
MATH1010 University Mathematics
Fundamental theorem of calculus

1. Evaluate the following definite integrals using Riemann sum.

(a)

∫ 1

0

x3dx (b)

∫ 1

0

e2xdx
(c)

∫ π

2

0

sin2 xdx

2. Use a suitable integral to evaluate the following limits.

(a) lim
n→∞

n∑
k=1

n

(n+ k)2
= lim

n→∞

(
n

(n+ 1)2
+

n

(n+ 2)2
+ · · ·+ n

(2n)2

)
(b) lim

n→∞

1

n
3
2

n∑
k=1

√
k = lim

n→∞

1

n
3
2

(1 +
√

2 +
√

3 + · · ·+
√
n)

(c) lim
n→∞

1

n

n∑
k=1

sin2

(
kπ

12n

)
= lim

n→∞

1

n

(
sin2

( π

12n

)
+ sin2

(
2π

12n

)
+ · · ·+ sin2

( nπ
12n

))
(d) lim

n→∞

n∑
k=1

1√
4n2 − k2

= lim
n→∞

(
1√

4n2 − 12
+

1√
4n2 − 22

+ · · ·+ 1√
4n2 − n2

)
3. Evaluate the following definite integrals.

(a)

∫ 3

−1

x

1 + x2
dx

(b)

∫ π
2

0

sin3 x cos2 x dx

(c)

∫ π
6

0

x2 cosx dx

(d)

∫ 1

0

e
√
x dx

(e)

∫ 5

−2
|x2 − 4|dx

(f)

∫ 2

−1
e|x−1|dx

4. Evaluate

(a)
d

dx

∫ x

0

et
2

dt

(b)
d

dx

∫ x2

1

√
1 + et dt

(c)
d

dx

∫ √x
x

ln(1 + t2)dt

(d)
d

dx

∫ x

−
√
x

sin(t2)dt

(e)
d

dx

∫ x

0

x sin(x2t2)dt

(f)
d

dx

∫ x

1

extdt

t

1



5. Evaluate the following limits.

(a) lim
x→0

∫ x

0
t ln(1 + t2)dt

x4

(b) lim
x→0

∫ x

0

et
2 − 1

x3
dt

(c) lim
x→0

∫ x

0
sin 6x sin(t2)dt

x4

(d) lim
x→0

∫ x

0
(ex

2t2 − 1)dt

x5

Solution:

1. (a) ∫ 1

0

x3dx = lim
n→∞

1

n

(
13

n3
+

23

n3
+

33

n3
+ · · ·+ n3

n3

)
= lim

n→∞

n2(n+ 1)2

4n4

=
1

4

(b) ∫ 1

0

e2xdx = lim
n→∞

1

n

(
e

2
n + e

4
n + e

6
n + · · ·+ e

2n
n

)
= lim

n→∞

e
2
n ((e

2
n )n − 1)

n(e
2
n − 1)

= lim
n→∞

e
2
n (e2 − 1)

n(e
2
n − 1)

= (e2 − 1) lim
n→∞

1
n

e
2
n − 1

= (e2 − 1) lim
y→0

y

e2y − 1

=
e2 − 1

2

2



(c) ∫ π
2

0

sin2 xdx

= lim
n→∞

π
2 − 0

n

(
sin2

( π
2n

)
+ sin2

(
2π

2n

)
+ · · ·+ sin2

(nπ
2n

))
= lim

n→∞

π

4n

((
sin2

(
0π

2n

)
+ sin2

(nπ
2n

))
+

(
sin2

( π
2n

)
+ sin2

(
(n− 1)π

2n

))
+ · · ·

· · ·+
(
sin2

(
(n− 1)π

2n

)
+ sin2

( π
2n

))
+

(
sin2

(nπ
2n

)
+ sin2

(
0π

2n

)))
= lim

n→∞

π

4n

((
sin2

(
0π

2n

)
+ cos2

(
0π

2n

))
+
(
sin2

( π
2n

)
+ cos2

( π
2n

))
+

· · ·+
(
sin2

(
(n− 1)π

2n

)
+ cos2

(
(n− 1)π

2n

))
+
(
sin2

(nπ
2n

)
+ cos2

(nπ
2n

)))
= lim

n→∞

nπ

4n

=
π

4

2. (a)

lim
n→∞

n∑
k=1

n

(n+ k)2
= lim

n→∞

1

n

n∑
k=1

1

(1 + k
n
)2

=

∫ 1

0

dx

(1 + x)2

=

[
− 1

1 + x

]1
0

=
1

2

3



(b)

lim
n→∞

1

n
3
2

n∑
k=1

√
k = lim

n→∞

1

n

n∑
k=1

√
k

n

=

∫ 1

0

√
x dx

=

[
2x

3
2

3

]1
0

=
2

3

lim
n→∞

1

n

n∑
k=1

sin2

(
kπ

12n

)
=

∫ 1

0

sin2
(πx

12

)
dx

=
1

2

∫ 1

0

(
1− cos

(πx
6

))
dx

=
1

2

[
x− 6

π
sin
(πx

6

)]1
0

=
1

2

(
1− 6

π
sin
(π

6

))
=

1

2

(
1− 3

π

)

lim
n→∞

n∑
k=1

1√
4n2 − k2

= lim
n→∞

1

n

n∑
k=1

1√
4− ( k

n
)2

=

∫ 1

0

dx√
4− x2

=

∫ 1

0

d(x
2
)√

1− (x
2
)2

=
[
sin−1

(x
2

)]1
0

=
π

6

4



3. (a) ∫ 3

−1

x

1 + x2
dx =

1

2

∫ 3

−1

d(1 + x2)

