ( l.ool (.ol [(.\ /l
feo 19 193 187 =2 2.0 2o 2 / : -

a Y‘i%o‘rous 'Pmn‘f Z

'2) Do NST regafé as ’FV\'H"V\S x =1 wh -ffx) and 62& -T(D:'). !

XA L.

goph of

be‘l‘des—hlasx—('@\ds-tol

(Rut , we do NST cave  what lf\aFr.n.vs when <=1 2)
We wvite linn -'f(-;o = 2.
e

Cow\?ave. withh  the praveus Q*QWF(Q 2

eg. Let £ RII —=R defned by Ffeo =%,
We. can yewite 'ji as the —follmiv%g
T X#|
f(—:O: { A | rf
widefined I—f =1
=< 0.9 094 o0.44% [ .ol Lot (.U
—f@o 1.9 (29 1339 wdefined  2.001 2.0 P



s o o

a -QO.| —0.0f =—-0.00\ O | ©.00\ o.ol o |

’Jebo o © o ( o o) o
N

Do NST care !

liw\ ‘f@o =0 w\n‘\cl« does  N&T ezual +o 'f(o)=l .

A—-o

: — e =L (o)
e_g. LQ:E fk\{o"i i3 deﬁmd bé’ -jpﬁc) = - X £ %}

g::fco

-« A ®) — 0.0\ - 0.0\ ©.00)\ O.01 ©. |

A O
-feo [ o [of ( b" Mmd%iv\ed S o o

-feo tends o +oe (NST a redl number) as x tends +o ©
b o0 does NoT owst.

. o 1~

C&f&. . Some. sl wate  fm -fbo = +c0.)
K=o

*Y



rng‘/\'E Hand Lwtt ad inz(; Hand Liwit :
|'f fco 3&3 Alosor and dsser €o a vea number L as x gets. closer
and closer to ¢ ‘fvom n‘%\/d: (Y'@F. lefe) hard sde ,then L s called -the

viglt Cresp. left) haed it of foo at c.
We  wvtke. ('\W\+ =L (resF. ’lL\;AC‘Fé:O =L

x*SC

e.g. L+ | ~ >0 Y g-.-—f(m

f |
LRI B S /e

l‘sm ﬂfcao = |im+ >+ = |
2o AHS

I'lM__ —feo = liwn__ —7(0 (does N&T east)

~X—~>0 >0

f(o): o

(RQW\O,V'L: H

’-R‘uék\‘ hand  limre  and le?(:, hand ~ limrk c‘f a "ﬁxmd'ibn at a *l:nivd: is N1
V\ecessawa 4o be the same !

FACT -

oo wLf ok iy of oo = oo - L
(e, lostt ﬁé\ﬂb and (eslt hand vt exst ondd Q%va\ “+ L_)

FACT (Wriheut me>
(0 ‘:fl:maoomsl-nwt,i‘lrck=l<
(CH) {lm x =C Ye%avcle.d as Constart —)Ew\cb;m\ -F@ogk

xX>C




A‘ ge]ovadc vao'Fev'heS

L ymrts
lji jg_»«;:ﬂ_-fw and &A’& oo east (VQV\a wportant 1), then

& o

< Jgrc(-fboJ«%@o) = D e + jg_u;\c@oo
> fn(fed - geo) = s fed = Jmy geo
® |l (feoge) = Imfoo -y geo
60 hW\ ‘F(x)
@ hM (_F ) = 23 ‘.f [Iw\ @ +o
*>C ?x) -JI!“ cg N A>S %
e.é. Fd b Rx =5
=2 —%‘g (%)
5
@D hW\ « =22 ., So [ty < = lim (=) = lima - lim =
e & > > D20 > >N
= 2 - = Ll—
%(g )
¢
QD lm3-3 , m=tt , So liv 3= ban 2l
A a2 =5 o2 >
= -4 =1
g‘a (D)
) [‘lW\ 3L =12, m 5 =5 . Se [m2e-5 = [zt — lim &
& >N S P SO o >N >
= (-5 = F
But  what we wite
>
lm 2025 = 3(lim=>) -5 =3
X2 X2



eg. Fd  lw 3%=8

RS

8 _3(m) -8 -8

2 -5
-2 _
* (3[((1’;\( 1’) -2 )
eg —rklhk :
\ - _L - tn
lgo _7l(.— - cho % @. L‘(‘—I:o Eon % =
] P

o

Rat we kwnow _!Z_h;; —l{ does NoT exst.
What ‘s Wvong 2

AV\SZ (IW\ .,c- does NOT edst, So we cannot nse () ot k) .

