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Problems that may be demonstrated in class :

Q1.

Q2.

Q3.
Q4.

Q5.

Q6.

Q7.

Determine whether the following functions are differentiable at the specified points.
If yes, find the derivatives at those points.

(a) %(1 + x2)%arctanz at r = 1;

(b) |tan7x arcsinz| at x = 0;

(c) max{e®sinx, —23} at x = 0.

Use L’Hopital’s rule to evaluate the following limits.

(a) limg 400 xz_g’:“; (b) limg_yo(cosh )%t ®: () limy_y oo (1 4 22)7/2Farctane,

Find % for the implicit function z? + y? = e v?,
Suppose a differentiable function f : R — R satisfies f(z) = f(z + 1) for any = € R.
(a) Prove that there exist a, f € R such that

f(a) < f(z) < f(B) for any x € R.

(b) Prove that f'(z + 1) = f'(x) for any = € R.
(c) Let a, 8 € R and f(a) < f(x) < f(B) for any = € R. Prove that there exists
¢ € R such that f(8) — f(a) < f(§) <¢&.

Suppose n € Z* and ay, ..., a, are positive real numbers. Define f : R — R by
T T 1/:)3
aj+--+a, 3 .
Fz) = ( - ) , ifx #0;
vai - anp, if x =0.
(a) Show that f is a continuous at 0.
(b) Show that lim,_,;~ f(z) = max{ay,...,a,} and limy_,_~ f(x) = min{ay, ..., an}.
Let f : R — R be an injective continuous function, a,b € R, a < b and f(b) < f(a).

(a) Show that f(b) < f(z) < f(a) for any = € (a,b) (Hint: use intermediate value
theorem).

(b) Let f: R — R be differentiable. Prove that f’(x) < 0 for any x € (a,b).
Let f: R — R be differentiable, f(f(z)) =« for any x € R but f(x) # =.

(a) Verify that f: R — R is injective.

(b) Prove that f has a fixed point £ € R, i.e. f(£) =&, such that /() = —1.



Solutions :

1. (a) Let f(z) = T(1 + a2)=arctane_ They
Q §
f(l) — g(l + 12)%arctan1 — g . 2%% — g’
! d d
]}((f)) = %(lnf(m)) =0 (i arctanz In(1 + 22) +In7 — In 8)
_8 In(1+ :UQ)i arctan x + arctan xi In(1 4+ z?)
o dz dx
1
:i<1+$2ln(1+x2)+ +x2arctanx>,
1 2
f(z) = 8f7§$) <1+ 5 In(1+2%) + 1+xx2 arctanx),
8 m /(1 T 1 s
"M==-==In2+~ ) =4(=In2+- )| = In4.
F 7r2<2n+4> <2n+4> T

(b) Let f(x) = |tan7z arcsinz|. When 0 < 2 < 1/2, tan7z > 0 and arcsinz > 0,
thus f(x) = tanmzarcsinz. When —1/2 < z <0, tan7z < 0 and arcsinz < 0,
thus f(z) = tan7x arcsin x. Therefore,

9 . tan Tx
= | msec“ mrarcsinx + ——

V1—2z2

f(0)= T (tan 7 arcsin )

L
Vi

(c) Let f(r) = max{e®sinz, —23}. When 0 < z < 7, e®sinx > 0 > —23 and thus
f(z) =e®sinz. When —7 < <0, e®sinz < 0 < —z% and thus f(z) = —23.

=7-1-0+

h) — £(0 hsinh—0 d
lim M —im SR T Y @ rging
h—0+ h h—0 h dx 2=0
= (e"sinz +e“cosx)|,_, =1,
_f(M)—f(0) . —hP—0 _ d 4 2
s h neo b dz” 2—0 lamg 7
Therefore, f(z) is not differentiable at x = 0.
Q2. (a)
. 22 —6x+2 o f(a? -6 +2) . 2r—6
lim — = lim < = lim
—+00 et T—~400 %ew z—+oo  e¥
d
=(2x —6 2
= lim %: lim — =0
T—~400 4 or r——+o0 e¥
(b)
| h 4 1n cosh 1 inh
limcotxlncoshleimm:limM:lim BT ,
z—0 -0 tanz 70 % tan x z—0sec2z coshzx
lim (Coshx)cotx — lim ecotxlncoshx _ e() -1
z—0 x—0 )



lim (g + arctan a;) In(1 + z?%)

T——00
1
T +arctanz T2 In(1
= lim 22—~ T = lim 11+x2 50— = lim (In( 2+ 7))
TTTO nra?) TTT0 a2 Taaez T z
Co2n(l42?) 2, olm(l+a?) L T
= lim = lim ——————= lim
T——00 2 T——00 r+ = =00 5 —
4 3 4
— lim —— = lim £ ——0.
zo-00 1 — x4 25— Fri

. s . ™ 2
Thus, hmz—)—oo(]- + :L’2) 5 tarctanz _ limy oo 6(2+arctanx) In(1+2%) _ el — 1.

