1. Refer to the handout Homogeneous systems and null spaces. There we learn what to do when we try to give
an explicit description for the null space of a matrix:

Suppose we are given an (m X n) matrix A.
To determine N(A) is the same as giving an ‘explicit” description of the solution set of the homogeneous
system LS(A, 0) through set language, in terms of (hopefully just a few) solutions of the system. That
amounts to finding all solutions of LS(A, 0).
Suppose A’ is the reduced row-echelon form which is row-equivalent to A.
Suppose the rank of A" is r. Write p =n — r.
* When p =0, N(A) = {0}.
x Suppose p > 0.
Then those (few) solutions uy, ug, - - -, u, of LS(A, 0) needed for expressing all solutions of LS(A, 0)
are ‘read off” as solutions of LS(A’, 0) for which one free variable takes the value 1 and all other free
variable take the value 0.
In conclusion we have

N(A) = NA)={cui+cuy+---+cu, | ¢, ,¢, € R}
— Span ({ulau%” ) 7up})'

According to Theorem (D) below, what we are actually doing in this procedure is to find a basis for N'(A).
In short, to ‘solve’ a homogeneous system of linear equations is the same as finding a basis for the null space
of the coefficient matrix for the system.



. Theorem (D).

Let A be an (m x n)-matrix, and A" be the reduced row-echelon form which is row-equivalent to A.

Suppose the rank of A’ is r.

Label the pivot columns of A’, from left to right, by di,ds, - - - ,d,.
Write p = n — r. Suppose p > 0.
Label the free columns of A, from left to right, by fi, fo, -+, f,-

For each h =1,2,--- ,r, and each k = 1,2,--- | p, denote by sp; the (dy, fi)-th entry of A’.

For each k = 1,2,--- ,p, define u;, to be the vector in R" whose fi-th entry is 1, whose f;-th entry is 0
whenever k # j, and whose dj,-th entry is —sy. for each h = 1,2, ,r.

Then the statements below hold:

(a) up € N(A) for each k =1,2,--- ,p.

(b) uy, uy, - - - ,u, are linearly independent.

(¢) Every vector in N'(A) is a linear combination of uy, ug, - - -, u,,.
)

(d) wy,uy, -+ ,u, constitute a basis for N'(A).

Remark.

Once we make sense of the notion of dimension, it will turn that the dimension of N'(A) is p, because one
base for N'(A), namely, uy, uy, - - - ,u, is constituted by p vectors.



3. Proof of Theorem (D).
Suppose k =1,2,--- ,p. Denote the ¢-th entry of u; by wuy .
By assumption,
—Shk if ézdhandlghgr
Upp = 1 if /= f;
0 it {=fjand j#k
Denote the (7, ¢)-th entry of A’ by a,.
(a) o Supposei > r. Then a}, = 0 for each ¢. Therefore the i-th entry of A'uy, is given by ajug 1 +al,up2+- - -+a;,up, = 0.
e Suppose i =1,2,---,r. Then
1 if ¢=d,
a, =< 0 if ¢ =d,and h #i
sij if £=fjand1<j<p
Note that whenever h # i, we have ajy urq, = 0. Also, whenever j # k, we have aj uy, s, = 0.

Hence the i-th entry of A'uy is given by
/ / /
A Uk + AUk + -+ QiU
/ / / / !/ /
= (g, Ukdy + Qg Uk, + + Qg Uka,) + (g Uk p + Qg Uk p, + o+ Qg U p,)
/ /
= Qg Ukd; T Qip Uk, f,

= 1(—Szk)+81k1:0

Therefore A'u;, = 0.
It follows that ‘x = uy’ is a solution of LS(A’, 0), and hence a solution of LS(A, 0) as well. Therefore u, € N'(A).



(b) Pick any oy, a9, -+ ,a, € R
Suppose aju; + aguy + - - - apu, = 0,,.
Suppose j = 1,2,--- ,p. Recall that u;; =1, and uy,;, = 0 whenever k # j.
Then the fj-th entry of the vector ajuy + agus + - - - apuy, is given by ayuyy, + ouag g, + apuy p, = ajugy, = ;.
The f;-th entry of 0, is 0. Therefore o;; = 0.
It follows that u;,ug,--- ,u, are linearly independent.
(c) Pick any x € N(A). Denote the i-th entry of x by x;.
Then A’x = 0. Therefore,

)
Lg, = —Suxgp — Si12kf, — -0 — Sipdy,

) Ly = —S8axfp — S22Tf — -0 — Spdf,
(| Ld, = TSk — Sr2lfy — T Seplf,

Therefore x = xyu; + xp,us + - - + 271, (Why?)
It follows that x is a linear combination of uy, us, -+, u,.