X=>o

e, Rnd liw\ =l

x> | -3 2

No'(:e E.T‘ 12—3'1.-‘-'2 =0 , 20 we cannct use &) .
-‘Ba &)
hW\ -—11}_' = (i!m (VL—I)(X-H) = l‘IIN\ A+l '!&1 Sl = 2 ==2
Al A =-3+2 xA (-t ) (-2) x> A= lim —=-2 -
A>

e.q <t :f'k\{l'& —TR c:leﬁv‘eel '°3 -f(x)_ E:: L XL
Find ||m"f(-x)

Note : For x#i (x-i1#o0, denominator 1= nomzevo.)
AP R P I T S |

L-1 0 w1 =X+l

\ Ix-1 .

7\8_‘»:: = = ku_;\l H.+( ( We onl-a concenn those ~ near | bt NST e%wa‘ —+o )
-4 (Sl the same . o NST m%avd as ?vd'\'“«g x=l)




Relaaon 'Ezhoeer\. \JM\‘& ﬁ Se?uences and HAV\CEJOV\S
—rhz,orem. :

|im, j?eo S =N Sea‘u\zvxce fa.d it J\]_ﬁ;\“an,‘=c . we have Li_v:\“ f(a.& = L

x-SC

% -
f@n } gt

-f(ao‘--

L: ___________ I <3

el rv] SE. A

I
/ C a5 Gy

[n ‘fac-(-. ) if we. warct to show J:l_v)ncf(vc)=l_ , Tt s 7ur6e_ iwrross'-ue o check ‘uv\fmﬁel‘a
w\mma seziu\em_n. _This statement is useful n_ veverse divection :

0 Ff 3 {ad st liman=c . but Jim Fas does NST ewst .
+then -:E-?c;f(’o does NST exist .

2) Ff 3 fad ., fhad st v!i-'ﬂoa" =v|f-">"»'°" =c , but v!l,"‘*:f(“"’ y V!L'ﬂé“fdon)
“then il_v:nc_"f(x) does NGST exist .

¢g. Let £ RR defined by W‘%

{ [ 7 =e® %3‘52(’0

o f <eR\& X

t seews the %vurk consists of ‘o

Consider seguences {ad , fb.} eleflmed lo(a Sbm&gkb lines , but ™ 'fac‘(: infinﬂ’e(a
Qn = ,LL e® , bu= “'7% ER\® many, lholes are theve.

Then v!i_v)v.“a,\ =V|I.l—v)noobn =0 , but J\i_v;\“'f(an) =vl\i::s°°l =1
" lim oo does NOST ewist .
[n. 'fac-:t, wrth e mod;-ﬁca-aon , we can show -ll?c;fw does NOST exist VceR.



Ex: let f'-'k-—fk ql.efme.d log

R

Show  -that ’l‘i:o"fﬁo does NST exist .
Hint : Consider seguences fad . fb.ad lma
T |

R =S

Sandwich Theorem. -'fw Functions

Let -r-,%,k:'lk—-‘k be functions and ce®

l-f -fcao s quos heo jew al % w a neagkbwl«md sf c and iugcfeo = i, heo = L
thenfin geo =L

Geowetvical me.av\ir% :

Y
4=heo

Lt Y=g

gFeo

0
?'N

eq Rove that lim Leos’ =0

A—>0

Nete that o= LeoSL s and lim o = lim =0
A,=>0o A->0

lim 1f'cos"—_:L =0 .
A=>0

B% Sanduich  theorew |,



]
—_llm%ﬁﬂio_@_llm Heeol =0
xX>C x>C |

FACT (Lx:ﬁamsh_":msre)

e.q. liVV\ X =0 = lim xl=o

Ao Ao

=0

eqa. Pove Hhat lim x cos L
d x>0 x
Note that -lxls xcos - <lx| and Iim -l = lim =l =0

A=>0O A->0

Bv& Sandwich theorew liva -xcos—i:o.

A->0




