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Definition An infinite sequence {a,} of real numbers is said to

converge if there exists real number L s.t. for any € > 0, there exists N € N s.t. for
any n > N, |a, — L| < €. In this cases, we write lim,,_,o a, = L.

diverge if it does not converge.

tend to 400 (—o0) if for any real number M, there exists N € N s.t. for any n > N,
an > M (a, < M). In this case, we write lim, o0 an, = 400 (limy, 00 @y, = —00).

be monotonic increasing (decreasing) if for any m < n, an, < apn, (am > ap).
be strictly increasing (decreasing) if for any m < n, ap, < apn (apm > ap).

be bounded above (below) if there exists real number M s.t. for any n € N, a,, < M
(an, > M).

be bounded if there exists real number M s.t. for any n € N, |a,| < M.

Theorems From now onwards, by a sequence we mean an infinite sequence of real numbers.
Let {an}, {bn}, {cn} be sequences.

If {a,} converges, then it is bounded.

If {a,} is monotonic increasing and bounded above, then it converges.

If {a,} is monotonic increasing and not bounded above, then it tends to +oo.
If {a,} is monotonic decreasing and bounded below, then it converges.

If {a,} is monotonic decreasing and not bounded below, then it tends to —oc.

If {a,} and {b,} converge with lim, o a, = a and lim, o b, = b, then the se-
quences {a, + by}, {anb,} and {|a,|} converge and

lim (a, +b,) =a+b, lim apyb, =ab and lim |a,| = |a|.
n—o00 n—o00 n—o0

If {a,} converges with lim,_,~ a, = a # 0, then {1/a,} converges and

nh_)rglo 1/a, =1/a.

If {|an|} converges with lim,,_,~|a,| = 0, then {a,} converges and lim,,_,~ a, = 0.
If limy,—yo0|an| = +o0, then {1/a,} converges and lim,, i =0

(Sandwich Theorem) if a,, < b, < ¢, for any n € N and {a,} and {¢,} converge
with limy, o0 @y, = limy, o0 ¢, = L, then {b,} converges and lim,,_,~ b, = L.

If a,, < b, for any n € N and lim,,_,, a,, = +00, then lim,,_, b, = +oc.
If a,, > b, for any n € N and lim,,_,, a,, = —00, then lim,, ,, b, = —oc.

If {a,} converges with lim,, o a, = 0 and {b,} is bounded, then {a,b,} converges
and lim,, oo anb, = 0.



If limy, o0 @, = L (L can be any real number, 400 or —o0), then for any subsequence
{an, } of {an}, im0 apn, = L.

If limy,—yo0 @2n—1 = limy, 00 a2, = L (L can be any real number, +o0o0 or —o0), then
lim,, oo ay, = L.

Suppose a > 0. Then

400, ifa>1;
lim a" = (1, if a =1,
n—oo

0, if0<a<l.

Let P(z) and Q(x) be polynomial functions with leading coefficients a and b respec-
tively. Suppose Q(x) # 0. Then

400, if degP > deg(@ and ab > 0;
I P(n) —00, if deg P > deg(@ and ab < 0;
im —% =

n—oo Q(n) a if deg P = deg Q;
0, if deg P < deg@.

Problems that may be demonstrated in class :
Assume we know the fact: 2 < e = lim,, oo (1 + %)”, limy, o0 sin% = 0.

QL.

Q2.

Q3.

Q4.

Q5.

State whether the following sequence converges. Find the limit if it exists.
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Let {a,} be a harmonic sequence, i.e. a sequence such that a,, # 0 for any n € N
and 1/a,, is an arithmetic sequence. Prove that {a,} converges.

Let {a,} be a sequence such that a,, > 0 for any n € N and lim,, ;o a, = a > 0.
Use Sandwich Theorem to show that {,/a,} converges and lim,_,~ /a, = v/a.

Suppose {a,} is a sequence such that a; # 0 and a,+1 = 27 (a, + a,,!) for any
n € N. Does {a,} converge? If it does, find its limit.
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Suppose for any m € N, we have a function fp,(z) = 2* —mzx — 1,2 € R and a

sequence {ap, ,} satisfying the recursive relation:

Aoyl = M+ forany n € N, a1 > 0.

Gm.n

(a) Fix m € N. Show that for any n € N, ay,, > 0 and

fm(am,n+l) — _fm((lm,n) _ Ammn+1 — am,n'
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(b) Fix m € N. Show that {a, 2,—1} is monotonic decreasing and bounded below
if fm(am,1) > 0 and {@m 2,—1} is a monotonic increasing and bounded above if
fm(aml) < 0.

(c) Fix m € N. Show that {a;,,} converges and find its limit a,, in terms of m.

(d) Evaluate lim,, o0 ap, and limy, o0 (m41 — m)-



