MATH1030 Linear combinations.

1. Definition. (Linear Combination.)
Let uy,us, - -+ ,u, be vectors in R™.

Let v be a vector in R™.

We say v is a linear combination of uj,us, - -- ,u,, if the statement (f) holds:

(t) There exist some real numbers oy, s, -+ , @, such that v = aju; + asus + - - + a,uy,.
The expression aju; + asus + - - - + o, U, on its own is called the linear combination of the vectors uy,us,--- ,u,
with respect to the scalars oy, g, -+, 0uy.

2. Lemma (A). (‘Dictionary’ between linear combinations and matrix-vector products.)
Let A be an (m x n)-matrix, and t be a vector in R™.

Suppose that for each j = 1,2,---,n, the j-th column of A is a; and the j-th entry of t is t;. (So A =
tq
to
[ai @z | - |ap Jandt=|.].)
tn
Then At = t1a1 + tgag —+ -+ tnan.
3. Proof of Lemma (A).

For each 4, j, we denote the (7, j)-th entry of A by a;;.

n
e The i-th entry of At is given by Z aiit; = t1as 4+ taaio + -+ tpain.
j=1

o For each j, the i-th entry of a; (which is the j-th column of A) is a;;.
Then the i-th entry of t1a; + toas + - -+ + tpa, is t1a;1 + toais + - - + thain.
The corresponding entries of At, t1a; + toas + - -+ + t,a, agree with each other.
Hence At = t1a7 + toas + -+ - + t,a,, indeed.

Remark. Lemma (A) looks innocent, but it will serve as a useful tool in various situations.

4. Simple concrete examples.

1 1 0 0 0 0
2 0 1 0 0 0
(a) |3 =1-(0] +2|0] +3|1| +4|0| +5]0].
4 0 0 0 1 0
5 0 0 0 0 1
1 17 10 07 [0 0
2 0 1 0 0 0
So ;)1 is the linear combination of 8 , 8 , (1) , (1) , 8 with respect to the scalars 1,2, 3,4, 5.
5 0] (O 0f 1O 1
A manifestation of the same relation is the equality below:
1 110101010 1
2 0/1]0]0|0 2
3l=10(0|1]0]0 3
4 0j0|0]|1/0 4
L5 00001 5
1 1 0 0 [0 0T
2 3 2 0 0 0
(b) (3| =1-|5|+(-1)|4|+2|1|+(-1)|0| +0-(O].
4 7 6 3 3 0
5 9 8 5 |6 2
1 17 0 07 [0 07
2 2 0 0 0
So 2 is also a linear combination of ; , él , il% , g , 8 with respect to the scalars 1,—1,2, —1,0.
5 9] |8 5] L6 2]
A manifestation of the same relation is the equality below:
1 110(0]0]07T1
2 312]0|0/0 -1
3l=1]514]1]0]0 2
4 71613(31]0 -1
5 918|562 0




5. Theorem (1).
Let uy,us, - -+ ,u, be vectors in R™.

The statements below are true:

(a) The zero vector 0 in R™ is a linear combination of uy,ug, -+ , U,.
(b) The sum of any two linear combinations of ui,us,--- ,u, Is a linear combination of uy,ug, -+ ,u,.
(¢) Every scalar multiple of any linear combination of uj,us, -+ ,u, is a linear combination of uy,us, -+ , uy,.

6. Proof of Theorem (1).

Let up,us, - -+ ,u, be vectors in R™.

(a) [Ask: Can we name some appropriate real numbers a;, as, - - , a, for which the equality 0 = ayu; + aguy +
-+« + apuy, holds?]
We have 0 =0-u; +0-us +---+0-u,.

Then by definition, 0 is a linear combination of uy,us, -, u,.

(b) Suppose v, w are linear combinations of uy, ug, -+, u,.
Then, by definition, there exist some real numbers 81, 82, - - , 8, such that v = Siu; + Soug + - - - + Spru,.
Also, there exist some real numbers 1,79, -+ ,7y, such that w = yyu; + yus + - -+ + Y, u,.
[Ask: Can we name some appropriate real numbers aq,aq, - ,a, for which the equality v + w = aju; +
agug + - -+ + apuy, holds?]
Note that v +w = ... = (81 +71)us + (B2 +y2)uz + - -+ + (Bn + Yn)Un, and B1 + 71,82 + 2, , Bn + Tn are
real numbers.
Then by definition, v + w is a linear combination of uy,us, -+, u,.

