1. Definition. (Submatrices of a square matrix)

Let A be an (n X n)-square matrix.

For each k, ¢, the (k,¢)-th submatrix of A is defined to be the ((n — 1) x (n — 1))-matrix
resultant from simultaneously deleted the k-th row and ¢-th column of A. It is denoted by
A(kl|f).

2. Illustration.

(a) Suppose A = [an 2 ] .

Then A(1[1) = [ass], A(12) = [as], AQ2|1) = [a1a], A2]2) = [an].

a1 ar a13
(b) Suppose A = | a1 a ass
| 431 a3z2 Aas3
Then
Ay = | 2B AR = | 2 AaR) = | 2 2
| 32 433 | | 431 Ad33 | | @31 A32 |
ARy = | 2 A) = | AR =

| d32 A33 | d31 Aa33 | | d31 a32

A(3|1): 212 313 A(3\2): 311 213 7 A(3|3): 211 212
| (22 423 | | (21 A23 | | Q21 A22 |




1. Definition. (Submatrices of a square matrix)
Let A be an (n X n)-square matrix.

For each k, £, the (k,£)-th submatrix of A is defined to be the ((n — 1) x

(n — 1))-matrix

resultant from simultaneously deleted the k-th row and ¢-th column of A. It is denoted by

A(E|0).

2. Illustration.

(a) Suppose A = [ i, e } .

Q21 G22
Then A(1|1) = [aga], A(1]2) = [az1], A2|1) = [a1), A(2]2) = [an1].
air ai2 13
(b) Suppose A = | ag1 ags as3 R&Mfu(jcrm
a31 az2 433 ]\M ; A ]
Then \ O3 ag, “g
/’—\b - - =
F B
RMJM(]%“ A= G2 Q23 A(1]2) ag1 Q23 A(1]3) = a21
azz 33 a1 as3 a31
[—dw—fw—%] - . - . -
Oy B2 Ry __ | Q12 Q13 a1 ai13 _ | an
dy o0y AR = o A(22) e A(2)3) = s
A(3|1) _ | @12 Q13 A(3]2) ail a13 A(S]S) __ | @11
4 | Q22 G923 | A21 Q23 | | Q21

Resktot {mﬂ

\ 7
Oy Oy 13
83) gy 33




3. Definition. (‘Inductive definition for determinants’ through ‘expansion’
along the first column.)

Let A be an (n x m)-square matrix, whose (i, j)-th entry is denoted by a;;.

(a) Suppose n = 1.
Then we define the determinant of A, which is denoted by det(A), to be the number
which is the only entry of A.

(b) Suppose n > 1.
Then we define the determinant of A, which is denoted by det(A), by
det(A) = (—1)"ay; det(A(1]1))
+(—1)*"ag; det(A(2[1))
+(—=1)" ag; det(A(3]1))
_I_ ..
+(—=1)"a,; det(A(n|1)).

Remark. The ‘formula’
det(A) = (=1)"ay det(A(1]1)) + (=1)*Tag; det(A(2]1)) + (=1)*as; det(A(3[1))
+oo 4 (=1)"a,; det(A(n]1))

is usually referred to as the ‘expansion’ of a determinant along the first column.



4. Illustration.
(a) Suppose A = |aq1]. Then det(A) = aq;.

(b) Suppose A = [all 2 ] .

o1 A22
We have
A(1[1) = [ag], A(2[1) = [a2).
Then
det(A) — a1 det(A(1|1)) — a9 det(A(Q\l)) = a11a92 — A12491.
I ai;p a12 ais |
(c) Suppose A = | as1 ago ass
| 431 a3z2 Aas3
We have
A(1|1) _ [Zzz aQ?’],A(ZH) _ [Cm alg],A(S\l) _ [a12 13 ]
32 a33 a32 33 a22 @23
Then

det(A) = ail det(A(1|1)) — a9 det(A(2|1)) + a3 det(A(B\l))
a11(a22a33 — a23a32) — a21(a12a33 — CL13CL32) + &31(a12a23 — a13a22)

= 11022033 + 120230431 + 1302132 — A11A23G32 — Q12021033 — A13A2203]



4. Illustration.
(a) Suppose A = |a11]. Then det(A) = aq1.

(b) Suppose A = l fL } .

