1. Recall the statement of Theorem (C):

Let A be an (n x n)-square matrix. The statements below are logically equivalent:
(a) A is non-singular.

(b) For any vector v in R", if Av =0 then v = 0.

(¢) The trivial solution is the only solution of the homogeneous system LS(A, 0).
(d

)
(e)

(f) There exists some (n X n)-square matrix H such that HA = I,,.

A is row-equivalent to I,,.

A is invertible.

(g) There exists some (n X n)-square matrix G such that AG = I,,.

Now suppose A is non-singular, with a sequence of row operations

and with Hj, being the row-operation matrix corresponding to p;. for each k.

Then [I,|A™" is the resultant of the application of the same sequence of row operations p1, pa, -+ , Pp—1

starting from [A|L,]:
AlL] = [C1[Ln] =G Hi| —[Cs| HoHy | — - —[Cy|Hyr -+ - HoHi| = [I,| A7),

Pp—1
Moreover, A~! and A are respectively given as products of row-operation matrices by

A '=H, - HyHj, A=H'Hy ' H, ;7"
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2. ‘Algorithm’ described by Theorem (C).

Suppose we are given an (n X n)-square matrix, say, A, and want to determine whether A
is invertible, and to find its matrix inverse explicitly if A is indeed invertible.

Theorem (C) provides an ‘algorithm’ for doing this systematically:

e Step (1).
Form the (2n x n)-matrix | A I, |.

« Step (2).
Apply row operations on [Aln} so as to result in the matrix [AﬁAb }, which is

row-equivalent to [ All, ], and in which A* is a row-echelon form row-equivalent to A.

« Step (3).
Inspect whether A* has any entire row of zeros.

x (3a) If yes, conclude that A is not invertible.

* (3b) If no, conclude that A is invertible. To obtain the matrix inverse of A, apply
further row operations on [ Al AP } to obtain the reduced row-echelon form which is

row-equivalent to [ All, } .

The resultant reduced row-echelon form is necessarily given by [ I,| A1 } .
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3. Examples on the application of the ‘algorithm’ described by Theorem (C).

For each of the square matrices below, we are going to apply row operations to determine,
for each of them, whether it is invertible or not, and what its matrix inverse is when it is

1 2
2 3|

We apply successive row operations starting from [ Al }, in such a way to obtain some row-echelon

invertible.

(a) Let A =

form and the reduced row-echelon form (if needed) which are row-equivalent to [ All } :

1 2(1 0 _ 1 2171 0
[A’]Q]: 2R1+ Ry
2 301 0 —-1/-21
1R, | 1 2|1 0
—
012 —1
_ 1 0]—=3 2
2t = [L,|B]
01 2 -1

with B =

-3 2
2 —1|

Hence the matrix A is invertible, and its matrix inverse is given by A™! = B.
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(b) Let A =

We apply successive row operations starting from [ All; }, in such a way to obtain some row-echelon

(12 2]
133

|2 6 5 |

form and the reduced row-echelon form (if needed) which are row-equivalent to [ Alls } ;

(1 22/100] (1221 00] (1221 00]
ALJ=|133010] =22 o1 1/ -1 10| =25 1911110
1265001 2650 01 021201
(12 211 0 0 (1221 0 0 | (100| 3
N 11 ool 211 o110 | 2N g1 1] -1
00 -1/ 0 —21 0010 2 -1 001 0
(1003 =2 0
R 01 0]=1 =1 1 | = [L)|B]
0010 2 -1
[ 3 2 0 |
with B=| -1 —1 1
0 2 —1

Hence the matrix A is invertible, and its matrix inverse is given by A™! = B.