Q3. Differentiating on both sides,

d d
2 + 2y£ e <2x - 2de> :

dy dy
x+y%:x(x2+y2) (:z +y)dx
dy

:x($2+y2—1),
Cdy  x(@t 4y -1)
tdr y(a? 2+ 1)

Q4. (a) f is in particular continuous on the closed and bounded interval [0,1]. By
extreme value theorem, there exist a, 8 € [0, 1] such that f(a) < f(x) < f(B)
for any = € [0,1]. Consider any € R. Let n = |z], i.e. n be the integral part
of z. Then n <z <n+1 and hence 0 < x —n < 1. We have

fla) < flz—n) = f(z) < f(B).
(b) Fix z € R. By differentiability of f,

f/(x+1):}llig%f(w-l-1+h]1—f(x—i—1) :}Li_%f(:x+h]1—f(x)

= f'(=).

(c) Letn=|f—a]andy=f—n. Thenn < f—a <n+1land thus0 <vy—a < 1.
By Lagrange’s mean value theorem, there exists € («,~) such that

iy = T DI 1) ga,

Define m = [n — f'(n)] and &€ = n — m. Then m < n — f’(n) and therefore
fB) = fla) < f(§) = f(§—m)=f'(n) <n—m=¢
Q5. (a) Let g(z) = In f(z) and h(z) = x for any x € R. Note that h/(z) = 1 # 0 for
any r € R, limy_o[ln(a] + -+ +a?) — Inn] = lim,_,o h(z) =0, and

%(ln(a‘f—i—-"%—aﬁ)—lnn)  lim ailna; +---+a’lnay
dx z—0 af +---+aj,

dx
1 1 n
_lnay+---+1na = In /a1 - - a, = In f(0).

lim
z—0




Q6.

(b)

By L’Hopital’s rule,

In(a? +-+-+a%) —lnn — In (0).

li =l

We know that the exponential function R — R given by = — €* is continuous.
Therefore, f : R — R is continuous at 0 since

lim f(z) = lim e9®) = /O = £(0).

z—0 z—0
Without loss of generality, assume a1 < --- < a,. For any = > 0,

ar  ay+---+a*f _na’ a

- < 1t < —" =q; and thus \—}<f(m)§an.
n n n /N

Because lim,_, 1 ‘j—\/% = ay, by Sandwich theorem, lim,_, . f(x) = a,.

On the other hand, for any = < 0,

a a®+---+a* na¥y a
AT o T g and thus o < f(z) < —.
; - " In

Because lim,_,_ o Z—\/lﬁ = a1, by Sandwich theorem, lim,_, o, f(z) = a;.

Fix z € (a,b). We claim f(x) < f(a). Assume the contrary that f(z) > f(a).
Define ¢ = $(f(a) + f(z)). Then f(b) < f(a) < ¢ < f(z) and by intermediate
value theorem, 3¢y € (a,z) and & € (z,b) such that f(§) = f(&1) = c¢. But this
violates injectivity of f. Thus, f(x) < f(a). By injectivity of f, f(z) < f(a).
Define g(y) = —f(—y) for any y € R. Suppose y,z € R and ¢(y) = g(z).
Then f(—y) = —g(y) = —g(z) = f(—=). By injectivity of f, —y = —z, whence
y = z. Then g : R — R is injective. Now we have —b < —x < —a and
g(—a) = —f(a) < —f(b) = g(—b). Applying the previous argument, we have
g(=x) < g(—b) and hence f(b) = —g(=b) < —g(—=) < f(z).

Consider any z,y € (a,b) with x < y. f(b) < f(z) by (a). Since x < y < b,
applying (a) again, f(y) < f(x). Therefore, f is strictly decreasing on (a,b).
We can conclude that f'(x) <0 for any x € (a,b).

Q7. (a) If z,y € R and f(x) = f(y), then x = f(f(z)) = f(f(y)) =y. f is injective.

(b)

Because f is not the identity function, there exists zo € R such that f(xg) # xo.
Let a = min{xo, f(z0)} and b = max{xo, f(z9)}. Then f(b) =a < b = f(a).
Define a continuous function g(z) = f(x) — z for any x € R. We check that
g(a) = f(a) —a=b—a>0and g(b) = f(b) —b=a—b< 0. By intermediate
value theorem, 3¢ € (a, b) such that f(§) — & = g(&) = 0, whence f(§) =¢&. £ is
a fixed point of f. By (a) and Q6(b), f/(§) < 0. By chain rule,

_dx

[FQF = FUHENS© = (fo ) = - o 1

Therefore, f'(¢) = —1.