a1 A22
We have
A(1[1) = [ags), A21) = [aa].
Then | ’
det(A) = a1 det(A(l]l)) — a9 d€t<A<2|1)) = A11A92 — A12091.
ajp ai2 Aais
(c) Suppose A = | ag; ag aos | . Reykts- from Q@/&v}\fmt
asy agz as3 %u D Qi W e i"f
We have d;ﬁ | o A3y &g 1 L}
Kokt gt g
f’i“ <1’1) lia22 aQ?’},A(ZH) L 'alz CL13} 3|1 . [au &13]
):% Q. 23 g2 a3s az2 433 a22 A23
Ohy M3 Ay
Then

det(A) = ay det(A(1]1)) — ag det(A(21)) + agr det(A(3[1))
— CL11(CL226L33 - @23CL32) o @21(&12a33 — 0»13CL32> + CL31.(CL12&23 — &136122)

= (11022033 + (12093031 + Q13021032 — A11023032 — Q12021033 — 113099031



aii

(d) Suppose A = 21

We have

A1]1)=

Then
det(A)

asi
a41

22 Q23 Q24
a3z az3 a34
42 Q43 Q44

a12
a22
a32
42

LA(2]1)=

ai3 ai4
23 A24
as3 Aa34

A43 Q44

12 a3 Qi4

a3z Aa33 434

42 Q43 Q44

a2 a13 Q4
VABIL) = | age ags axy |, A4]1)=
Q42 A43 Q44

+@A19A21A34043 + A19A24033041 T G12A23031 044
+@a13024A31049 + A13021A32044 + A130290340 4]
+Qa14023A32041 + A140292A31G43 + A14021A33049

— 11022034043 — A11A24A33042
—a12021033044 — A12023A3404]1
—a13024032041 — 413022031044
—a14023031042 — Q14021432043

110423032044
112024031043
113021434042
114022033041

12 a3 Qi4
22 Q23 Q24
a3z G33 a34

ary det(A(1[1)) — azs det(A(2]1)) + agt det(A(3[1)) — as; det(A(4]1)) = - -

1192033044 + A11A93034A42 + A11A24G32043



5. Examples.

(@da([é ;]):1-9—6-7:—33.
(b)

) = 1-det(h) i])—6-det(“ g])JrO-det([g g])

=1-(9-5—-1-8)—6(7-5—1-0) = —173.

det(

| 1
S O =
— O =
Tl 00 O

| ]




(1977]

0525
detll 1980 |

1083)

(525 ] 977 977
1-det(|980|)—0-det(| 980 |)+1-det(|525]|)—1-det(

|98 3 98 3 98 3

0 20 29

(5-det[ 3] )—9 det([83])+9 det([SO])

1)
+O(9-det( . )—5-det(:;?7):)+9 det([;g]))
—(9-det( ég )—5-det(:;g:)+9-det([gg]))

— 524 9-(—34) +9- (—40)] — 0

+[9-(=34) =5+ (=35)+ 9 21]

= 15

I 1
© ot ©

O Ol NN |
o Ot
L |




—0
25 ] (7 7] (77
+<9-det(_8 3_)—5-det(_8 3J)+9 de’c(_2 5))
(25 77 (77
—(9-det(_8 O_)—S-det(_8 OJ)+9-det(_2 5))
= [5-24—9-(—=34) +9-(—40)] -0

+19-(—34) —5- (—35) +9 - 21]
= 15



6. Theorem (1). (‘Expansion’ of a determinant along any arbitrary column.)
Let A be an (n x n)-square matrix, whose (i, j)-th entry is denoted by a;;.
Suppose n > 1.
Then, for each j =1,2,--- ,n,
det(A) = (=1)"Vay; det(A(1]5))

+(=1)"Vag; det(A(2]5))

+(—1)"ag; det(A(3]5))

+(=1)"ay; det(A(nl7)).

Proof of Theorem (1). Omitted. (This can be done with mathematical induction.)



7. Illustration.
(a) Suppose A is a (3 x 3)-square matrix, whose (¢, j)-th entry is denoted by a;;. Then
det a1 det(A(l\l)) — a9y det 2|1>) + as det(A(3|1)),

(A) = (A(
det(A) —= —a12 det(A(l\Q)) + Q99 d€t<A<2|2>) — Aa3z2 det(A(3|2)),
det(A) = aizdet(A(1]3)) — agzdet(A(2]3)) + agszdet(A(3|3)).

