MATH1010 University Mathematics
Mean value theorem

. Prove that for any x > 0,

2
1+g—‘%<\/1+m<1+§.

. Prove that for any z € (0, %),

2Insecx < sinzxtanz.

. Prove that for any x > 0,

3

z -1
a:—§<tan xT.

. Prove that for any 6 > 0,

62 62 0t
1—-—=x< 0<1l——+ —
g = F > "o
. Let ay,as,...,a, be real numbers. Prove that there exists 0 < x < 1
such that
ax + agr® + —I—am”—ﬂ—k%—i— + In
T T2 T3 n+1

. Let f(z) and g(z) be functions which are continuous on [a, b] and dif-
ferentiable in (a, b). Suppose f(a) = f(b) = 0.

(a) By considering the function e®f(x), show that there exists £ €

(a,b) such that /(&) + f(&) =
(b) Prove that there exits n € (a,b) such that f'(n) + ¢'(n)f(n)

. Let f(x) be function, continuous on [0, +00), differentiable on (0, +0o0)
which satisfies f'(x) < f(z) for any x > 0. Prove that f(z) < f(0)e”
for any x > 0.

. Let f(z) be a function which is twice differentiable on R. Let a,b, ¢ be
real numbers with a < b < c. Let

Flz) = f(w)—%

a _(@=b)(x—a)
(b—c)(b—a) (c—=b)(c—a)

f(e).



10.

11.

12.

(a) Prove that there exists ¢ € (a,b) such that F'(¢) = 0.
(b) Prove that there exists n € (a,c¢) such that

ff) M) fB) f(c)
2 (a—=b(a—c) (b—c)b—a) (c—0b)(c—a)

Suppose 0 < a < b.

(a) Prove that
(1+Ina)(b—a) <blnb—alna < (1+1nb)(b—a).
(b) Prove that there exists ¢ € (a,b) such that
ae’ —be® = (b—a)(c — 1)e".
Let f(x) be a function such that f”(z) < 0 for any z.

(a) Prove that f'(x +1) < f(z+1) — f(z) < f'(x) for any z.
(b) Prove that

F @)+ 1)+ F3) < f3) = £(0) < f1(0) + f'(1) + f'(2).

Let I be an open interval and a,b € I with a < b. If f is differentiable
on I and if A is a number between f’(a) and f’(b), show that there is
at least one point ¢ € (a,b) such that f'(c) = .

f'(a) ift=a
HO-1@ iy g

t—a

(Hint: You may start with defining a function f,(t) = {

Let f(t) be a function on R with f”(¢) > 0 for any ¢t € R. Let p,q > 1

1 1
with — 4+ - = 1.
b q

x
(a) For any =,y € R with = < y, let 2=~ + 2.
p q

(i) Prove that z < z < y.
(ii) Prove that there exists © < { < z such that

(f(z) = f(x))
y—x

g =1



(iii) Prove that

(b) Let a,b > 0.
(i) Prove that

p q
(ii) Prove that
a? bl
ab < — + —
p q

13. Let f(x) be a function which is differentiable on (0, +00). Suppose

o f'(z) >0 for any x > 0, and
e lim f(z)=0

z—0t

(a) Prove that f(z) > 0 for any = > 0.
(b) Prove that (1 + x)In(1 + ) — zlnz > 0 for any = > 0.

~ In(1+d")

(c) Let @ > 0 and g(¢) .

t>0.
(d) Prove that (uq+vq)§ < (up+vp)% for any w, v, p,q > 0 with p < q.

. Prove that ¢/(t) < 0 for any

Solution:
1. Let f(x) =1+ g —+/1+ 2. Then f(0) =0 and

gy 2L
f(:zc)—2 2\/1—|—x>0

for x > 0. Thus 1 —|—§ > /1 +x for x > 0. On the other hand, let



2
g(x):\/l—i—:c—l—f—i—x—. Then ¢(0) = 0 and

2 8
, 1 1 =
o= e et
1 1 =
~ 2(1+§)_§+Z
422+ 2) +x(2+1)
B 42+ )
ZE2
T 42+ )
> 0

2
for x > 0. Thusl+g—%<\/1+a:forx>0.

. Let f(z) = sinztanz—2Insecz. Then f(0) = 0 and for any x € (0, ),

, _ 9 2secztanw
f(x) = cosxtanz + sinxsec”r — ———
sec T

sin x 2sinx

= sinx + 5
COoSs? x Ccos T

sinz(cos®x + 1 — 2 cos x)

cos?
sinz(1 — cos z)?

cos? x
> 0

for z € (0,%). Thus sinztanz > 2Insecx for z € (0, %).

