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Exercise 1.1 Question 1(a)

y/_'_y:4e3:v

Solution: An integrating factor is

exp (/ldx) — e

Multiplying both sides by e, we have

exy/+€xy — 4€4m

d
(T — 4 4x
7o (€7y) = de
e’y = /464”6 dx
ey = e+ ¢
Yy = e + Ce™™,

Exercise 1.1 Question 2(c)

(2 +4)y' + 3oy = 32;  y(0) =3
Solution: Dividing both sides by z? + 4, the equation becomes

3z B 3z
:L’2—|—4y_:c2+4'

Y+

An integrating factor is

exp (/ff_ daz) — oxp (gln(:cz +4)) — (% + 4).

Multiplying both sides by (22 4 4)2, we have

N

(z* + 4)%y' + 3z(2® + 4)%y 3x(z? + 4)
3

d‘i((x +4)2y) = 3a(2? + 4)2

(:L’2+4)gy:/3x(x2+4)édx
(22 +4)2y = (1 +4)* + C
y=1+C(z>+4)73.



Since y(0) = 3, we have
1
3:1+§C = (' =16.

The solution of the initial value problem is

y=1+16(z>+4) 2.

Exercise 1.2 Question 2(a)

vy —y=22%; y(l)=1

Solution:
xy —y =22’y
vy’ = (22> + 1)y
/
1
Y — o + —
x

y

d 1

Y <2x+ —) dz

Y x

1

/@:/(zx+—) da

Y x
In|y|=2* +Inz+ C’

Y= C’:pex2, where C' = +e¢'.

Since y(1) = 1, we have
1=Ce = C=c¢'.
The solution of the initial value problem is

_ 2 2_
y=e lpe™ = ge® !

Exercise 1.3 Question 2(c)
Find the value of £ so that the equation is exact and solve the equation.

(2xy* 4 32?)dx + 22"y + 4y°)dy = 0

Solution: We have

oM

— =4zy
M(z,y) = 2xy? + 322 . %
N(z,y) = 2%y + 4y° ON

— = 2katly

The equation is exact if and only if

M N
88—3;:68—:1: = doy =2kt ly = k=2.



In this case, we set

Now, we want

8—y = N(z,y)
20%y + ¢'(y) = 22%y + 4y°
9'(y) = 4°
gly) =y*+C

The general solution of the differential equation is

F(z,y)=C <= 22> +2° +y* = C.

Exercise 1.4 Question 1(e)

2y =zy+y°
Solution: Dividing both sides by 22, we have

S
y_x+<x ’
Letu:y. We have
T
du dy :
u+x%—%—u+u
du 9
T— =1
dx
du_dx
w2 o
du_ dx
uz x
—u ' =In|z|+C
—£:1n|x|+0
T
- _ =0
Y ln|:p|+00ry



Exercise 1.5 Question 1(c)
vy =y(a’y —1)
Solution: Dividing both sides by x, we have

y =y’ —aly
y+ a7ty = xy’

Let u = y'=2 = y~1. We have

An integrating factor is

exp (/ —z7! dx) =exp(—Inz) =27

Multiplying both sides by 2!, we have
du
-1 2
— = -1
e
d
Y =-1

x_lu:/—ldx

v 'u=—2+C
uw=—2*+Cxr
yl=—24+Czx
y=(—2>+Cx) ' ory=0.

Exercise 1.6 Question 1(b)
Solve the following differential equation by using the given substitution.

y=Vrty, u=z+y
Solution: Let u =z + y. Then we have

du dy
— =1+ -
dx + dx



Substituting it into the original differential equation, we have

d
_u —1= \/ﬂ
dz
d
L
dx
du
=d
1+ u v
du
=[d
/ 1+ Vu / )
/ du
T x.
Making another substitution s = /u, we have
ds = % = du = 2sds,

and therefore

/ du B 2sds
1+vu ) 1+s

:2/(1—1;) “

=2(s—In|l1+s|)+C

= 2(vu—In(1+ V) +C.

Hence, we have

2(Vu—In(1+vu) =z+C
20vVzty—In(l+yVzty)=x+C

Exercise 1.7 Question 1(a)
yy" +(y)* =0
Solution: Let p = y'. Then we have

v 4 _dp dpdy  dp
dx  dydx dy



Substituting it into the original differential equation, we have

dp
y <pd—) +p' =0
y

ypd—p = —p’
dy
dp  dy
p Y
dp dy
p Yy

In |p| = —Iny + Co

1
2C1p =y~ !, where C} = iae’c‘)
dy
20— =y
1 Y
2C ydy = dx
/ZC’lydy: /dx
ClyQ + 02 =X

Exercise 1.7 Question 2(b)

;T +2y
oz
Solution: Rewriting the equation, we have

;2?42
’y:
T
, 2
Yy ——y=<ax.
T

This equation is a first order linear ODE. An integrating factor is

2
exp (/ - dx) =exp(—2Inz) =272

Multiplying both sides with 272, we have

%y — 23y =7t

d

% (x_Qy) =2

AT /xl dx

v %y =In|z|+C
y = 2*(In |z| + O).

-1



Exercise 1.7 Question 2(d)

zy + 2y = 62°\/y
Solution: Dividing both sides by x, we have

2

This equation is a Bernoulli’s equation. Let u = yl’% = y%. We have

du () 1Y ady
dr 2 Y dx

du 1 1 2
b B 6
dr 27 2( :cy+ x\/ﬂ)
du 1 %+3
_ = —_—— X
dx xy
du 1
— 4+ —u=3x
dr =z

An integrating factor is

exp ( / % d:c) — exp(Inz) = .

Multiplying both sides with z, we have
du

x% +u = 32?
%(azu) = 327
TU = /3x2 dx
xu=x>+C

u=21z"+Cx "
y% =224+ Cx!
y=(@*+Cz ) ory=0.