(b) Suppose A is a (4 x 4)-square matrix, whose (7, j)-th entry is denoted by a;;. Then

det(A) = ail det(A(l 1)) — a1 det(A(2 1)) + asy det(A(S 1)) — a41 det(A(4 1)),
det(A) = —ajadet(A(1]2)) + agdet(A(2]2)) — asodet(A(3]2)) + agodet(A(4]2)),
det(A) = a3det(A(1]3)) — aozdet(A(2]3)) + assdet(A(3]|3)) — aqsdet(A(4)3)),
det(A) = —aygdet(A(1]4)) + aoqdet(A(2]4)) — agsdet(A(3]|4)) + ayqdet(A(4]4)).



7. Illustration.
(a) Suppose A is a (3 x 3)-square matrix, whose (7, j)-th entry is denoted by a;;. Then
det( a11 det(A(1]1)) — a9 det(A(2]1)) + agi det(A(3]1)),

Al (A(
det(A) = —apdet(A(1]2)) + agndet(A(2]2)) — asydet(A(3]2)),
det(A) = ai3det(A(1|3)) — agsdet(A(2|3)) + assdet(A(3]3)).

(b) Suppose A is a (4 x 4)-square matrix, whose (4, j)-th entry is denoted by a;;. Then
41 det(A(4

a91 det(A(Q 1
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9. Theorem (2). (‘Expansion’ of a determinant along the first row.)
Let A be an (n x n)-square matrix, whose (i, j)-th entry is denoted by a;;.

Suppose n > 1.
Then

det(A) = (—=1)"ay; det(A(1]1))
+(—=1) 2ayy det(A(1]2))
+(=1)"*3a13 det(A(1]3))
_|_ . o

+(=1)"*"ay, det(A(1]|n)).

Proof of Theorem (2). Omitted. (This can be done with mathematical induction.)



10. Illustration.
(a) Suppose A = [all 2 ] .

21 A22
We have
A(1[1) = [ag], A(2|1) = [a1a].
Then
det(A) = ayy det(A(1]1)) — a2 det(A(1|2)) = ar1a92 — a12a91.

_&11 a12 413
(b) Suppose A = | a1 as ass
| 431 a3z2 Aas3
We have
A(1]1) = [@22 aQ?’],A(HZ) _ [&21 a23],A(1\3) _ [am 22 ]
a3z2 a33 a3; as3 a31 a3
Then

det(A) = ay det(A(1]1)) — aro det(A(1]2)) + g det(A(1]3))

= 110922033 + A12A23031 + 01302132 — A11A93G32 — Q12021033 — A13A22031



10. Illustration.

q S a1; a12 1
(a) uppose [am o
We have
A(1[1) = [ag], A(2[1) = [a1a)].
Then | -
det(A) = a1 d€t<A<1|1)> — a19 det(A(1]2)) = A11A92 — Q12091 .
11 G12 413 Rﬁ“ﬁbﬂj ,Qe()w{fwt r“
(b) Suppose A = | a9 a9 ao3 o
2] O &3 0\;\ Ay D\L}
431 dsz ds3 3) R3, Oy 0\3\ O3 233
We have
A(1|1) = {@2 &23}714(1'2) . [%1@3} 1|3 _- ag1 @22
a3z a33 a31 @33 a31 a3z |
Then
det(A) = aq; det(A(1]1)) — aiadet(A(1]2)) + a1z det(A(1]3))

Resobtict from

I\

Gy oy

O3 Ry Ay

11022033 + A12023031 + A13G21A32 — Q11023032 — (12021033 — A13G9203]

3
3



(¢) Suppose A =

We have

22 Q23 A24
A(Hl): 32 A33 34

42 Q43 Q44

Then

det(A) =

a1
a21
a31
41

12 a13 Ai14
22 (23 A24
a32 a33 A34
42 Q43 A44

LA(L]2)=

a21 Q23 Q24 a21 Q22 Q24
asy ass asy |, A(13)=| a3 asy asq

41 Q43 Q44 a41 Q42 Q44

A(1L]4)=

a21 Q22 G923
asp as2 ass
a41 Q42 A43

a1 det(A(1|1)) — arpdet(A(1]2)) + a3 det(A(1]3)) — arq det(A(1[4))

