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Exercise 4.2 Question 1(b)

Using the method of reduction of order to solve the equation given that y;(¢) is
a solution.
Py’ + 4ty +2y =0; y(t) =t

Solution: We set y(t) = yi(t)v(t) = t'v(t). Then

{y<> ' (t) — <>,

y'(t) =ttt ”(t) — 20720/ (t) + 2t 30(t).
Thus the equation becomes

" =272 4 2t P0) +4t(t N — ) +2( ) =0
tv" + 20" = 0.

Making use of the substitution u = v’, we have
' + 2t = 0.

This equation is a first-order linear ODE in u. An integrating factor is

exp (/ 2t7! dt) =exp (2Int) =

Multiplying both sides with #2, we have

t2u +2tu =0
d
2y = —C
U= —clt_2
V= —cit?

v = clt*1 + Co
y=teit™ + c)
Y= cltf2 + CQtil.

Therefore the general solution is y(t) = ¢t 2 + cot L. O



Exercise 4.3 Question 1(b)

Find the general solution of the following second order linear equations.
y" + 9y =0.
Solution: Solving the characteristic equation

r24+9=0
r = £3i.

Thus the general solution is

Yy = c1 cos 3t + ¢ sin 3.

Exercise 4.3 Question 1(d)

Find the general solution of the following second order linear equations.
y" — 8y’ + 16y = 0.
Solution: Solving the characteristic equation

r? —8r+16 =10
r=4.

The characteristic equation has a double root » = 4. Thus the general solution is

Y = cle4t + Cgt64t.

Exercise 4.3 Question 1(e)

Find the general solution of the following second order linear equations.
y" + 4y’ + 13y = 0.
Solution: Solving the characteristic equation

r?+4r+13=0
r=—2+3i

Thus the general solution is

y = e *(c; cos 3t + cysin 3t).



Exercise 4.4 Question 1(e)

Use the method of undetermined coefficients to find the general solution of the
following nonhomogeneous second order linear equations.

y' 2y 4y =2t

Solution: Solving the characteristic equation

P 4+2r+1=0
r=—1.
The characteristic equation has a double root » = —1. Thus the complementary

function is
Ye = cre” " + cote .

A particular solution is in the form
y, = At?e™",
where A is a constant to be determined. To find A, we have

y, = A(—t* + 2t)e ",
yy = A(t? — 4t +2)e .

By comparing coefficients of

Yp + 2y, +yp =2¢"
A(t? — 4t +2)e ! + 2A(—* +2t)e " + At?e ! = 2¢7!
247t =2e71,

we have A = 1 and a particular solution is
y, = t?e .
Therefore the general solution is

Y=Y+ y,=cre " +cote "+t



Exercise 4.4 Question 1(f)

Use the method of undetermined coefficients to find the general solution of the
following nonhomogeneous second order linear equations.

y' =2y +y=te + 4.

Solution: Solving the characteristic equation

?—2r+1=0
r=1.
The characteristic equation has a double root » = 1. Thus the complementary

function is
Ye = cre' + cotel.

A particular solution is in the form
y, = *((At + B)e") + C = At’e' + Bt?e' + C,
where A, B, C' are constants to be determined. To find A, B, C, we have

y, = A(t® + 3t%)e! + B(t* + 2t)e’,
Yl = A(t* + 61> + 6t)e + B(t? + 4t + 2)e".

By comparing coefficients of

Yy — 2y, + yp = te' +4
(6At +2B)e" + C = te' + 4,

we have

Q@ =~
I
=~ ool

and a particular solution is
1
Yp = étget + 4.

Therefore the general solution is

1
Y=Yec+Yp= clet + CQtet + 6t3et + 4.



Exercise 4.4 Question 2(a)

Write down a suitable form y,(¢) of a particular solution of the following nonho-
mogeneous second order linear equations.

y" 4 3y’ = 2t* 4+ t?e 73 + sin 3t.
Solution: Solving the characteristic equation

r? +3r =0
r=0,-3.