-2 0
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2 —1
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(b)Let A= |13 3
2695

We apply successive row operations starting from {A ‘ IE }, in such a way to obtain some row-echelon

form and the reduced row-echelon form (if needed) which are row-equivalent to [ A ‘ I3 } ;

122100 12201 00 1221 00
A= [133/01 0] =2 g 1|1 10| 22 101 1]211 0
26500 1 2650 01 021/-201
I N N s e I 291 -6 8 1003 =2 0
B 01 1 =1 1 0| M o1 1|11 0 | 22 g1 121 1 o0
00 -1]0 —21 0010 2 —1 0010 2 —1
- - NS S
1003 —2 0
01 0[-1 —1 1 | =(5|B) s [‘A\# Abl
001lo 2 _1 ~ whch MY o
- - Wed&b\cjww»wkd-\
3 —2 0 \wme?/wwi&“ﬁo .
with 8= | —1 —1 1
0 2 —1

Hence the matrix A is invertible, and its matrix inverse is given by A=t = B.
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(c)Let A=1]10 —1
01 1

We apply successive row operations starting from [ All; }, in such a way to obtain some row-echelon

form and the reduced row-echelon form (if needed) which are row-equivalent to [ Alls } ;

(11 11100 1 1 1]1 00] (11 111 00]
AL =10 1010 2% 1o -1 2110 22 101 1]0 01
01 1001 001 1001 0 -1 -2/-110
(11 111 00] (1111 0 0] (100/1 0 —1]
Mt o1 100 o1 2 o110 0 1 | 2 g1 10 0 1
00 -1/-111 0011 -1 -1 0011 -1 —1|
(1001 0 —1]
PR 01 0/-1 1 2 | =[L)B]
001 1 -1 -1

I 0 -1
withB=| -1 1 2 |.
1 -1 -1

Hence the matrix A is invertible, and its matrix inverse is given by A~ = B.
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We apply successive row operations starting from [A ‘ e }, in such a way to obtain some row-echelon

form and the reduced row-echelon form (if needed) which are row-equivalent to [ A ‘ I3 } ;

11 1]100 11 111 00 11 1|1 00

A= |10 -1]0 10| =% 1o 1 9|1 10|22 |0 1 1]0 01
01 1001 01 1]0 01 0 -1 —2|—11 0
11 1]1 00 11101 0 0 1001 0 —1

ol 1o o1 M lo11lo 0 1| 2y o1 1l0 0 1
00 —1|—=111 0011 -1 —1 0011 -1 —1

100/1 0 —1 \_ )
B 01 0[-1 1 2 | =[KlB ke b [ATA]

J
; ™~ L,A\'\ol,\ P\# s
0011 —1 —1 ¢

\cm-wtebxfjoww)l«wL
| —eamVvelet to & .

| 0 1 ()WQ}D&M &

withB=]—1 1 2
1 -1 —1

Hence the matrix A is invertible, and its matrix inverse is given by A~! = B.
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(d) Let A — (1)
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We apply successive row operations starting from [ A ‘ Iy ] , in such a way to obtain some row-echelon form and the reduced row-echelon form

(if needed) which are row-equivalent to [ A ‘ Iy ]

1110|1000 11 1 0[1 0O0O0 11 1 01 0O0O
1'101{01 00| -arRi+r, |0 0 =1 1|1—= 1 0 O | —1imi+Rrs | O -1 1/-1 10 0
All) = — —
AL=1101 10001 0 10 1 10 010 0 -1 0 1/-1010
01 11(0 001 01 1 1 0 01 0 1 1 1[0 001
11 1 0f1 00O 11 1 0[1 00O 11 1 0[1 0O0O0
Ryory |0 1 1 110 0O 1| 1Rytr, O 1 1 1[0 0O 1| Rsesrs, |0 1 1 170 0 0 1
0 -1 1/-1 10 0 00 -1 1|-1 1200 00 1 2 -1011
0O -1 0 1|-1 010 00 1 2|-1 011 00 -1 1|-1 100
11101 0O0O 1110 1 0 0 0 1 00 -1 1 0 0 -1
WRs+R, | 01 1 110 0O 1] @m3r. |0 1 1 1] 0 0 0 1 “1R+Rr;, |0 1 1 1 0 0 0 1
0012 -10171 0012 -1 0 1 1 001 2| -1 0 1 1
0003 -2111 000 1|-2/3 1/3 1/3 1/ 000 1|-2/31/3 1/3 1/3
1 00 -1 1 0 100 0| 1/3 1/3 1/3 —-2/3
—1R3+R; 010 -1 1 0 1R4+Ry 010 -1 1 0 -1 0
001 2| -1 0 001 2| -1 0 1 1
000 1/|-2/31/3 1/3 1/3 000 1/]-2/31/3 1/3 1/3
100013 1/3 1/3 -=2/3 1000 13 1/3 1/3 -=2/3
\Ri+R, | 0 1 0 O 1/3 1/3 —2/3 1/3 oRrytrs. | 01 0 0| 1/3 1/3 —=2/3 1/3
— — = |I4|B
001 2 -1 0 0010 1/3 —-2/3 1/3 1/3 4] B
000 1|-2/3 1/3 1/3 1/3 000 1{-2/3 1/3 1/3 1/3
/3 1/3 1/3 -2/3
with B = /8 13 —2/3 1/3 . Hence the matrix A is invertible, and its matrix inverse is given by A=™! = B.

