MATH1030 Matrix multiplication

1. Definition. (Matrix Multiplication.)

(a)

Let A be a row vector with n entries, given by A = [ a1 as

by
ba

an ], and B be a column vector with n

entries, given by B =
bn
We define the product AB to be the (1 x 1)-matrix [a1b1 + agbs + - -+ + apby)].
For future convenience we abuse notations to confuse as the number ai1by + asbs + - -+ + a,by,.

Let A be an (m x n)-matrix, whose k-th row is denoted by Ay, and B be a column vector with n entries, given

b1
bo
by B = .
b
1
2
We define the product AB to be the column vector with m entries, given by AB = . . (The k-th entry
AnB

of AB is Ay B.)

Remark. Denoting the (i, j)-th entry of A by a;;, the k-th entry of AB is given by the number Z arjb; =

=1
ak1b1 + ag2bs + - - - + apnby.
a11b1 + a12ba + - - - + aipby
a21b1 + agebs + - - - + aznby,
We have AB =
amlbl + am2b2.+ R amnbn

Let A be an (m x n)-matrix, and B be an (n X p)-matrix, whose ¢-th column is denoted by By.

We define the product AB to be the (m X p)-matrix, given by AB = [ AB1 | ABy | --- | AB, ]. (The ¢-th
column of AB is ABy.)

Remark. Denoting the (7, j)-th entry of A by a;;, and the (k,¢)-th entry of B by bye, the (i, ¢)-th entry of

n
AB is given by the number Z aijbjg = aﬂbu + aigbgg —+ -4 ambng.
j=1

n
Denote the i-th row of A by A;, we have A; By = Z a;;bje for each j, and
j=1

2. Examples.

(a)

> abi > aisbjo > aysbjy
j=1 j=1 j=1
AlBl AlBQ AlB n n n AlB
AgBl A2BQ AQBi ZCLijjl Zagjbjg Zagjb]‘p AQB
AB = : : ; | = j=1 j=1 - ;
AnBi Ay Bo AmB, : : : A, B
n n n
> amibip D amgbso > ambsp
L =1 =1 =1 |
123 4 5 92
LetA=|2 3328 p=|2 7]
45 6 7 8 25
Write A, =[1 2 3 4 5],4,=[2 3 4 5 6],A3=[3 4 5 6 7], A, =[4 5 6 7 8].
0 5
1 6
Write Bi=| 2 |,By=| 7
3 8
4 9



Al A1B1 AlBQ 40 115

— 112 _ _ AgBl AQBQ _ 50 150
We have A==\, B=[ B[ Bz |. Then AB =1 "i'p, 4B, | = | 60 185
;14 A4B1 A4BQ 70 220
1 -1 1 6 1 o)
) Leta=| S 4 1 4 2201 p_| 1 1 2
(b) LetA=15 3 5 3 3 [\B=| -1 1 2
1 2 3 2 0 A B
28 20 —18
17 —13 —44
We have AB = | 55 _3 19
10 -1 -3

3. Definition. (Identity matrix.)

For each positive integer n, the (n x n)-matrix whose (k, k)-th entry is 1 for each k and whose every other entry is
0 is called the identity matrix, and is denoted by I,,.

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
Remark. I,=| . . .
0 0 O 1 0
000 --- 01

4. Theorem (1). (Basic properties of matrix multiplication.)

The statements below hold:

(a) Suppose A is an (m X n)-matrix with real entries. Then I,,A = A = AI,.
(b) Suppose A is an (m x n)-matrix and B is an (n X p)-matrix. Suppose « is a real number. Then a(AB) =
(«A)B = A(aB).
(c) Suppose A is an (m x n)-matrix and B, C are (n x p)-matrices. Then A(B + C) = (AB) + (AC).
(d) Suppose A, B are (m x n)-matrices and C' is an (n x p)-matrix. Then (A + B)C = (AB) + (BC).
Proof. Exercise. (Imitate what is done for verifying the basic properties on addition and scalar multiplication

for matrices. In each case verify the corresponding entries on the two sides of an equality are equal to each other.
Then apply the definition of matrix equality.)

