1. Definition. (Matrix Multiplication.)

(a) Let A be a row vector with n entries, given by A = [ ap as -+ Qp }, and B be a column
b1

. . . bo
vector with n entries, given by B = |
bn
We define the product AB to be the (1 x 1)-matrix [a1b; + asbs + - - - + ayby).
For future convenience we abuse notations to confuse as the number a1by + asby + - - - +

a,b,,.



1. Definition. (Matrix Multiplication.)

(a) Let A be a row vector with n entries, given by A = [ ay Qg -+ Ay }, and B be a column

by
by

vector with n entries, given by B =

by,

We define the product AB to be the —(1 x D)-matrix [a1by + asbs + - - - + a,b,).

For future convenience we abuse notations to confuse as the number a1by + asby + - - - +




(b) Let A be an (m x n)-matrix, whose k-th row is denoted by Ay, and B be a column
_ b .

vector with n entries, given by B = b:2

bn

We define the product AB to be the column vector with m entries, given by AB =

_ 4B .

AsB

. (The k-th entry of AB is AxB.)

A,B

Remark. Denoting the (7, j)-th entry of A by a;;, the k-th entry of AB is given by

n
the number Z akjbj = CLklbl + akgbg + -+ a;mbn.
7=1

a11b1 + a1abs + - - - + a1,b,

We have AB — a21b1 + a99b9 .—|— oo+ aonby,

am1b1 + @by + - - - + apnby,



(b) Let A be an (m x n)-matrix, whose k-th row is denoted by A, and B be a column

vector with n entries, given by B =

N
A&

AV"\ o~h\ O\VV\L'. ° O\WV\'

O-\\ OU(L s, &‘V\

=0y B33 o .. Gk

We define the product AB to be the column vector with m entries, given by AB =

[ A,B
AB

A3

Remark.
mn

the number Z kb = ap1by + agaby + - - -

=

We have AB =

CLUbl + a9by + - -
CLlel 4 Cbggbg +

G101 + Qpoby + - - -

. (The k-th entry of AB is A B.)

= aln,bn

S o b'n

+ a"l}l'l) b’ll

2\ R [&L Oy, -

+ apnbn.

b
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Denoting the (7, 7)-th entry of A by a;j, the k-th entry of AB is given by




(¢c) Let A be an (m X n)-matrix, and B be an (n X p)-matrix, whose ¢-th column is denoted
by Bg.
We define the product AB to be the (m X p)-matrix, given by

AB = [ AB|AB, --- | AB,].
(The ¢-th column of AB is AB;y.)
Remark. Denoting the (7, j)-th entry of A by a;;, and the (k, £)-th entry of B by by,

the (i, £)-th entry of AB is given by the number Z a;ibjr = ai1bir+apbor+- - -4+ ainbny.
j=1
n

Denote the i-th row of A by A;, we have A;B; = Z a;;bj, for each j, and

j=1
Doaybiy Y aybp o Y ayby,
" AB, ABs - AB, 7 7 7 " AB
AB — AsBy AsBy -+ A)B, | Zaﬂjbjl Za2jbj2 Za2jbjp | AB
N s : : | J=1 J=1 B :

| AuBy AnBy - A,B, | , . . | A,B |

D amibip D ambip - Y amibyy

| =1 j=1 j=1 ]
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N1 by B

b
K_\ e S 1B |BLAB, | vk B, [‘;gﬂ
(c) Let A be an (m x(n)-matrix, and B be an (n)x p)-matrix, whose (-th column is denoted

E_ We define the prod.uct AB to be the (m X p)-matrix, given by AR,

n&;\ it

(o - %)

Remark.

AB = [ AB1|AB,|--- |AB,].

- (The 0-th column of AB is A@')///

Denoting the (¢, 7)-th entry of A by a;;, and the (k, £)-th entry of B by by,

n

\p-

|

AR,

{\LB)L = O‘I\B,L"'&ngﬂ:\',.:('&hh&

‘ﬂvvb Mh‘w"% URe, Q\MW%%’S MF&J\% MWW%%—%/‘% I eack efliomn O}B

O‘u\?&*'alzl’,_f"'-(-o‘ml' B
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the (2, £)-th entry of AB is given by the number Z a;jbje = ainbie+apbor+- - -+ aibue.

j=1
T
Decnote the -th row of A by A;, we have A; By = Z a;;bje for cach 7, and
j=1
> aybj > aybj > " ayjbp
C A B A o o i
AR~ | 4B ABy - AB, > anbin )b, 2 b
5 : ; : =l j=1 g
E AmBl /{7”}32 T A/L/LNB]) i 7 n n
[? ? ‘T\ Z am,jb./'/) Z ([/m_]'bj‘_’ e Z a”m_jb_j‘/)
S (S = = -
\




2. Examples.

(192345 ?2
23456
(a) Let A = 3456 T . B = g;
_45678_ 4 g
Write Ay = |[12345],4,=|23456],A43=|34567],A,=|456T738].
s -
1 6
Write Blz 2 7B2: 7
3 8
4 9
Ay ] ABL AiBy | 40 115
| Ay B | AyBy AsBy | | 50 150
We have A = AB,B—[BlBQ].ThenAB— AB, ABy |~ |60 185
Ay A,B; A,Bs 70 220




(1116 1 L0 =
6 4 1 4 —2 2 -4
(b) Let A = B=1|-11 2
2 3 9 -1 3
1 232 0 o2 =3
i . 6 3 4
98 20 —18 |
17 —13 —44
We have AB =--- = 00 —3 19
10 —1 —3

3. Definition. (Identity matrix.)

For each positive integer n, the (n x n)-matrix whose (k, k)-th entry is 1 for each k and
whose every other entry is 0 is called the identity matrix, and is denoted by I,,.

