MATH1010 University Mathematics
Continuity and differentiability of functions

r+a, ifzr<?2
. Let f(z) =<0, if x =2
3r—1, ifx>2
Find the values of a and b such that f(x) is continuous at x = 2.

asin 2x

, ifzx<0
T
. Let f(z) =< b—a, ifx=0
In(1
Q+M, ifx>0
x

Find the values of a and b such that f(x) is continuous at x = 0.

Let f(z) x2, ife <1
. Let f(x) =
a+blnx, ifz>1

Find the values of a and b such that f(x) is differentiable at z = 1.

. For each of the following functions, determine whether it is differen-
tiable at « = 0. Find f’(0) if it is.

dr+1, ifxz<0
(a) fla) = {$2+4$, ifx>0

22 +3x—1, ifz<0
e3® — 2, ifx >0

(d) f(z) = a3

(e) flz) =3

(1) f<x>{ ;o o7
1, if v =
* , ifx#£0

@ f<x>{lnx 7
0, if x =



5. Let f(z) = |z|sinz.

(a) Find f'(z) for x # 0.

(b) Find f'(0).

(c¢) Determine whether f”(0) exists.
6. Let f(x) = |z|sin®z.

(a) Find f'(z) for x # 0.

(b) Find f'(0).

(¢) Determine whether f”(0) exists.

Solution:
1. Note that
lim f(z) = lim(z+a)=2+a
T2~ T2~
li = lim@Bx—-1)=5
D)=l e =)
f2) = b
Since f(z) is continuous, we have 2 + a = 5 = b which implies a = 3
and b = 5.
2. Note that
in 2
lim f(z) = lim GM2T _ 94
z—0~ z—0~ X
In(1+3
lim f(z) = lim (a+u> =a+3
xz—07F z—0t x
f0) = b-a
Since f(z) is continuous, we have 2a = a + 3 = b — a which implies
a=3and b=6.
3. Note that
lim f(z) = lim 2*=1
=1~ r—1-
li = i bl =
A )= ples by =«



4.

Since f(x) is differentiable, f(x) is continuous and we have a = 1. Now

_ 2 _ 2
TN Gl ) el A 0 IR VA e o) e OO L
h—0~ h h—0~ h h—0~
lim fa+n) - 1) _ imwzb
h—0+ h h—0t h
Since f’(0) exists, we have b = 2.
(a) Note that
lim f(z) = lim(4dz+1)=1
z—0~ z—0~
li = lim (2% +42) =
S = It an) =0

Thus f(x) is not continuous at x = 0. Therefore f'(0) does not
exist.

iy S =10 (P31 (1) (h+3)=3
b0 h h—0— h h—0—

B (R FE | R

h—0+ h h—0+ h

Therefore f(z) is differentiable at x = 0 and f'(0) = 3.
(c) Observe that

_ |l _
lim M — lim u — limeM =1
h—0 h h—0 h h—0

Therefore f(z) is differentiable at 2 = 0 and f/(0) = 1.
(d) Observe that

L (B S
h—0 h h—0 h—0

does not exist. Therefore f(x) is not differentiable at x = 0.

3



(e) Observe that

4
i L) = FO) g =0
h—0 h h—0 h—0

Therefore f(z) is differentiable at 2 = 0 and f/(0) = 0.
(f) Observe that

2
lim f(z) = lim el

x—0 —0 x

=0# f(0)

Thus f(x) is not continuous at & = 0. Therefore f(z) is not
differentiable at z = 0.

(g) Observe that

_h
N R (B Sl S

h=0 h ho-  h heoln|h| 0

Therefore f(z) is differentiable at x = 0 and f'(0) = 0.

(a) When z <0, f(x) = —zsinz and f'(x) = —xcosx — sinx
When z > 0, f(z) = zsinz and f'(x) = xcosz + sinx

(b)

. f(h)— f(0) . |h|sinh —0
/ . — —
Fo=m=—% =M %
(c)

/ o . o .
lim f'(h) — f'(0) — im hcosh —sinh — i (—cosh sin h _ 4
h—0~ h h—0~ h h—0~

/ o . .
hs 0+ h h—0+ h h—0+ h

Thus f'(x) is not differentiable at x = 0. Therefore f”(0) does
not exist.

(a) When z < 0, f(z) = —xsin’z and f/(z) = —sin? 2 — 2z sin ¥ cos &
When z > 0, f(z) = xsin’x and f'(z) = sin’ x + 2rsinx cos x

(b)
/ . f(h)—=f(0) .. |h|sin®h—0
10 = Jim ZEE = i B =

4



. f'(h) = f(0) . —sin?h —2hsinhcosh — 0
lim ~—————2% = lim
h—0~ h h—0~ h

2
= lim <_sm h_ 2sin h cos h)
h—0~ h

=0
f'(h) — f(0) ’ sin® h + 2hsin hcos h — 0

hHl _— = 1m
h—0+ h h—0+ h

.9

= lim (Sm h+251nhcosh)
h—0+ h

=0

Thus f'(x) is differentiable at z = 0 and f”(0) = 0.