(d) According to definition, u, ug, - -- ,u, is a basis for N'(A).



4. Illustrations of the content of Theorem (D).

1 224
(a)Let A= |1335
2656

We obtain the reduced row-echelon form A’ which is row-equivalent to A by applying a sequence of row
operations to A:

1 224 100 2
A=11335|—-+— 010 -3|=4
2656 001 4
)
I + 2%4—0
Note that LS(A’, 0) reads: < T9 — 3z4 = 0
\ r3 + 4dxy =
]
We have N(A) = {cu | ¢ € R}, in which u = _34 .
1

A basis for N'(A) is constituted by the vector u.



4. Illustrations of the content of Theorem (D).

(a) Let A =

NOJ
S W N
Tl W N
o Ot

We obtain the reduced row-echelon form A’ which is row-equivalent to A by applying a sequence of row
operations to A:

9° 9 4 100 (2
A=11335|—---—|010ED| =4

2656 | 001 @

ot

: -gl‘
(o + 224 = 0
Note that LS(A’, 0) reads: < T — 3z4 =0
z3 + 4dz4 = 0

We have M (A) = {cu | ¢ € R}, in which u =

9
“ Mgty " oy the repestive eatries i e -tk
: .}M gyt gt

O+ The Tc{and 05 wtiboted by 20"

A basis for N(A) is constituted by the vector u.



120 1
(D) Let A=|111 —1
315 —7

We obtain the reduced row-echelon form A" which is row-equivalent to A by applying a sequence of row
operations to A:

120 1 10 2 =3
A=|(111-1| —--— |01 -1 2 | =4
315 —7 00 0 O
)
T + 223 — 314 =
Note that LS(A’, 0) reads: < xo — w3 + 2x4 = 0
0 =20
\
We have
N(A) = {clul + CcoUo ‘ C1,Co € |R},
i T
. . 1 —2
in which u; = 1,112— 0
0 1

A basis for N'(A) is constituted by the vectors uy, us.



1
=

12
(b) Let A= |11 .
315 -7,

Ot —m O

We obtain the reduced row-echelon form A’ which is row-equivalent to A by applying a sequence of row

operations to A:

Note that LS(A’, 0) reads: J

We have
NQ AN s v%;;d@
WC\'VL IS "_2' 0
W the ‘g'\;d\ eflurn Mg 1
in which u; = @ , Uy =
TThe c% ol Qs 0
’k\f‘i L A :
S e 50 N0 L

-
-

=

p

x1

24 i 10 (2
11 -1 —-+— 01D | =4
I+h =i i T N )
-f(-s—\.
+ 239 — 834 = 0
To — X3 + 224 = 0
0 =0
(%)

N(A) = {01111 + Ccouy | Cl,C & IR},

AN ‘t’La/-f -tk Lﬂ%y\
The 5 ad 0%

| o Gl Q‘“‘*’LV’*‘“’)WL 4 BEE,
A basis for N(A) is constituted by the vectors uy, uy.

iy Ty Wy

M&M%m L7 W/(J\&PM‘ 61\;3 aér -f}\e (5 ond. O due % T)kajc

f

8



120 1 7
(c)Let A=1]111 —13
315 =71

We obtain the reduced row-echelon form A" which is row-equivalent to A by applying a sequence of row
operations to A:

120 1 7 10 2 -3 —1
A=|[111 -1 3 > >» 101 -1 2 4 = A’
315 =71 00 0 0 0
(
T + 223 — 3x4y — x5 = 0
Note that LS(A’, 0) reads: < Ty — T3 + 2x4 + 4das = 0
0 =20
\
We have
N(A) = {ciu; + cous + c3ug | ¢1,c9,c3 € R}
= [ 3] (1]
1 —2 —4
inwhichu; = |1 |, uu=|0|,u3= |0
0 1 0
0 0 1

A basis for N'(A) is constituted by the vectors uy, us, us.