(c) Exercise.

7. Theorem (B).
Let uy,us,--- ,u, be vectors in R™,
Every linear combination of (finitely many) linear combinations of uy, ug, - - - ,u, is a linear combination of uy, ug, - - , u,.

Remark. In fact, Theorem (B) is saying the same thing as Statement (b) and Statement (c) in Theorem (1)
combined.

Its conclusion part can be formulated as:

For any x € R™, if x is a linear combination of some vi,Va, - ,v, € R™ which are themselves linear combi-
nations of uy,us, - -+ ,u,, then x itself is a linear combination of uy,ug,--- , u,.

8. Proof of Theorem (B).
[This argument carries the same essence of the argument for Statement (b) and Statement (c¢) in Theorem (1).]
Let uy,us, -+ ,u, be vectors in R™.

Pick any x € R™.

Suppose x is a linear combination of (finitely many) vectors in R™, say, vi,va, - - , v, which are linear combinations
of uy,uy, - ,u,.
[Reminder: We want to see why x is a linear combination of uj,us, -+ ,u,.]
By definition, x is a linear combination of vy, va, -+, vp.
Then there exist some oy, s, -+, 0, € R such that x = a1 vy + agvy + -+ + ,vy.
[Ask: Can we link up the u;’s with the v;’s so as to see that x is a linear combination of uy, ug,-- -, u,7]
By assumption, for each j =1,2,-- -, p, there exist some 31;, 82, -, Bn; € R such that v; = Bi;u; + fajus +- -+
Brjun.
Then
X = Vit QaVe+ -+ QpVvy,

= ai(Buur + farug + -+ Buiuy) + az(Bi2ug + foug + -+ Brouy)
+eeet O‘p(ﬂlpul + ﬁQpUQ + -+ ﬁnpun)

= (Brar + Bizag + - - + Brpap)ur + (Barar + Basas + - -+ + Bapay)us
+ -+ (Bnrar + Br2ae + - + Brpap)uy,

Note (Br1a1 + Braaa + - - - + Brpap) is a real number for each k =1,2,--- | n.

Then x is a linear combination of uy, usy,--- , u,.



9. Alternative argument for Theorem (B).

10.

11.

By applying mathematical induction, and by consciously applying Theorem (1), we are going to verify the statement

‘For any positive integer s, if vi,vso,--+ ,Vvs are linear combinations of uj,us, -+ ,u, and ai,qsz, -+ , Qs are
real numbers then a1 vy + agva + - - - + Vg Is a linear combination of uy,us, - -+ ,u,.’

Denote by P(s) the proposition below:

‘If vi,va,---,V, are linear combinations of uy,us, -+ ,u, and ai,as, - ,as are real numbers then a1vy +
QoVy + - -+ + gV, is a linear combination of uy, us,--- ,u,’

We verify P(1):

Suppose v; is a linear combination of uj,us,--- ,u, and «@; is a real number.
Then by Theorem (1), a3vy is a linear combination of ui,ug, - - , u,.

Suppose P(k) is true.
Note that P(k + 1) reads:

‘If vy, va, -+, Vi, Vi1 are linear combinations of uy, ug, - -+ ,u, and ag, e, - - - , ag, ak41 are real numbers then
a1Vy + QaVo + - - - + Qp41VEg41 18 a linear combination of uy,ug, -+ ,u,’

With the help of P(k), we verify P(k +1):

Suppose vi, Vs, -, Vg, Vi1 are linear combinations of uj, ug,--- ,u, and ag, a9, -, ag, ok are real num-
bers.

By P(k), a1v1 4+ aava + -+ - + ap vy is a linear combination of uy, us, -, u,.

By P(1), ag41Vk+1 is a linear combination of uy, ug, - -, u,.

Then, by Theorem (1), a1 vy + agvy + -+ + Qg Vg + Qg1 Ve+1 is a linear combination of uy, ug, -+, uy,.