111022033044 T 111023034042 + 011024032043
T@A12021034043 1 112024033041 T 112023031044
T@A13024031042 1 G13021A32044 1 A13022034041
T@A14023032041 1 114022031043 + 114021033042

—a11a22034043

—a120921033044

—a13024Q32041

—a14A230310442

11024433042 — 110423032044
1223034041 — Q12024031043
113022031044 — Q13021034042
A14021A32043 — A140A2203304]



11. Theorem (a).
Suppose A be a square matrix. Then

det(A") = det(A).

Proof of Theorem («). Omitted. (This can be done with mathematical induction.
Apply the definition and Theorem (2).)

12. Theorem (3). (‘Expansion’ of a determinant along any arbitrary row.)
Let A be an (n x m)-square matrix, whose (i, j)-th entry is denoted by a;;.
Suppose n > 1.
Then, for eacht1=1,2,--- ,n,
det(A) = (=1)"a; det(A(i[1))
+(—=1)"a det(A(i]2))
+(—=1)"a;z det(A(i|3))
+(—1)""ay, det(A(i|n)).

)
|
|

Proof of Theorem (3).  This is a consequence of Theorem (1) and Theorem ()
combined.



13. Illustration.
(a) Suppose A is a (3 x 3)-square matrix, whose (¢, j)-th entry is denoted by a;;. Then

det(A) = aill det(A(l\l)) — a19 det(A(1|2)) + Qi3 det(A(1|3)),
det(A) —= —a2 det(A(Q\ 1)) + a99 det(A(2|2)) — Aa923 det(A(2|3)),
det(A) = azg det(A(3]1)) — asadet(A(3]2)) + agszdet(A(3|3)).

(b) Suppose A is a (4 x 4)-square matrix, whose (7, j)-th entry is denoted by a;;. Then

det(A) =  ap det(A(l 1)) — a19 det(A(l 2)) + Qi3 det(A(l 3)) — a14det(A(1 4)),
det(A) = —a9 d€t<A<2 1)) + Q99 d€t<A<2 2)) — 93 det(A(Q 3)) + a24det(A(2 4)),
det(A) = asg;det(A(3]1)) — agadet(A(3]2)) + assdet(A(3]|3)) — assdet(A(3[4)),
det(A) = —ayydet(A(4]1)) + agodet(A(4]2)) — aszdet(A(4)3)) + ayqdet(A(4]4)).



13. Illustration.

(a) Suppose A is a (3 x 3)-square matrix, whose (4, j)-th entry is denoted by a;;. Then

det(A) = a1 det(A(1|1)) — aadet(A(1]2)) + a13det(A(1]3)),
det(A) = —ag det(A(2]1)) + agedet(A(2]2)) — aggdet(A(2]3)),
det(A) = asy det(A(Z%[l)) — aA32 det(A(SlZ)) + as3 det(A(3|8))

(b) Suppose A is a (4 x

a192 det(A(l 2)) + d13 det(A(l 3))
a99 det(A(Z 2)) — a9s det(A(2 3))
azr det(A(3|2)) + assdet(A(3]3))
49 d€t<A<4 2)) — 43 det(A(4 3))

Pesktnt from

Oy Gy B3 Ay
Q) Aza O3 O3q

W

-

—

oty

4)-square matrix, whose (i, j)-th entry is denoted by a;;. Then
14 det(A(l
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14. Key theoretical examples.

(a) Let A be an (n X n)-square matrix, whose (¢, j)-th entry is denoted by a;;.

i. Suppose there is some ¢ amongst 1,2, --- , n for which the ¢g-th column is all zero.
Then

det(A) = (=1)"*9ay, det(A(1]g))
+(—1)*"ay, det(A(2|q))
+(—1)3+qa3q det(A(3|q))

+(—1)""a,, det(A(nl|q))
= 0.
ii. Suppose there is some p amongst 1,2, --- ., n for which the p-th row is all zero.

Then
dot(A) = (17" gy det(A(p[D))
+(=1)P"a, det(A(p[2))
+(=1)P"a 5 det(A(p|3))
+(—1)"""a,, det(A(p|n))
= 0.