1/3 -2/3 1/3 1/3
—2/3 1/3 1/3 1/3
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1
0
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We apply successive row operations starting from [ A | I,

(if needed) which are row-equivalent to [ A ’ I |

] , in such a way to obtain some row-echelon form and the reduced row-echelon form

11101000 111 01 000 11 1 01 00O
1101|010 0| -1iR+rR,, |0 0 =1 1|1— 1 0 O | —1r+rs | O -1 1|-1 100
[AlL] = 101 10010 10 1 1,0 010 0 -1 0 1|-1 010
01 11]000°1 01 1 1 0 01 01 1 110 001
11 1 01 000 11 1 01 00O 11 1 01 00O
RyoRy | 0 1 110 00 I | 1Retry [0 1 1T 1|0 00 1| Rewr, [0 1 1 110 0 0 1
0 0 -1 1({-1 100 00 -11|-1100 00 1 2|{-1011
0 -1 0 1|-1 010 00 1 2|{—-10 11 00 -1 1|-1 100
11101 00O 1110 1 0O 0 0 Le-0——1 41 0 0 -1
iRg+R, [0 1 1 110 0O 1| apr [0 1 1 1| O 0 O 1 —1Ry+R;, [ 0 1 1 1 0 0o 0 1
0012[-1.011 0012 -1 0 1 co1 2| -1 0 1 1
0003[|-2111 000 1{-2/3 1/3 1/3 1/3) 000 1/|-2/31/3 1/3 1/3
o ————
100 —-1| 1 o 0 -1 100 0 1/3 1/3 1/3 —2/3 \—L\ A‘&- l{\b]
SiRgtRs |01 0 =1| 1 0 —1 0 | 1mgm, |0 1 0 —1 B0
"loo1 2| -1 0o 1 1 "loo1 2 —1 w Whid A 6 o |
oo0o0 1}-2/3 1/3 1/3 1/3 000 1]|-2/3 1/3 1/3 1/3 oW~ M%MWL\ (,L\ >
1000} 1/3 1/3 1/3 -2/3 1000|1/3 1/3 1/3 -2/3 oW -2 w\ﬂ’vQ&:( < A .
mm+R, |01 0 0] 1/3 1/3 —-2/3 1/3 —oraRs, | 0 1 0 0 1/3 1/3 -2/3 1/3
— —— = [d,
0012 -1 O 1 i 0010|113 -2/3 1/3 1/3 74| B]
00O01|-2/3 1/3 1/3 1/3 00o01{-2/3 1/3 1/3 1/3
1/3 1/3 1/3 -2/3
with B = 1?2 _12/?3 _12/{))3 52 . Hence the matrix A is invertible, and its matrix inverse is given by A~! = B.
-2/3 1/3 1/3 1/3
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(e)Let A=1]10 —1
01 1

