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More Techniques of Integration :

Trigonometric substitution: when the following expressions are encountered in the inte-

Integration of rational functions: Suppose I = [ Plz)

grand of an integral, we may use trigonometric substitution:

Expression Substitution dx sin 6 cos @ tan 6
a?—z% | x=asinf, -5 <0< T dx = acos0df 2 i “2a_$2 \/a2$—a;2

2 2 _ — 2 T a T

va? +x r=atanf,—5 <0 < 3 dx = asec” 6df T | Vo 2
2 —a? r=asect,0<0< 5 |dr=atanfsectdd | “2{“2 9 v xi;“Q

6 (z), Q(x) are polyno-
mial functions with Q(z) # 0 and the leading coefficient of Q(z) is 1
Fact: Q(x) can be factorized into

Qz) = (z —a1)™ - (z — o)™ (2* + fra + )™ -+ (&% + frz + 7)™,

where 22 + ;x4 ; are irreducible polynomials, i.e. they cannot be further factorized as
product of linear polynomials. Then perform partial fraction decomposition:

P(x b gz +28)+Cij
PO _ )+ 3030 Ay 3 Pl 200Gy

i=1 j=1 i=1 j=1 + Bz + %)

x? + B;z? 4 7;’s can written in another form by completing squares:
? + Bz + i = (v — a;)* + b7

I can be evaluated by integration term by term: (letting f;(z) = ((z — a)? + b?)~7)

Term T'(z) Method J T(z)dx
R(z) Direct integration J R(z)dz
In|z — a| + C, if =1
ﬁ Sub.: u=x — « { nfz 1a| 1 j
TG —ay—T +C, ifj>1

Injz? + Bz +4|+C, ifj=1

ey T 0 1> 1
Sub.: x =a+btanf barctan( )+C ifj=1
Ty ff; 1(@)do + gty i), ifj>1

W%ﬂziv)j Sub.: =224 Bz + 7

fi(z)

Reduction formula




t-substitution: Given integrals of the form I = [ R(sinz,cosz,tanx)dx, where R is a
rational function, we can use substitution ¢ = tan 5 to change it into the integral

/R 2t 1—t2 2t 2dt
14+t2714+¢271—¢2) 1+¢2

of a rational function in t¢.

In particular, suppose I = [

asin x4+ cos r+vy
—as1nx+bcosx+c dx, where a, b, ¢, a, 8,7 are real constants.

Case (1): a=b=0. Then I =2 csinz — 2cosx + 1o+ C.
Case (2): a®? +0?>0=a=f. By substltution t=tang, [ = f(c_b)tﬁ%.

Case (3): a® +b? > 0. We can use t-substitution or find real constants m,n, k such that

—bsinx + acosx dx
I=m [ dc+n - dr + k -
asinx +bcosz + ¢ asinz +bcosx + ¢
dx
asinx + bcosx + ¢’

=mx + nlnjasinz + bcosz + ¢ —i-k;/

i.e. solve for (m,n, k) the following system of linear equations:

am—bn = aq,
bm+an =p,
cm+k  =1.

Problems that may be demonstrated in class :

Q1. Suppose a,b are real constants. Let I, = [ % for any positive integer n.

(
Prove the following recursive relation: I; = %arctan ( ) + C and

2n—3 r—a

b= s T e o (@ —az r ot
Q2. Compute the following indefinite/definite integrals:
a) [ S de; (b) [ Va? — 4dda; (0) | Gz
(@) J s () 1% ity ) [ e,
(6) Jo* =Syehimettdn () [T, PReimsitensdn; (1) [ Sibinsde

Q3. As a variant of ¢-substitution, for an integral [ R(sin? z, cos® x)dx, where R is a
rational function, we can make substitution ¢ = tanz. Use this method to evaluate:

a) foﬂ'/4 sin? z— de (b) fi"/‘lL dz . (C) fﬂ'/4 dz

cos2 z+1 m/4 1—sint 2’ —m/4 tan? x+sec2 x”

Q4. Let a, b be non-zero real constants. Prove that for any positive integer n,

n—1
dx x 1
A =z 1, b § : c,
/(aeub)n R e ) B T

where empty sum equals zero.