1 + x2
=

1

2
[ln(1 + x2)]3−1 =

1

2
(ln 10− ln 2)

=
ln 5

2

(b) ∫ π
2

0

sin3 x cos2 x dx = −
∫ π

2

0

sin2 x cos2 x d cosx

= −
∫ π

2

0

(1− cos2 x) cos2 x d cosx

= −
∫ π

2

0

(cos2 x− cos4 x)d cosx

= −
[

cos3 x

3
− cos5 x

5

]π
2

0

=
1

3
− 1

5

=
2

15

(c) ∫ π
6

0

x2 cosx dx =

∫ π
6

0

x2d sinx = [x2 sinx]
π
6
0 −

∫ π
6

0

sinxdx2

=
π2

72
− 2

∫ π
6

0

x sinxdx

=
π2

72
+ 2

∫ π
6

0

xd cosx

=
π2

72
+ 2[x cosx]

π
6
0 − 2

∫ π
6

0

cosxdx

=
π2

72
+

√
3π

6
− 2[sinx]

π
6
0

=
π2

72
+

√
3π

6
− 1

5



(d) ∫ 1

0

e
√
xdx = 2

∫ 1

0

√
xe
√
xd
√
x

= 2

∫ 1

0

√
xde

√
x

= 2[
√
xe
√
x]10 − 2

∫ 1

0

e
√
xd
√
x

= 2e− 2[e
√
x]10

= 2e− 2[e− 1]

= 2

(e) ∫ 5

−2
|x2 − 4|dx =

∫ 2

−2
(−(x2 − 4))dx+

∫ 4

2

(x2 − 4)dx

=

[
4x− x3

3

]2
−2

+

[
x3

3
− 4x

]5
2

=

[(
8− 8

3

)
−
(

(−8− −8

3

)]
+

[(
125

3
− 20

)
−
(

8

3
− 8

)]
=

113

3

(f) ∫ 2

−1
e|x−1|dx =

∫ 1

−1
e1−xdx+

∫ 2

1

ex−1dx

= [−e1−x]1−1 + [ex−1]21
= [−1 + e2] + [e− 1]

= e2 + e− 2

4. (a)
d

dx

∫ x

0

et
2

dt = ex
2

(b)
d

dx

∫ x2

1

√
1 + et dt = 2x

√
1 + ex2

6



(c)

d

dx

∫ √x
x

ln(1 + t2)dt = ln(1 + (
√
x)2)

(
1

2
√
x

)
− ln(1 + x2)

=
ln(1 + x)− 2

√
x ln(1 + x2)

2
√
x

(d)

d

dx

∫ x

−
√
x

sin(t2)dt = sin(x2)− sin(−
√
x)2
(
− 1

2
√
x

)
= sin(x2) +

sinx

2
√
x

(e)

d

dx

∫ x

0

x sin(x2t2)dt =
d

dx

∫ x

0

sin(x2t2)d(xt)

=
d

dx

∫ x2

0

sinu2du

= sin(x2)2(2x)

= 2x sin(x4)

(f)

d

dx

∫ x

1

extdt

t
=

d

dx

∫ x

1

extd(xt)

xt

=
d

dx

∫ x2

x

eudu

u

=
ex

2

x2
(2x)− ex

x

=
2ex

2 − ex

x

7



5. (a)

lim
x→0

∫ x

0
t ln(1 + t2)dt

x4
= lim

x→0

x ln(1 + x2)

4x3

= lim
x→0

ln(1 + x2)

4x2

=
1

4

(b)

lim
x→0

∫ x

0

et
2 − 1

x3
dt = lim

x→0

∫ x

0
(et

2 − 1)dt

x3

= lim
x→0

ex
2 − 1

3x2

=
1

3

(c)

lim
x→0

∫ x

0
sin 6x sin(t2)dt

x4
= lim

x→0

sin 6x
∫ x

0
sin(t2)dt

x4

= lim
x→0

(
sin 6x

x

)(∫ x

0
sin(t2)dt

x3

)
= 6 lim

x→0

sin(x2)

3x2

= 2

(d)

lim
x→0

∫ x

0
(ex

2t2 − 1)dt

x5
= lim

x→0

∫ x

0
(ex

2t2 − 1)d(xt)

x6

= lim
x→0

∫ x2

0
(eu

2 − 1)du

x6

= lim
x→0

2xex
4 − 1

6x5

=
1

3

8