We apply successive row operations starting from [ All; }, in such a way to obtain some row-echelon

form and the reduced row-echelon form (if needed) which are row-equivalent to [ Alls } ;

(11 1]100] (11 1|1 00]
AL =1 -1 —1jo10| 2% 10 2 9/-11 0
001 1]001] 001 10 01|
(11 1|1 00]
el 1 10 01
0 -2 -2/-110
(1111 00]
s N g 1100 01
000/—11 2]
(11 1]
We observe that A is row-equivalent to the row-echelon form | 0 1 1 | with an entire row of 0.
000

Then A is not invertible.
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(e)Let A= |10 —1
01 1

We apply successive row operations starting from [ A \ 13 }, in such a way to obtain some row-echelon

form and the reduced row-echelon form (if needed) which are row-equivalent to [ A ’ I3 } ;

I 1 1100 11 1{1 00
AIL]=|1 -1 —1l0 10| %% 1o 9 _9]-11 0
0O 1 1001 0O 1 1]0 01
1 1 11100
oW1 10 01
0 -2 —2|—-110
1111 00 ﬁ \>J
%—JFR% 01110 01 [,\ P\l ﬂ%*rmwfmm
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000—112
th. |
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We observe that A is row-equivalent to the row-echelon form | 0 1 1 | with an entire row of 0.
000

Then A is not invertible.
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We apply successive row operations starting from { A ‘ Iy }, in such a way to obtain some row-echelon form and the

reduced row-echelon form (if needed) which are row-equivalent to
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——nTn,
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o O O =
o O = O
o = O O

_ o O O
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_ o O O
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We observe that A is row-equivalent to the row-echelon form

Then A is not invertible.

O = O =

_A[4}1
111 00 0] (1 1
—1/=110 0| —3p4mr, |0 —1
—_—
310 010 0 1
110 00 1| |2 2
1 1]1 000] (11
1 0[=-3010/ tRBytrs, |01
—_—
2 —1/=1100 0 0
-1 -1/-200 1| [0 0
1 0 0 0]
3 0 1 0
4 -1 -1 0
2 -1 -1 1
111 1]
01 10 with an entire row of 0.
0011
0000,

N A~ W

o O = O

O = O O

O = O O

O V= = O

_ o O O

—_ o o o |




1
—1]

(f) Let A= 1
1
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2

We apply successive row operations starting from [ A ‘ Iy ], in such a way to obtain some row-echelon form and the

reduced row-echelon form (if needed) which are row-equivalent to

11 1 1]1 00 0] 11 1 1
10 —-10{0100]| —ir+r, |0 —1 —2

AlL] = e,

A4 34 4 30010 3 4 4
(22 1 1/000 1| 2 2 1
11 1 1]l1 000] - 3

om+Rs |0 =1 =2 —1|=11 0 0| Ryor, | 0 1
01 1 0[=-3010 0 —1
|00 -1 -1|-200 1 (0 0
(111 1]l1 0 0 0] 111

—1Rs 0-1 1 0]—-3 0 1 0| 1Rs+R, 011
00 1 114 —1 —-10 "o o1
(00 -1 =1|-2 0 0 1 000

We observe that A is row-equivalent to the row-echelon form

Then A is not invertible.

A\Ll]

111 000] 1 1 1 111 000]
~1]—=1 100 8r4mr, |0 -1 -2 —1]—1 10 0
310 010 01 1 0/-3010
1[0 00 1| (2 2 1 1[0 00 1]
e S s P £ o O ¢ 1 1 -1 111 6067
1 0]-3010)| 1Rar, |01 1 0]-3010

—

—2 —1{-1100 00 —1 —1|1=4 110
-1 —=1|-2 00 1 (00 -1 =1|-2 00 1
Lyt 0 00 /Rﬂiga\wvuwimv
0/—3 0 1 0
il d -1 -1 B ‘Y‘P\%\‘\\'l ‘SU\/V'\/\A/Z\{(J/\D
0|2 -1 -1 1| cons- oo o By
(1111

1

U Lo with an entire row of 0.

0011
(0000




