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Problems that may be demonstrated in class :
Assume we know the fact: 2 < e = lim,, o (1 + %)”, limy, o0 sin% = 0.

Q1. State whether the following sequence converges. Find the limit if it exists.
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Q2. Let {a,} be a harmonic sequence, i.e. a sequence such that a, # 0 for any n € N
and 1/a,, is an arithmetic sequence. Prove that {a,} converges.

Q3. Let {a,} be a sequence such that a,, > 0 for any n € N and lim;,_, a, = a > 0.
Use Sandwich Theorem to show that {,/a,} converges and lim,_,~ /@, = v/a.

Q4. Suppose {a,} is a sequence such that a; # 0 and a,+1 = 27 (a, + a,!) for any
n € N. Does {a,} converge? If it does, find its limit.

Q5. Suppose for any m € N, we have a function f,,(z) = 22

sequence {a, ,} satisfying the recursive relation:

—mz — 1,z € R and a

A1 = M+ forany n € N, a1 > 0.

m,n

(a) Fix m € N. Show that for any n € N, ay,, > 0 and

fm(am,n+1) = _fm(gm,n) = Qo] — am,n‘
Am.n Gm.n
(b) Fix m € N. Show that {a, 2,—1} is monotonic decreasing and bounded below
if fr(am,1) > 0 and {am 2,—1} is a monotonic increasing and bounded above if
fm(am,l) < 0.
(c) Fix m € N. Show that {a, »} converges and find its limit a,, in terms of m.

(d) Evaluate limy, o0 @y and limy, oo (@my1 — am).

Solution Q1. (a)
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(c¢) Since 0 < 1/2 < 1, limy 00 1/2" = 0 = limy 00 —1/2™. Note that for any
neN, —-1/2" < (-1/2)" <1/2". By Sandwich Theorem, lim,, ,~(—1/2)" = 0.
(d) Since lim,, s00(1 4 1) = ¢ > 0,

n

(e) For any n € N,

. 2 nd—mn—2 1
<|2sin - = 2sin —,
2\n+2 n2 + 2n 2n
9 i < n? o md—-n-2 9 1
;. —2s8in — <sin in sin —
2n — 242 - 2

We know that {sin 3} is a subsequence of {sin 1} which converges to 0. Thus

limy, 00 Sin 5= = 0, therefore lim, o0 2sing- = 0 = limy_00 —2sin5-. By
. . . n2 sond—n—2\ __
Sandwich Theorem, lim,,_,(sin s — sin S ) =0.

(f) Note that 141 =2 < e!. Assume k + 1 < e for some k € N. Then
k+2<ef +1<2eh < bl

By mathematical induction, n + 1 < €™ for any n € N. Then for any n € N,

n2

In(n+1) <n and thus n<m.

Because lim,, ;00 n = +00, lim, 00 n?/In(n + 1) = +o0.
(g) As in (e), since lim,oosin 2 = 0 and {sin5-} is a subsequence of {sin 1},
lim,, o Sin % = 0. Then

1 1
lim cos — = lim (1—sin2> =1-0°=1.
2n

n—00 n n—00

(h) As limy, 00 sin% =0 and lim,,_oo cos% =1+#0,

. 1 . sin % 0
lim tan — = lim T =
n—00 N Moo COoS i 1

=0.



Q2. There exist real numbers a and d such that 1/a,, = a 4+ nd for any n € N. If d = 0,
then a = 1/a, # 0 for any n € N and lim;,, 00 a, = lim,, yoo 1/a = 1/a. If d # 0,
then lim,, o0 @y, = limy, o0 ﬁlnd = lim,, 00 Cm”,ilrd = 0. {a,} converges.

Q3. For any n € N,
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We see that lim, o (a, —a) = a — a = 0, whence lim,,_,, |a%a| = % = 0 and
_|an_‘1|

limy, oo e = 0. By Sandwich Theorem, lim,_,o(y/an — a) = 0, implying that
limy, 00 /@, = limy, 00 (/an — Va) + va = V/a.

Q4. We consider the cases when a1 > 0 and when a; < 0 separately.
Case (1): a; > 0. Assume ay > 0 for some k € N. Then a1 =27 (ay +a; ') > 0.
By mathematical induction, a,, > 0 for any n € N. Observe that for any n € N,

1 1 1 1 1 1 \?2
An+1 5 (an—I— an) + 5 <an + an) + 9 <\/an M) =1,

1-a2,, 1—12
2(ln+1 2an+1

2 = Gp+1-

> :an+1+
An+41

1
SoQp42 = < <an+1 +
Hence {a,+1} is monotonic decreasing and bounded below by 1. By Monotone
Convergence Theorem, {a,+1} converges. Let a = limy, o0 ap+1. Then a > 1 and

2a% = lim 2a,a,11 = (a2 +1)=a®+1,

im

n—oo n—oo
(a+1D(a—1)=a*-1=0,

s.a=1or —1 (rejected).