Remark on terminologies.
(a) Statement (a) is how the ‘Law of Existence of Multiplicative Identity’ for matrix multiplication. The identity
matrices of various sizes are the ‘multiplicative identities’ concerned.

(b) Statements (c), (d) are collectively known as the ‘Distributive Laws’ for matrix addition and matrix multipli-
cation.

5. Lemma (2). (Special case of associativity of matrix multiplication.)

Suppose A is a row vector with n entries, given by A=[ a1 a2 --- ay, |, Bisan (n x p)-matrix whose (j, k)-th
1
C2

entry is denoted by b;i, and C' is a column vectors with p entries, given by C =

Cp
nop
Then (AB)C = A(BC) = Za ik Ch-
j=1k=1
Proof.
e Denote the k-th column of B by B.g.1.- We have
AB = A[ Bcol—l ‘ Bcol—2 ‘ ‘ Bcol—p ] = [ ABcol—l ‘ ABCOI—Q ‘ ‘ ABcol—p }

n n n
E a;bji E ajbja .- E a;bjp
=1 =1 =1

n

p P n
Then (AB)C Za] i1 ] e+ Za] jo | ot Zaj ip cp:ch Zajbjk zzz:a,jbjkck.
k=1

j=1 k=1 j=1

So (AB)C is the sum of all the ajbjkck s, each copy exactly once.



 Denote the j-th row of B by Bioy-;. We have

p
> bikek

k=1
Brow—l Brow—l C p
row-2 row-2 Z barcr
BC = . C= . = k=1
Brow-n Brow-nC

P
E bnicr
k=1

P P p n P n p
Then A(BC) = aq (Z blkck> +as (Z b2kck> +-tan (Z bnkck> = Zaj (Z bjk) = Z a;bjkcr.

k=1 k=1 k=1 j=1 k=1 j=1k=1
So A(BC) is also the sum of all the a;b;rcy’s, each copy exactly once.

Hence (AB)C = A(BC).
6. Illustration of the idea in the argument for Lemma (2).

bin b1z biz bus g;
bor bag baz b | C'=

Let A=[ a1 a2 a3 ], B= :
31 bz b3z b3y o3

Cq
b1k
e We have B = [ Beol1 | Beol-2 | Beol-3 | Beola |, in which Begip = | bar | for each k =1,2,3,4.
bk
Then, for each k = 1,2, 3,4, we have ABcq.;, = a1b1j + a2bay + aszbsi. This is the k-th entry in the (1 x 4)-row
matrix AB.
So

(AB)C = (a1b11 + azba1 + asgbsi)cy
+(a1b12 + a2baz + azbsz)ca
+(a1b13 + asbas + asbss)cs
+(a1b14 + agbay + azbszs)cy
= aibiicr + arbizca + arbizes + arbigcy
+azbo1c1 + azbaace + agbazes + azbascy

+asbzic1 + azbsace + agbsscs + azbzaca
which is the sum of all the a;b;rc’s, each copy exactly once.

Brow-l
Brow—2
row-3
Then, for each j = 1,2,3, we have Biow-;C = bjic1 + bjaca + bjzcz + bjacy. This is the j-th entry in the
(3 x 1)-column matrix BC'.

So

e We have B = s in which Brow—j = [ bj bjz bj3 bj4 ] for eachj = 172,3.

A(BC)

ai(biicr + biaca + bizes + biacy)
+az(baicy + baaca + bascs + bascy)
+asz(bsic1 + bsaco 4 bazcs + baacy)

= aibiicr + arbizca + arbizes + arbiacy
+agbarc1 + azbaace + agbazes + azbascy

+azbzicy + azbszacay + agbszes + azbzscy

which is the sum of all the a;b;rc’s, each copy exactly once.

Hence (AB)C = A(BC) in this particular case indeed.

7. Theorem (3). (Associativity of matrix multiplication.)
Suppose A is an (m X n)-matrix, B is an (n x p)-matrix, and C' is an (p x q)-matrix. Then (AB)C = A(BC).
Proof.