Thus the complementary function is

Yo = ¢ + cpe™

A particular solution is in the form

yp = t(A4t4 + A3t3 + A2t2 + Alt + AQ)
-+ t<82t2 —+ Blt -+ Bo)eist
+ (Cy cos 3t + Dy sin 3t),

where Ay, A1, As, Az, A4, By, By, Bs, Cy, Dy are constants to be determined. 0

Exercise 4.4 Question 2(b)

Write down a suitable form y,(¢) of a particular solution of the following nonho-
mogeneous second order linear equations.

y" — 5y + 6y = e’ cos 2t + 3te* sint.
Solution: Solving the characteristic equation

r*—=5r+6=0
r=23.
Thus the complementary function is
Ye = cr1e® + cye®.

A particular solution is in the form

y, = €'(Agcos 2t + Bysin 2t)
+ 2 ((Cyt + Cp) cost + (Dyt + Dy) sint),

where Ay, By, Cy, C1, Dy, D1 are constants to be determined. O



Exercise 4.4 Question 2(c)

Write down a suitable form y,(¢) of a particular solution of the following nonho-

mogeneous second order linear equations.

y" +y=1t(1+sint).
Solution: Solving the characteristic equation

?+1=0
r = +i.

Thus the complementary function is

Yo = €1 €08t + cosint.
A particular solution is in the form

Yp = (Art + A)
+ t((Bit + By) cost + (Cyt + Cp) sint),

where Ay, A1, By, B1, Cy, C are constants to be determined.

Exercise 4.5 Question 1(a)

Use the method of variation of parameters to solve the equations.

y" — 5y + 6y = 2¢".
Solution: Solving the characteristic equation
> —br+6y=0
r=23.

Let y; = e and y, = €*. Then complementary function is y. =
Wronskian W is given by

W= W(Qb!ﬁ)@) = ‘ g

Ciyr + Coys. The

= y1yh — Yo = (%) (3e*) — (2e%)(e*) = ™.

VY
Now g¢(t) = 2¢'. Hence
up = _g_v?{/2 B _(2625(t63t) =27, up =2e"+c,
—
o = I (2¢")(e*) _ 92 Uy = —e 2t + ¢y
2 W ebt

Hence the general solution is
Y = ury1 + ugy2
= (2" +c))e* 4+ (—e 4 cy)e™

= cleZt + 0263t + et



Exercise 4.5 Question 1(b)

Use the method of variation of parameters to solve the equations.
y' =y — 2y =2e".
Solution: Solving the characteristic equation

r?—r—2=0

r=-—1,2.

Let 1, = ¢! and 3, = €*. Then complementary function is y. = Cyy; + Coys. The
Wronskian W is given by

W= W(ylayQ)(t) = ‘ z} y?

1 2

=119 — Yiye = (e7)(2e*) — (—e ) (e*) = 3¢

Now g(t) = 2e~*. Hence

p_ 9y (20 2 _ 2 2
T 3¢ 3 =gttty )
—
gy1 _ (2e7)(e™") 2 _ 2 _
O T A L u = —gete

Hence the general solution is
Y = Y1 + U2y

2 2 2
= (g (g)) e (e ra)

2
= et cpe®t — gte’t.



Exercise 4.7 Question 1(c)

Write down a suitable form y,() of a particular solution of the following equations.
Y@ — 2" 4y = te.
Solution: Solving the characteristic equation

rt—2rP+1=0
(r?)? =2(r*) +1=0
r? =1
r==£l.
The characteristic equation has two double roots » = 1. Thus the complementary

function is
Ye = cle_t + CQte_t + 03et + c4tet.

A particular solution is in the form
yp = tQ(Alt + AQ)Gt,

where Ay, A; are constants to be determined. O

Exercise 4.7 Question 1(e)

Write down a suitable form y, () of a particular solution of the following equations.
y® + 29" +y = tcost.
Solution: Solving the characteristic equation

r4+2rt+1=0
(r*)?+2(r*)+1=0
r?=—1

r = *+1.

The characteristic equation has two double roots r = £i¢. Thus the complementary
function is
Yo = 1 €08t + cot cost + cgsint + cytsint.

A particular solution is in the form
y, = t*((Ast + Ag) cost + (Byt + By) sint),

where Ay, A1, By, B1 are constants to be determined. O