14. Key theoretical examples.

(a) Let A be an (n x n)-square matrix, whose (%, j)-th entry is denoted by a;;.

i. Suppose there is some q amongst 1,2, - - -, n for which the ¢-th column is all zero.
Then
b det(4) = (~1)!ag det(A(1]g)
o (FHE) (1) 905, det( A(2]g)
AeX @:) ) S ol +(—1)"*az, det(A(3|q))
< (=) o dek( «-) ETp
+('()1ﬂ 0K () —1)"+e ng det(A
vl 0dR () (1" a det( A(nlg)
+ (¥ 0. AeX(--j) = 0.
© 9 ii. Suppose there is some p amongst 1,2, - - -, n for which the p-th row is all zero.
Then
T R iow det(A) = (_1)p+1%1 det(A(p|1))
"5, 473w +(=1)P*?a, det(A(p|2))
AR = dex{ Li: }E% e ) +(=1)P*3a,3 det(A(p|3))
- (—\)\+3 o dk () + GO o det() RN AL
T L) o e o detee) S
()P0 dRk ) F () +(—1)""a,, det(A(p|n))
% (—\)S+}.O v da'(") i O



(b) Let D be an (n x n)-square matrix, whose (7, j)-th entry is denoted by d;;.
Suppose d;; = 0 whenever ¢ # 7.
(Such a matrix is called a diagonal matrix.)

We have
det(D) = dn det(D(1|1))

Note that D(1]1) is itself a diagonal matrix.
Then det(D) = dndggdgg s dnn

Remark. In particular, det(7,) = 1.



(b) Let D be an (n x n)-square matrix, whose (2, 7)-th entry is denoted by d;;.
- Suppose d;; = 0 whenever ¢ # j.
(Such a matrix is called a diagonal matrix.)

We have
det(D) = d11 det(D(1|1))

Note that D(1|1) is itself a diagonal matrix.

dat (P
Then det(D) = dy1dosdss - - - dpy, ®) ;

A , © -
Remark. In particular, det({,) = 1. | - &ns®s O 1 )

Y T %

(9] O OQ\,\V\

B ~ Ay, © ---0
s SIWN Am["w }
Mwiﬂwtiﬁ) ' G e
1 SV S - M([ = d»
205 UNRE N I



(c) i. Let A be an (n X n)-square matrix, whose (¢, 7)-th entry is denoted by a;;.
Suppose a;; = 0 whenever ¢ > j. (Such a matrix is called an upper-triangular matrix.)

a1 app a3 - - A1n
O a22 a23 ...... aQn
A is explicitly given by A = 00 ag -~ - A3n
0O 0 O
- 0 0 Y Ann |

By definition, we have

det(A) = ayy det(A(1]1)).

Note that i )
Q22 @23 Qg4 - -+ A2
0 a33 a34 ...... a’3’I’L
B 0 0 agyq -~ --- .
A(1]1) = 0 0 0
0 0 0 - A

(So A(1]1) is also an upper triangular matrix.)
Then, ‘inductively’, we have

det(A) — 114920433 * * * Qpp-



(c) i. Let A be an (n x n)-square matrix, whose (2, j)-th entry is denoted by a;;.
Suppose a;; = 0 whenever ¢ > j. (Such a matrix is called an upper-triangular matrix.)

A is explicitly given by A =

By definition, we have

Note that

A(11) =

(So A(1|1) is also an upper triangular matrix. )

Then, ‘inductively’, we have

0 a9 ag --
O 10 g i
0 @ 0

0 0 O

ai;p ajg a1z -

A1n

det(A) = 11 th(A(l'l))

det(A) — A11A92033 * * *

Qoo Q23 A4 **

0O ass ags -
0 0 Qaq -+
(- @ 0
0O 0 O

G-

T\leestow,
w= 5

dz (A)= dex ( S Gaa Oy Gypt))

Sy Azy
© 9 0 Ay
9 00 O ag

. A Qyr O3 O,y Oag
] O L33 agy agg
© o o «

Q33 3¢ A3y

E)a, c\ﬂo&mi o oy ays|)
O 0O bt

@ QA n &y 03y Avy Axy”

: B?m&im\ “cLo/

X oS\l ,) |
&K <o @\U&k“t] '



ii. Let B be an (n X n)-square matrix, whose (¢, 7)-th entry is denoted by b;;.
Suppose b;; = 0 whenever ¢ < j. (Such a matrix is called a lower-triangular matrix.)