Ay

Ay
For each ¢, denote the i-th row of A by A4;. (So A= )
:I.TTL
For each ¢, denote the ¢-th column of C' by Cy. (So C=[ C1 | Cy | -+ | Cy ].)
Aq A1B
Ay Ay B
e We have AB = ; B = .
;I./"L ;ET;IE
[ A1B (A1B)C: (A1B)Cy -+ (A1B)C,
AsB (A2B)C1  (A2B)Cy -+ (A2B)C,
Then (AB)C = : [C1]|Co| - |Cy = ) ) .
| A.B (AB)C1 (AnB)Cy -+ (AnB)C,
e Wehave BC=B[ C |Cy | --- | Cy = BCy1 | BCy | --- | BCy .
[ Ay A(BC1)  Ai(BC3) ---  A(BCy)
Ay Ay(BC1) As(BC2) - Ag(BCy)
Then A(BC) = } [ BC1 | BCy |-+ | BCy | = : : :
| Am A (BC1) An(BCy) -+ An(BCy)
By Lemma (2), the equality (A4;B)Cy = A;(BC;) holds for each i and for each £.
Then (AB)C = A(BC).
8. Matrix multiplication for ‘block matrices’, introduced through examples.
(a) Let A be an (m x n)-matrix, and B=[ By | B2 | --- | Bs |, in which By, Ba,- -, Bs; be matrices all with n
rows and with pq,ps,- -+, ps columns respectively.
Then AB=A[ B1 | Bz | - | Bs |=[ AB1 | ABy | --- | AB, .
Remark. When s = p and By, By, -, B, are the individual columns of B, the above formula reduces to
the definition for the product AB.
Ay
Az
(b) Let A = .|, in which Aq, As,---, A, be matrices all with n columns and with mq,mso, - ,ms rows
;I.S
respectively, and B be an (n X p)-matrix.
Ay A1 B
Ay Ay B
Then AB = B = }
AL AL
Remark. When s =m and Ay, Ay, -+, A, are the individual rows of A, the above formula reduces to the
definition for the product AB.
(c) Let A =1[ A1 | Ay |-+ | As |, in which Ay, Ag,---, As are matrices with m rows and with ny,ng, -+ ,ng
columns respectively
By
By
Let B = .|, in which By, Bs,---,Bs are matrices with ni,ns,--- ,ns rows respectively and with p
E’S
columns.

(So for each k, the number of columns of Ay and the number of rows of By, are the same, and note that Ay By
is an (m x p)-matrix. Also note that AB is an (m x p)-matrix)
Then AB = AlBl + AQBQ + -+ ASBS.

Illustration.

211 212

. 21 boo

a1 aiz2 ai3 | Gi4 | A5 Q16 bsy  bss

Let A= | a21 a2 a3 | a4 | azs ag |, B= ' D
31 G32 Q33 | A34 | A35 (36 B o e

- 51 D52

be1  be2
a1l a2 ais 14 ais aie
Let Ay =| a21 a2 as3 |, Ay =| aas |, A3 =| a5 a2
a3z1 Q32 as33 asq | ass  as3e




bll b12 b b
Let By = | ba1 bas |, By = [ bi1  bao }, Bs = [ b51 52 ]
bay  bay 61 be2
B
We have A= A1 | Ay | A3 ], B=| By |. Note that
3
-3 3 1 -6 6 1
> awbr Y arkbe > awbi Y aikbeo
k=1 k=1 k=5 k=5
3 3 a1sbar  a14ba2 6 6
AiBy= | > askbp Y askbra | A2By = | a2abar assbis |, AsBs= | > agkbp Y azwbio
k=1 k=1 azsbsr  azabas prs =
3 3 6 6
> askbr Y asebr > askbr Y aspbio
L k=1 k=1 _ L k=5 k=5 _
Then
-6 5 -
Zalkbkl Zalkbkz
k=1 k=1
6 6
A1B1 + AsBs + A3Bs = ZGkakl Za2kbk2 = AB
k=1 k=1
6 6
> askbr Y asbre
L k=1 k=1 i
indeed.

