MATH1030 Further examples on characteristic polynomials, eigenvalues and eigenspaces.

1. For each matrix below, determine its characteristic polynomial and its eigenvalues. Furthermore, for each eigenvalue,
determine a basis for the corresponding eigenspace. Also determine whether the matrix concerned is diagaonalizable.
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2. (a) Let {x,}5%, be the infinite sequence of real numbers defined recursively by

Zo
Tl
Tn+2

i. Write down the (2 x 2)-square matrix A = [

0
1

22p41 + 8xy

for any natural number n

a g } for which the equality [gniﬂ —A {f”;ﬂ] holds for

every natural number n.
Here «, 8 are some appropriate real numbers, independent of n, which you have to determine explicitly.
ii. Find the characteristic polynomial p4(x), and find the eigenvalues of A.
A" [ 4 8 } p"

6

iii. Hence find a diagaonalization for A, and show that A™ =

2 =8
6L 1 2

14 ] for every natural

number n.
Here A, u are some appropriate real numbers, independent of n, which you have to determine explicitly.

iv. Hence find an explicit formula for z,, (in terms of n alone).

(b) Imitate the process described above to find an explicit formula for the individual terms of each recursively
defined infinite sequence described below:

Zo = 0
1. { I = 6

Tpt2 = Zpy1+ 2z, for any natural number n
Zo = -1
Tpyz = OHTpiy1 — 6z, for any natural number n
i) = 3

g, o =0
To = 14
Tpes = 6xpyo — 1lx,y1 + 62, for any natural number n



Answer.

1. (a) Characteristic polynomial: xz(x — 4).
Eigenvalues: 0, 4.

A basis for eigenspace with eigenvalue 0 is given by: [_13] .

A basis for eigenspace with eigenvalue 4 is given by: H .

The matrix is diagonalizable.
(b) Characteristic polynomial: (z — 1)2.
Eigenvalue: 1 only.

A basis for eigenspace with eigenvalue 4 is given by: H] .
The matrix is not diagonalizable.

(c) Characteristic polynomial: (x — 3)(z —9).
Eigenvalues: 3,9.

A basis for eigenspace with eigenvalue 3 is given by: [_14} .

A basis for eigenspace with eigenvalue 9 is given by: E .
The matrix is diagonalizable.

(d) Characteristic polynomial: (x + 6)(z — 6).
Eigenvalues: —6, 6.

A basis for eigenspace with eigenvalue —6 is given by: {;} .
A basis for eigenspace with eigenvalue 6 is given by: B
The matrix is diagonalizable.

(e) Characteristic polynomial: (x + v/5)(z — v/5).
Eigenvalues: —v/5, /5.

A basis for eigenspace with eigenvalue —+/5 is given by: [(_3 + 1\/5)/ 2} .

A basis for eigenspace with eigenvalue v/5 is given by: {(3 - 1\/5)/ 2} .

The matrix is diagonalizable.
(f) Characteristic polynomial: 22 — 4z + 8.
The matrix has no eigenvalues, and is not diagonalizable.
(g) Characteristic polynomial: —(z + 1)(x — 1)(z — 3).
FEigenvalues: —1,1, 3.

0
A basis for eigenspace with eigenvalue —1 is given by: h] .
2
A basis for eigenspace with eigenvalue 1 is given by: % .

0
A basis for eigenspace with eigenvalue 3 is given by: lfﬁ] .

The matrix is diagonalizable.
(h) Characteristic polynomial: —(z + 1)(z — 1)(x — 2).
Eigenvalues: —1,1, 2.

—o O

A basis for eigenspace with eigenvalue —1 is given by: [ ] .
-1
A basis for eigenspace with eigenvalue 1 is given by: (1) .
—6/5
A basis for eigenspace with eigenvalue 2 is given by: [—3/5].
1

The matrix is diagonalizable.



2.

(i) Characteristic polynomial:—(z — 1)(x — 2)(z — 3).
Eigenvalues: 1,2, 3.

1
A basis for eigenspace with eigenvalue 1 is given by: 1] .

(1
A basis for eigenspace with eigenvalue 2 is given by: 0] .

[0
A basis for eigenspace with eigenvalue 3 is given by: 1] .

The matrix is diagonalizable.
(j) Characteristic polynomial: —(x — 1)?(z — 2).
Eigenvalues: 1, 2.

0
A basis for eigenspace with eigenvalue 1 is given by: Ll)

1
A basis for eigenspace with eigenvalue 2 is given by: [O] .

The matrix is diagonalizable.
(k) Characteristic polynomial: —(x — 2)?(z — 6).

Eigenvalues: 2, 6.

-1 1
A basis for eigenspace with eigenvalue 2 is given by: l 1 ] , [O] .

1/3
A basis for eigenspace with eigenvalue 6 is given by: [—2 / 31 .
1

The matrix is diagonalizable.
(1) Characteristic polynomial: —(z + 1)?(z — 3).

Eigenvalues: —1, 3.

-1

A basis for eigenspace with eigenvalue —1 is given by: [ ] , l
1
1

The matrix is diagonalizable.

(a) i a=2[8=8.
ii. pa(z) =2%—22-8.
The eigenvalues of A are —2,4.

iii. A diagonalization of A is given by U1 AU = diag(4, —2), in which U =[ u; | uz ], uy = [

A=4, p=-2.
] qn o 277.71
v. zn = & + (=" for each natural number n.

(b) i @, =2(=1)"*! + 2"*1 for each natural number n.

ii. x, = —2"*2 4+ 371 for each natural number n.
iii. x,, =1+ 2™ + 3™ for each natural number n.
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