Z0- 1
(c) Let A = 11 3
15 1

LW~ =

—1
—7
We obtain the reduced row-echelon form A’ which is row-equivalent to A by applying a sequence of row

operations to A:

120 1 7 10 GO
A=[111-18|— » 101D @ | =4
315 -71 00 0 0 0
: S S
(2171 + 223 — 34 — x5 = 0
Note that LS(A’, 0) reads: < To — T3 + 2z4 + dzs =
0 =20
\
We have )

N(A) = {ciwg + caug + c3u3 | ¢1,09,c3 € R},

( & i LQ/
:\[an&u mi%e: AN =1 E ﬁ//-_l—K LMQSJ‘W/’ ”/}( the re$ pe- it ety . o ‘)t -t cdlummn.
i I I o “m&,ﬂ\m}) A the vq«(wd(m etres . tl, -fz_t[\ Slumen
\ :

—th/f"'CLCQ%n. 1 at =) —4

in which u; = , Uy = , Ug = . 5 b el Vi< BT fae oy g
do il TG T [R] (@ e A ety 3, o g
ctibked by $3) O O O] S b ekl cotriluted b3 s
S, gl A g A ’

A basis for M(A) is constituted by the vectors uy, ug, us.
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1 4 0 -1 0 7 =9
2 8 -1 3 9 —-13 7
o 0 2 -3 —4 12 -8
-1 -4 2 4 8 =31 37

(d) Let A =

We obtain the reduced row-echelon form A’ which is row-equivalent to A by applying a sequence of row operations to

A:

1 4 0 -1 0 7 =9 14002 1 -3
A 2 8 -1 3 9 —-13 7 IO 00101 -3 5 _
O 0 2 -3 —4 12 -8 00012 —6 6
-1 -4 2 4 8 =31 37 0O000O0O0O O O
4
r1 + 4dxo + 225 + x¢ — 327 = 0
Note that LS(A’, 0) reads: < = 25— ST+ ozr =0
ry + 2x5 — 6xg + 627 = 0
\ 0 =20
We have
N(A) = {C1U.1 + coUg + Cc3U3 + 4y | C1,C9,C3,C4 € IR},
(4] = (1] 3
1 0 0 0
0 —1 3 —5
in which u; = 0 , Ug = —2 , Ug = 6 , Ug = —6].
0 1 0 0
0 0 1 0
0 0 0 1

A basis for N(A) is constituted by the vectors uy, us, uz, uy.



1 4 0 -1 0 7 -9
2. 8 .—~1 3 9 =13 7
0 0 2 -3 -4 12 -8
-1 -4 2 4 8§ =31 37

(d) Let A=

We obtain the reduced row-echelon form A’ which is row-equivalent to A by applying a sequence of row operations to

A:

1 4 0 -1 0 7 -9 1@®o00® Q@ &
4-|2 8 -1 38 9 13 7 00100EDB o
"o 0 2 3-412 =8| " 7l00010C06 |
-1 -4 2 4 8 -31 37 0000O0 O O
i Yo
‘yl J‘:u. ’f} ‘gq,
(.’]31 + 4dzq + 225 + 26 — 327 = 0
Note that LS(A’, 0) reads: < . S e i 2
T4y + 25 — 6zg + 67 = 0
\ = 0
We have | &)
M@&‘:k\rb\ JK ‘be N(A) : {clu1+czu2+c3u3+04u4 | 61,02,03,64 € [R}
vbwﬂfh\fb ?:{—{r\% o)gf/vi _f4- "_2"] E F—l_} [ 3 “{ ejo.:(t\}*ej /B/ T/\a/ fUTLQLT!Ut etre, ?%@70 -([\ C./}m»\
the ’f ~th cSlumn. ? £®1 @ @)5 j>\ 35\7\\?&; o’é( e {QQGM-C-G\'C etrie, ‘?’ tha 7@ 1l rﬂ%‘\
e =l B, T = | } s = | 6 ] oy — | —6 } o Negbes Ay the revpactive @dtv‘etsuot%af-t[ ol
"T\lr\t \,)MOI_S (,.S\\J(('\LM % % % % ( [3 QA_DQOSC,&\*f\M Aj ,% 2 .& X _e él % ~{
}\.) '&’:(2, )L)?:f, @ @ 0 @/TI\@ Vs ok O; OSRW&M bj .f 2 ’}\*S / '—}:6‘ ’}’7 .
o L {’4’7. A - - TR . lLQUMQJU\:’WLQ{‘w\\pj—}z + 3’ ' o )

A basis for N (A) is constituted by the vectors uy, ug, us, .
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