3
. Let f(z) =tan "tz —ax + % Then f(0) = 0 and

1 1= (1+22) + 2%(1 + 27 4
) = 4 (1+2%)+2*°(1+2°) =«

= >0
14+ 22 14+ 22 14+ 22

3
for x > 0. Thus f(z) > 0 for x > 0. Therefore tan™'x > z — % for
x> 0.



92
4. Let f(f) =cosf — 1+ 5 Then

F'(0) = 6—sind
() = 1—cosb
Now f’(0) = 0 and f"(0) >

0 for > 0 implies that f'(6) > 0 for > 0.

Combining this with f(0) = 0, we have f(f) > 0 for § > 0. Thus
92 92 4

cosf > 1—3 for # > 0. On the other hand, let g(0) = 1——+——cos 6.

2 24
Then
3
Jgo) = —0+ 3 + sinf
62
J"0) = —1+ 5 + cos 6
92
Now ¢'(0) = 0 and we have proved that ¢”(0) = cosf — 1 + 5 > 0 for

any 6 > 0. Thus ¢’(6) > 0 for any § > 0. Combining t2his With g(0) =0,

we see that g(f) > 0 for any 6 > 0. Therefore 1 — 5} + oYike cos 6 for
0> 0.
at’?  ast? a,t"tt
5. Let f(t) = —+ —+--- . Th
et f(t) 5 + 3 +-+ —— en

f'(t) = art + agt® + - - - + a,t™.

By mean value theorem, there exists 0 < z < 1 such that

f(1) - f(0)
flx) =
1-0
2 n aq a2 Ay,
axr+ayx” +---+a,xt = —+ —

> T3 LT
6. Suppose f(a) = f(b) = 0.

(a) Let h(x) = e f(x) which is continuous on [a, b] and differentiable
on (a,b). Then h(a) = h(b) =0 and h'(z) = e*(f'(x) + f(z)). By
Rolle’s theorem, there exists a < & < b such that

W) =e(f'(&)+ f(&)=0
which implies f/(£) + f(£) = 0 since e > 0.

5



(b) Let p(x) = €9 f(z) which is continuous on [a,b] and differen-
tiable on (a,b). Then p(a) = p(b) = 0 and p'(z) = 9@ (f'(x) +
g'(z)f(x)). By Rolle’s theorem, there exists a < n < b such that

() = " (f'(n) + g'(n) f(m) = 0
which implies f'(n) + ¢'(n) f(n) = 0 since €9 > 0.
7. Let g(z) = e *f(x) — f(0). Then g(0) =0 and

— /(
g () =—e"f(z)+e " f(x) < —e " fz) +e " f(x) =0
for any x > 0. Thus g(z) = e *f(x) — f(0) < 0 for any = > 0 which
implies f(x) < f(0)e” for any = > 0.
8. (a) Note that
B (a—b)(a—c)
Fa) = f(a) - (@—ba—0)

_(b=o)(b—a)
(b—c)(b— a)f(b)

By Rolle’s theorem, there exists ¢ € (a, b) such that F'(¢) = 0.
(b) Note that

fla) =0

F(b) = f(b) ~0.

F(x)
— ) - 2z —(b+c)fla) (z—(cta)f(b) (2z—(a+b))f(c)
(a—=b)(a—c) (b—c)(b—a) (c—b)(c—a)
F//(I)
= f'(z)— 2f(a) 2f(b) 2f(c)

(a—b)la—c) (b-c)(b—a) (c—b)(c—a)

By (a), there exists ¢ € (a,b) such that F’(¢) = 0. Similarly, there
exists £ € (b, ¢) such that F'(§) = 0. By applying Rolle’s theorem
to F'(z), there exists a < ( < n < £ < b such that

() =0
co e am) 20
T =0 " B=ot-a  C-btle—a "
O S (1 N[O R "

2 (a—b)a—c) (b—c)b—a) (c—b)(c—a)

6



9. (a) Let f(x) = xlnx for x > 0. By mean value theorem, there exists
¢ € (a,b) such that
f(b) — f(a)

G

Since f'(x) = 1+ Inx is strictly increasing, we have

f'(a) < f'(€) < f'(b)

f’(a) < f(b) : f(a) < f’(b)
a
1+ 1Ina < M < 1+ 1Inb
b—a

(1+Ina)(b—a) < blnb—alna < (1+1Inb)(b—a)
(b) Let f(z) = zes. Then

f(z) = € + zet (_i) _ (1 _ i) o

Applying mean value theorem to f(z) on (3,1), there exists a <
¢ < b such that

Iy _ ol
f(al)_{‘(b) — f/(%)
a b
ST = 0o
a b
a b
beb:ze = (1—c)e°

ae® —be® = (b—a)(c—1)e°

10. (a) For any z, by applying mean value theorem to f(x) on (z,z + 1),
there exists x < £ < x4 1 such that

fle+1) - f(z)

pe =T

= fle+1) - f(z)

Since f’(x) < 0 for any z, f'(x) is strictly decreasing. Thus f'(z+
1) < f(¢) < f'(z) which implies f'(x +1) < f(x +1) — f(x) <
f'(@).