(d) Let Ay1, A12, A1, Asa, Bi1, Bia, Bo1, Bas be matrices. Suppose that

e the number of rows of A1, A2 are the same,

e the number of rows of Ay, Aoy are the same,

e the number of columns of By, Ba; are the same,

e the number of columns of Bys, By are the same,

o the number of columns of each of A;1, Asy is the same as the number of rows of each of By, By,

e the number of columns of each of Ais, A is the same as the number of rows of each of Byq, Bos.
(So there are integers my, ma, n1,na, p1, p2 so that Aq; is an (mq x nq)-matrix, Az is an (mq X ng)-matrix, As;
is an (msg X nj)-matrix, Asg is an (mg X ng)-matrix, By is an (ny X pp)-matrix, Bis is an (ng X pg)-matrix,
Bsy is an (ng X p1)-matrix, Bas is an (ng X ps)-matrix.)

Define A = [4i412], B = [-Fif 5],

21 22

Then AB — { A11B11 + A12Boy | A11Bia + A12Bao }
21511 + A22521 21812 + Ao Bas |°

Illustration.
Let
bir b2 | biz bua bis b bir
d11 412 | a1z di14  d15 016 bor  bog | baz ags bas bag  boy
21 a2 | 923 A24 925 26 b31 032 | D33 Dbaa 035 Db3s 37
A= "G as[asy au azs as |, B= bagr  baz | sz bas  bas bys  bay
(41 Q42 | 043 Q44 Q45 Q46 2 bes | bes bey bee Do bor
as51  Aas2 | G353 As54 455 (56 o o o o
be1 be2 | bez bssa bes bes ber
Write
Ay = { ain G2 } Apy = [ a3 G14 Q15 Q16 }
a21 Qg2 |’ 23 Q24 Q25 Q26 |’
azy a3z a3z G3s G35 036
Aoy = | aa1 aa2 |, Ago = | Q43 Gaa Qa5 Q46 |,
asy G52 as3 Gs4 G55 056
and
By, = [ b1 b12} By = { bis bia b5 big b17}
bar bag | bas  a2s bas bas  bar
b31 32 b3z b3s b3s bzg b3y
Byy = | ba1 a2 Doy = | 043 Daa b5 bag a7
bs1  bs2 bss bsa bss bsg  bsy
be1 b2 bes besa bes bes ber



So 4= [qitas] B[

A11Bi1 + AipByy = -+ =

A11Bia + A1gBog = -+ =

A21B11 + AgeBoy = -+ =

Ao Bio + AgpBoy = -+ - =

So the equality AB = [ B T

Bia
21 | B2z

A11B11 + A12Ba
22891

r o6
E a1br1
k=1
6
E a21br1
k=1

6
E a1xbr3
=1

6

E aokby3
=1

6
E asrbr1
k=1
6
E aarbr1
k=1
6
E askbr1
k=1

6

E a3xbr3
=1

6

E a41br3
k=1

6

E asrbrs
k=1

] . We have

6
E a1xbr2
k=1

6

E a25b2
k=1

6
E 0104
=1

6

E a25b4
=1

6
E a3kbr2
k=1
6
E 412
k=1
6
E asbr2
k=1

6
E a3rbra
k=1
6
E 414
k=1
6
E as51bra
k=1

Ai11B12 + A12Ba
21512 +

22022

6
E a1xbys
=1

6

E aokbys
=1

6
E a3kbys
=1
6
E a41brs
k=1
6
E askbrs
k=1

6
E a11bre
k=1

6

E aokbre
k=1

6
g askbre
k=1
6
E a4rbre
k=1
6
E asibre
k=1

] holds indeed.

6
E abrr
=1

6

E azxbrr
=1

6
E azwbrr
=1
6
E a41br7
k=1
6
E askbr7
k=1

The recurrent feature in the manipulation is the fact that the (i, j)-th entry of AB, which is

6
E airbr;j,
k=1

can be re-written as

2 6
E aibr; + g kb
k=1 k=3