Case (2): a1 < 0. Define b, = —a, for any n € N. Then by = —a; > 0 and
by = —an = —2"Yan + a,t) = 274(b, + b, 1) for any n € N. Applying case (1),
lim,, o0 by, = 1, whence lim, o0 @y, = limy, 00 (—by,) = —1.

Combining the two cases, we conclude that the sequence {a,} converges and

lim a, =
n—o0

1, if a1 > 0;
-1, ifay <O.

Q5. (a) By assumption, a1 > 0. Assume a,,; > 0 for some k& € N. Then we have

A1 = M + ﬁ > m > 0. By mathematical induction, a,, > 0 for any

n € N. For anyn’e N,
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=mamn, +1— afn’n = —fm(am,n)a
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(b) First notice that for any n € N,

Umn+2 — Amn = (am,n—i—Q - am,n—i—l) + (am,n—H - am,n)
= amm-{—lfm(am,n—l—Q) + am,nfm(am,n+1)
= am,n+1(1 - am,nam,n—l—l)fm(am,n—l—Z)

= —Mam nlmn+1 fm (am,n+2>

_ mam,nfm(am,nJrl) _ _mfm(amm)
Amn+1 m nGm n+1 ’
_ mfm(am,nJrZ) Umn+2 — Amn

S Omndd — Amnt2 = = .
A n+20m n+3 Qm nAm,n+1Am,n+-20m,n+3

Suppose fy(am,1) > 0. Then ap3 — am1 = — mfm(@m,1) <0.

Am,1am,3

Assume @, 2541 — a2x—1 < 0 for some £ € N. Then

m 2k+1 — Am,2k—1
Om2k+3 — Om2k+1 = <0.
A, 2k—1Am, 2k Am 2k+10m, 2k+2

By mathematical induction, {am, 2,—1} is monotonic decreasing. Clearly, the
sequence {am 2,—1} is bounded below by 0.

Suppose fy(am,1) < 0. Then ap3 — am1 = —%Z;”;)

Assume @y, 2541 — a2x—1 > 0 for some £ € N. Then

> 0.

Am,2k+1 — m2k—1
U 2k+3 — Am 2k+1 = > 0.
A, 2k—1Am, 2k Am 2k+10m, 2k +2

By mathematical induction, {am 2,—1} is monotonic increasing. Consider any
n € N. We have fm(am,Zn—l) = _m_lam,Zn—lam,2n(am,2n+1_am,Qn—l) < 0. For
any real number x > 2m, fi,(z) = z(x—m)—1 > 2m(2m—m)—1 = 2m?—1 > 0.
Hence ap 2n—1 < 2m. The sequence {an, 2,1} is bounded above by 2m.

(c) By part (b) and Monotone Convergence Theorem, {a, 2,—1} converges. Let
bm,n = @mmnt1 for any n € N. Since by, 1 = a2 > 0 and by, i1 = m + 1

— for
any n € N, {by, 2,—1} converges and so does {a, 2, }.

lim (am,Qn - am,2n71) = lim am,anlfm(am,Qn)
N—00 Nn—00

. -1
= lim m am,Qn—lam,Qnam,Qn—l—l(am,2n - am,2n+2) = 07
n—00

o lim a2, = lim ap2n—1-
n—oo n—0o0

Therefore, {am, »} converges. Let an, = limy o0 G pn. Since ap,, > 0 for any
n € N, we have a,, > 0.

afn = lim amnampe1 = lim (map,, + 1) = may, + 1,
n—oo n—oo

fm(am) = a%l —mapy, +1=0,

m+vm?2+4 m—vm?2+4
or
2 2

Ay =

(rejected).



(d) For any m € N, a,, > 27(m + vm?) = m. Since lim,, soom = o0,
lim,,—so0 Gy, = +00.

lim (amt1 — am) = lim
m—0o0 m—0o0

. (1 ((m+1)2+4) — (m? +4) )

m+1++/(m+1)2+4—m—vm?+4
2

2 2(y/(m+1)2+4+Vm2+4)

m—ro0

= lim { -+ 2m + 1
m—=o0 \ 2 0 2(y/(m+1)2 +4+Vm2 +4)
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