11.

(b) By (a),

J'(1) < f(1) = £(0) < f(0)
f'@2) < f(2) = f(1) < f'(1)
f'B) < fB) = f(2) < f'(2)

Adding up the above inequalities, we have
S+ F2) + f1(3) < f(3) = f(0) < f/(0) + f(1) + f(2).

Observe that at least one of the following holds. Either A\ lies between
f'(a) and M, or A lies between f'(b) and M. Sup-
—a —a
f(b) — f(a)

b

pose A lies between f’(a) and — . Define

f'(a) ift=a
BO= 100
t—a

Then f,(t) is continuous on [a, b] since

lim £, (1) = lim L0 = (@)

t—0 t—0 t—a

= ['(a) = fa(a).

Also f,(t) is differentiable at any ¢ € (a, b) because f(x) is differentiable
at any x € (a,b). Since A lies between f,(a) = f'(a) and f,(b) =
f(b) = f(a)

, by applying intermediate value theorem to f,(t) on [a, b],

b—a
there exists n € [a,b] such that f,(n) = fm) = f(a) = \. Applying
mean value theorem to f(x) on [a,n], there exigtsa ¢ € (a,n) such that
7(6) = f(nz : Z;(a) — )\
Suppose A lies between f'(b) and M. Define

£) = {f’(b) if t = b

fO-f@)

The rest of the argument is more or less the same.

8



12. (a) (i)
A
x=—+—<—+g<g+g:y.
p g P g p (¢
(ii) Applying mean value theorem to f(x) on (z,z), there exists

x < & < z such that

Now
Z_$:§+Q_(f+£):y—x
b q p q q
Hence

y—x
(iii) Applying mean value theorem to f(x) on (z,y), there exists
z < n < y such that

y—x

Since f”(t) > 0 for any ¢t and & < n, we have f'(£) < f'(n)
and therefore

p(f(y) — f(2))
y—x Yy—x
< qf(x)+pf(y)
qf($)+pf(y)
p+q p+gq
f(fv)+f(y)

p q

IN

)
+
-
—
—~
oy
N

~
—~
&
IA

(b) (i) Without loss of generality, we may assume plna < ¢lnb. Take

r=plna, y=qlnb and
vy
p 9

z = =Ina+Inb = In(ab).

By (a)(iii), we have

f(plna) = f(glnbd)
f(n(ad)) < 5 + .
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(i) Let f(t) =e'. Then f”(t) = €' > 0 for any t € R. By (b)(i),

we have

13. (a)

eplna eqlnb

61n(ab) <

+
p q
ab? b

p q

ab <

Consider the function g(z) defined by

Mﬂz{ﬂ@

ifz>0
0 ifzr=0"

Then lim g(z) = lim f(z) =0 = ¢(0). Thus g(x) is continuous
z—0t z—0*t

on [0, +00). Moreover, ¢'(z) = f'(z) > 0 for any > 0. For any
x > 0, applying mean value theorem to g(z) on [0, z], there exist

0 < & < x such that

which implies f(z) =
Consider f(z) = (1+ z)In(l 4+ x) — xInz. Then

e (3
&)z > 0.

f@)=In(l+2)+1—-Inz—1=In(1+2z)—Inxz >0

for any x > 0 and

/()

lim
z—0t

= lim (1+2)ln(l+2)—zlnz
z—07F

= — lim zlnz
z—0+

By (a), we have f(z) = (14+z)In(1+x)—zlnz > 0 for any x > 0.

10



In(1+ a)

(c¢) Let a >0 and g(t) = . Then for any t > 0,

t

~a'lna —1In(1 + a)

gty = 2« v
~a'ln(a’) — (14 a") In(1 +a')
B t2(1 + at)
< 0

where the last inequality follows from (b) since a* > 0 for any
t>0.

(d) Let a = Y. Note that g(x) is continuous on [p, ¢ and differentiable
u

on (p,q). By the mean value theorem, there exists £ € (p, q) such
that

9(a) —9(p) _ 7€) <0
q—p
In(1+a?) In(l+a”) < 0
q p
In(l1+a%)e < ln(l—i—ap)%
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