(b O 0 0 -+ 0 ]

bo1 be O O -+ 0

B is explicitly given by B = b:31 bi:’)Q b:33 0 '. O
bnl an bnS ...... bnn |

Note that B? is an upper triangular matrix.

Then
det(B) = det(Bt) = b11b22b33 s bnn



ii. Let B be an (n x n)-square matrix, whose (4, j)-th entry is denoted by b;;.
Suppose b;; = 0 whenever 4 < j. (Such a matrix is called a lower-triangular matrix.)

[ B0 O @ »:- @
bot oo 0 0 -+ 0
B is explicitly given by B = bfﬂ 5?2 bi:’>3 O ’. 0
L bnl bn2 bn3 """ bn'n, |
Note that B! is an upper triangular matrix.

Then
det(B) = det(Bt) = bllbggbgg s bnn

Ll\ L‘)_,\ Lg\ - bv\.\
£
B - O L)h_ t)BL - EHL
BB e
© O © : ‘



(d) 1. Denote by p the row operation aR; + Ry on matrices with n rows.

The row operation matrix M|p| corresponding to p is the (n X n)-square matrix given
by
Mlp] = I, + aE} ;.

Note that M|p] is:

an upper triangular matrix or a lower triangular matrix.

Then det(M|p]) = 1.

ii. Denote by o the row operation SR; on matrices with n rows.

The row operation matrix M|o| corresponding to ¢ is given by

Mlo] = L, + (8 — 1) E".

Note that M|o] is an upper triangular matrix, whose diagonal entries are made of:
« n — 1 copies of 1 and

« 1 copy of 5.
Then det(M|o]) = 5.



(d) i.

11.

Denote by p the row operation aR; + Rj on matrices with n rows.

The row operation matrix M [p] corresponding to p is the (n X n)-square matrix given
by M 1 4

Md=h+aBf. e~ Nl = |
. X
Note that M|p] is: | ' Pl
an upper triangular matrix or a lower triangular matrix. [ g} ‘J
N~ N
Then det(M|p]) = 1. A Sthew
9 me O

Denote by o the row operatioh B R; on matrices with n rows.

The row operation matrix M [o] corresponding to o is given by

M[o] = I, + (B — ) E" Mewe o By
e
Note that M| is an upper triangular matrix, whose diagonal entries are made of: A\ Ther
« n — 1 copies of 1 and fﬁcjr%
o.
1 copy of .

Then det(M|o]) = 5.



iii. Denote by 7 the row operation R; <> R; on matrices with n rows.

The row operation matrix M|r] corresponding to 7 is given by

Mlr] =1, - E5" — By + B+ B

M]|7] is a symmetric matrix with:

« n — 2 entries of 1, along the diagonal, and
« 2 entries of 1 off diagonal.

Repeatedly applying the definition, we have

det(M]r]) = det([(l) é]) ~ 1.

(e) Let A be an (n x m)-square matrix. Suppose A is a reduced row-echelon form.

i. Suppose A is non-singular.
Then A = 1,,.
Therefore det(A) = 1.

ii. Suppose A is singular.

Then A has at least one entire row of 0’s.
Therefore det(A) = 0.



iii. Denote by 7 the row operation R; <+ Ry, on matrices with n rows.
The row operation matrix M |7] corresponding to 7 is given by

Mlr] = I, — B — BMP + Bl 4 B

r-\ ~
M]|] is a symmetric matrix with: i ‘
« 1 — 2 entries of 1, along the diagonal, and | IJ\EQ A O |
e 2 entries Of 1 off diagonal. l
Repeatedly applying the definition, we have , | 9 l

&ﬂMﬁDz&ﬂ{gH):—L 1¥,/,~V-;l5

AW Hler entvies ae 0.

(e) Let A be an (n x n)-square matrix. Suppose A is a reduced row-echelon form.

i. Suppose A is non-singular.
Then A = 1,
Therefore det(A) = 1.

ii. Suppose A is singular.
Then A has at least one entire row of 0’s.

Therefore det(A4) = 0. [




