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Problems that may be demonstrated in class :

Q1. Evaluate
∫
f(x)dx for different functions f(x) as below:

(a) x
√
x− 4; (b) 2x−5

x2−5x+36
; (c) 3e

x+1ex; (d) sin2 x;

(e) sin3 x; (f) tanx; (g) tan2 x; (h) tan3 x;

(i) secx; (j) 1√
x2+4

; (k) sin 7x cos 4x; (l) arctanx
x2+1

.

Q2. In this question, we study the behaviour of the indefinite integral
∫ P (x)
ax2+bx+c

dx,
where P (x) is a polynomial and a, b, c ∈ R with a 6= 0.

(a) Find the discriminant of the equation x2 − 5x + 6 = 0. Find real constants A
and B such that x−5

x2−5x+6
≡ A

x−2 + B
x−3 . Hence evaluate

∫
x−5

x2−5x+6
dx.

(b) Find the discriminant of the equation x2 + 2x + 1 = 0. Find real constants A
and B such that 3x+2

x2+2x+1
≡ A

x+1 + B
(x+1)2

. Hence evaluate
∫

3x+2
x2+2x+1

dx.

(c) Find the discriminant of the equation x2 + 2x+ 2 = 0. Evaluate
∫

2x+3
x2+2x+2

dx.

(d) Find real constants A,B,C,D such that x3−3x2−3x+7
x2−5x+6

≡ Ax + B + Cx+D
x2−5x+6

.

Hence evaluate
∫
x3−3x2−3x+7
x2−5x+6

dx.

Q3. Let t = tan θ
2 . Express sin θ and cos θ in terms of t. Evaluate

∫
dθ

sin θ−cos θ−1 .

Solutions :

Q1. (a) Let u = x− 4. Then du = dx.∫
x
√
x− 4dx =

∫
(u+ 4)

√
udu =

∫
(u

3
2 + 4u

1
2 )du =

2

5
u

5
2 +

8

3
u

3
2 + C

=
2

5
(x− 4)

5
2 +

8

3
(x− 4)

3
2 + C.

(b) Let u = x2 − 5x+ 36. Then du = (2x− 5)dx.∫
2x−5

x2−5x+36
dx =

∫
du

u
= ln|u|+ C = ln|x2 − 5x+ 36|+ C.

(c) Let u = ex. Then du = exdx.∫
3e

x+1exdx =

∫
3u+1du = 3

∫
3udu =

3u+1

ln 3
+ C =

3e
x+1

ln 3
+ C.

(d) ∫
sin2 xdx =

∫
1

2
(1− cos 2x)dx =

x

2
− sin 2x

4
+ C.
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(e) Let u = cosx. Then du = − sinxdx.∫
sin3 xdx =

∫
sinx(1− cos2 x)dx =

∫
sinxdx−

∫
sinx cos2 xdx

= − cosx+

∫
u2du = − cosx+

u3

3
+ C = − cosx+

cos3 x

3
+ C.

(f) Let u = cosx. Then du = − sinxdx.∫
tanxdx =

∫
sinx

cosx
dx = −

∫
du

u
= − ln|u|+ C = − ln|cosx|+ C.

(g) ∫
tan2 xdx =

∫
(sec2 x− 1)dx = tanx− x+ C.

(h) Let u = tanx. Then du = sec2 xdx.∫
tan3 xdx =

∫
tanx(sec2 x− 1)dx =

∫
tanx sec2 xdx−

∫
tanxdx

=

∫
udu− ln|cosx| = u2

2
− ln|cosx|+ C =

tan2 x

2
− ln|cosx|+ C.

(i) Let u = tanx+secx. Then du = (sec2 x+tanx secx)dx = secx(tanx+secx)dx.∫
secxdx =

∫
secx(tanx+ secx)

tanx+ secx
dx =

∫
du

u
= ln|u|+ C

= ln|tanx+ secx|+ C.

(j) Let x = 2 tan θ, −π/2 < θ < π/2. Then dx = 2 sec2 θdθ.∫
dx√
x2 + 4

=

∫
2 sec2 θdθ√
4 tan2 θ + 4

=

∫
sec2 θdθ√

sec2 θ
=

∫
sec θdθ

= ln|tan θ + sec θ|+ C ′ = ln

∣∣∣∣∣x2 +

√(x
2

)2
+ 1

∣∣∣∣∣+ C ′

= ln

∣∣∣∣∣x2 +

√(x
2

)2
+ 1

∣∣∣∣∣+ ln 2 + C = ln|x+
√
x2 + 4|+ C.