Therefore P(k + 1) is true.
By the Principle of Mathematical Induction, P(s) is true for any positive integer s.

We now state a pair of results (Lemma (2), Lemma (3)) describing whether square-matrix multiplication from the
left to vectors ‘preserves’ linear relations amongst vectors.

Lemma (2).

Let uj,us, -+ ,u,,v be vectors in R™ and a1, s, - , o, be real numbers.

Suppose A is an (m X m)-square matrix, and v is a linear combination of uy,ug, - - ,u, and the respective scalars
Q1,0 ,Qnp.

Then Av is a linear combination of the vectors Auy, Aus, - -- , Au,, and the respective scalars o, ag, -+ , Q.

Lemma (3). (A ‘partial converse’ of Lemma (2).)

Let uy,us,--- ,u,,v be vectors in R™ and a1, as, - ,a, be real numbers.

Suppose A is a non-singular (m xm)-square matrix, and Av is a linear combination of the vectors Auy, Aus, - - - , Au,
and the respective scalars ay, g, -+, Q.

Then v is a linear combination of the vectors uy,us,--- ,u, and the respective scalars oy, s, -+ , Q.

We combine Lemma (2) and Lemma (3) to obtain Theorem (C) below:
Theorem (C).
Let uy,us,--- ,u,,Vv be vectors in R™ and aq,as, - -+ ,a, be real numbers.

Suppose A is a non-singular (m x m)-square matrix. Then the statements below are logically equivalent:

(a) v is a linear combination of the vectors uj,ug, - ,u, and the respective scalars ay, g, , Q.
(b) Av is a linear combination of the vectors Auy, Aus,--- , Au,, and the respective scalars ay, s, -+ , .
Remark. In plain words, this result is saying that

linear relations amongst vectors (though not necessarily the individual vectors themselves) are preserved upon
the multiplication by the same non-singular matrix from the left to the vectors.

When we think in terms of row operations, this result is saying that

linear relations amongst vectors (though not necessarily the individual vectors themselves) are preserved upon
the application of the same sequence of row operations to the vectors.



12.

13.

14.

Proof of Lemma (2).

Let uy,us,--- ,u,,v be vectors in R™ and a1, as, - , o, be real numbers.
Suppose A is an (m X m)-square matrix, and v is a linear combination of uj, us, - -+ ,u, and the respective scalars
Qp,Q2, -, Qp.

By assumption, v = aju; + agug + - -+ + au,.

Then Av = A(aqug + asug + -+ - + apuy,) = agAug + asAug + -+ - + , Au,.

Hence Av is a linear combination of Auy, Aus,--- , Au, and the respective scalars a1, a9, -+, ay.
Proof of Lemma (3).

Let uy,us, -+ ,u,, v be vectors in R™ and «aq, as, - - - , a, be real numbers.

Suppose A is a non-singular (m x m)-square matrix, and Av is a linear combination of the vectors Auy, Auy, - -

and the respective scalars aq, g, -+, Q.
By assumption, Av = aj Au; + asAus + - - - + o, Au,,.
[Ask: Is v a linear combination of uj,ug, -+ ,u, and aj,ag, -, a,?]

Since A is non-singular, A is invertible.

Therefore
v = L,v=(A"A)v=A"1Av)

= Ail(Oqull + QQAUQ + -+ anAun)

= A7 (Aw) + ax A7 (Awg) + -+ a, AT (Auy,)

= (A A + (A7 A)uy) + -+ an (AT A,

= alpur +aelyur + -+ aplpuy

aju; + agsus + -+ - + auy,

Then v is a linear combination of the vectors uy, us, -+ ,u, and the respective scalars a1, g, -+, ayp.

Theorem (4). (Generalization of Lemma (2) and Lemma (3).)

Let uj,ug, -+ ,u,,v be vectors in R™. Let A be a (p x m)-matrix.

(a) Suppose v is a linear combination of uy,ug, -+ , U,.
Then Av is a linear combination of the vectors Auy, Aus, --- | Au,,.

(b) Suppose N (A) = {0}, and Av is a linear combination of the vectors Auy, Aug, - -- , Auy,.
Then v is a linear combination of the vectors uy, ug, -+ , Uy,.

Proof of Theorem (4). Exercise.

, Auy,