(k) sin 7x cos 4x = 1
2(sin(7 + 4)x+ sin(7− 4)x) = 1

2(sin 11x+ sin 3x). Thus∫
sin 7x cos 4xdx =

1

2

∫
(sin 11x+ sin 3x)dx = −cos 11x

22
− cos 3x

6
+ C.

(l) Let u = arctanx. Then du = dx
x2+1

.∫
arctanx

x2 + 1
dx =

∫
udu =

u2

2
+ C =

(arctanx)2

2
+ C.
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Q2. (a) The discriminant is (−5)2 − 4(1)(6) = 1 > 0.

x− 5

(x− 2)(x− 3)
≡ x− 5

x2 − 5x+ 6
≡ A

x− 2
+

B

x− 3
,

x− 5 ≡ A(x− 3) +B(x− 2).

Putting x = 2, we get A = 2−5
2−3 = 3; putting x = 3, we get B = 3−5

3−2 = −2.∫
x− 5

x2 − 5x+ 6
dx =

∫ (
3

x− 2
− 2

x− 3

)
dx = 3 ln|x− 2| − 2 ln|x− 3|+ C.

(b) The discriminant is 22 − 4(1)(1) = 0.

3x+ 2

(x+ 1)2
≡ 3x+ 2

x2 + 2x+ 1
≡ A

x+ 1
+

B

(x+ 1)2
,

3x+ 2 ≡ A(x+ 1) +B ≡ Ax+A+B.

Comparing coefficients of x, A = 3. Putting x = −1, B = 3(−1) + 2 = −1.∫
3x+ 2

(x+ 1)2
dx =

∫ (
3

x+ 1
− 1

(x+ 1)2

)
dx = 3 ln|x+ 1|+ 1

x+ 1
+ C.

(c) The discriminant is 22 − 4(1)(2) = −4 < 0.∫
2x+ 3

x2 + 2x+ 2
dx =

∫
2x+ 2

x2 + 2x+ 2
dx+

∫
dx

(x+ 1)2 + 1
.

Let u = x2 + 2x+ 2. Then du = (2x+ 2)dx.∫
2x+ 2

x2 + 2x+ 2
dx =

∫
du

u
= ln|u|+ C = ln|x2 + 2x+ 2|+ C.

Let x = tan θ − 1, −π/2 < θ < π/2. Then dx = sec2 θdθ.∫
dx

(x+ 1)2 + 1
=

∫
sec2 θdθ

tan2 θ + 1
=

∫
dθ = θ = arctan(x+ 1) + C.

Therefore, ∫
2x+ 3

x2 + 2x+ 2
dx = ln|x2 + 2x+ 2|+ arctan(x+ 1) + C.

(d) We can perform long division.
x + 2

x2 − 5x+ 6
)

x3 − 3x2 − 3x + 7
− x3 + 5x2 − 6x

2x2 − 9x + 7
− 2x2 + 10x− 12

x − 5
Then

x3 − 3x2 − 3x+ 7

x2 − 5x+ 6
≡ x+ 2 +

x− 5

x2 − 5x+ 6
.
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Therefore, A = 1, B = 2, C = 1 and D = −5. By part (a),∫
x3 − 3x2 − 3x+ 7

x2 − 5x+ 6
dx =

∫ (
x+ 2 +

x− 5

x2 − 5x+ 6

)
dx

=

∫
(x+ 2)dx+

∫
x− 5

x2 − 5x+ 6
dx

=
x2

2
+ 2x+ 3 ln|x− 2| − 2 ln|x− 3|+ C.

Q3.

sin θ = 2 sin θ
2 cos θ2 =

2 tan θ
2

sec2 θ2
=

2 tan θ
2

1 + tan2 θ
2

=
2t

1 + t2
.

cos θ = 2 cos2
θ

2
− 1 =

2

sec2 θ2
− 1 =

2

1 + tan2 θ
2

− 1 =
2

1 + t2
− 1 =

1− t2

1 + t2
.

dt = 1
2 sec2 θ2dθ = 1+t2

2 dθ. Hence dθ = 2dt
1+t2

.

∫
dθ

sin θ − cos θ − 1
=

∫ 2dt
1+t2

2t
1+t2
− 1−t2

1+t2
− 1

=

∫
2dt

2t− (1− t2)− (1 + t2)

=

∫
dt

t− 1
= ln|t− 1|+ C = ln|tan θ

2 − 1|+ C.
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