100 ---00]
010---00
Remark. [, = 001 OQ
000 10
000 --- 01




(1116 1 | L. 0 —
6 4 1 4 —2 2 —4 1
(b) Let A = ‘B=|-11 2
9 3 92 -1 3 L 9 a
1232 0| ©oa
98 20 —18 |
17 —13 —44
We have AB = .- = 00 —3 19
10 -1 =3

3. Definition. (Identity matrix.)

For each positive integer n, the (n X n)-matrix whose (k, k)-th entry is 1 for each k and
whose every other entry is 0 is called the identity matrix, and is denoted by Ip,.

B 7
100---00 3 e
010---00 I\‘{\] L\t—{ggi\)?)]
1 ¢\ © © 0 o |
Remark. I, = OO N OO IL"&O\l i d ma
o0 10| 0 Tafioe]  TLt|Selie
Voo Lo lzdi\O\O\l N © ©0 t o
000.01 OO\ .o OO © |



4. Theorem (1). (Basic properties of matrix multiplication.)
The statements below hold:

(a) Suppose A is an (m X n)-matrix with real entries.
Then I,,A = A = Al,.
(b) Suppose A is an (m x n)-matrix and B is an (n X p)-matrix. Suppose « is a real number.
Then a(AB) = (aA)B = A(aB).
(¢) Suppose A is an (m x n)-matrix and B, C" are (n X p)-matrices.
Then A(B+ C) = (AB) + (AC).
(d) Suppose A, B are (m x n)-matrices and C' is an (n X p)-matrix.
Then (A+ B)C' = (AB) + (BC).

Remark on terminologies.
(a) Statement (a) is how the ‘Law of Existence of Multiplicative Identity’ for matrix multipli-
cation. The identity matrices of various sizes are the ‘multiplicative identities’ concerned.

(b) Statements (c), (d) are collectively known as the ‘Distributive Laws’ for matrix addition
and matrix multiplication.



4. Theorem (1). (Basic properties of matrix multiplication.)

‘\,‘\kW:KT\S\«: A: ["M Qia ‘H;]

Loy Sar agg
(a) Suppose A is an (m X n)-matrix with real entries. [; f][‘;“ “a“ i‘i} A= Zi 0;;1[; ? 8]
Then I,,A = A = Al | nEm S B le oy
(b) Suppose A is an (m x n)-matrix and B is an (n X p)-matrix. Suppose o is a real number.
Then a(AB) = (eA)B = A(aB).
(c) Suppose A is an (m x n)-matrix and B,C are (n X p)-matrices.
Then A(B + C) = (AB) + (AC).
(d) Suppose A, B are (m x n)-matrices and C'is an (n X p)-matrix.

Then (A + B)C = (AB) + (BO).

The statements below hold:

Remark on terminologies.

(a) Statement (a) is how the ‘Law of Existence of Multiplicative Identity’ for matrix multipli-
cation. The identity matrices of various sizes are the ‘multiplicative identities’ concerned.

(b) Statements (c), (d) are collectively known as the ‘Distributive Laws’ for matrix addition

and matrix multiplication.



5. Lemma (2). (Special case of associativity of matrix multiplication.)

Suppose A is a row vector with n entries, given by
A:[al a2... an:l7

B is an (n x p)-matrix whose (j, k)-th entry is denoted by bjj, and
C' is a column vectors with p entries, given by

C1
Co

O —

Cp

Then

S

p

(AB)C = A(BC) = ZZ% ikCh-



5. Lemma (2). (Special case of associativity of matrix multiplication.)

Suppose A is a row vector with n entries, given by i b, L‘L L« Fw
A:[al ay - - an], A/‘/E- "1\ L}z--- LLY N
B is an (n x p)-matrix whose (j, k)-th entry is denoted by b, and &; L: \:{
C' is a column vectors with p entries, given by ‘\/M_\M/_\kr;
N ¢ i P ollummy
c=|"%
A “p

Then
gt el (ABF@A(BC) =
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Proof.
« Denote the k-th column of B by B.,,. We have

AB = A[B..|B..| - |B.,] = [ AB..|AB..|--- |AB,, ]
— Zajbjl Z@jbﬂ Zajbjp
j=1 J=1 J=1
Then
(AB)C' = ajbji | a1+ ajbjo | c2+ -+ + Zajbjp Cp
7=1 7=1 Jj=1

So (AB)C is the sum of all the a;b;rci’s, each copy exactly once.



 Denote the j-th row of B by B, .. We have

Then

A(BC)

BC =

2

J=1

(

D> bin

k=1

S
b

o
Q

Q
|

|

s
Q

So A(BC) is also the sum of all the a;bjrcy’s, each copy exactly once.
Hence (AB)C' = A(BC).



6. Illustration of the idea in the argument for Lemma (2).

_ - C
bii b1y bis bu .
Let A = [CLl a9 ag}, B = b21 1922 623 b24 C = 62
| bs1 bsy bsg bsy _ ’
C4
by
« We have B = [BCOH B .. B, | B., }, in which B, = | by, | foreach k =1,2,3,4.
b3t

Then, for each k = 1,2, 3,4, we have AB,,, = a1bi; + asbop. + agbs;. This is the k-th
entry in the (1 x 4)-row matrix AB. So
(AB)C = (aibi1 + asboy + asbsy)cy

+(a1b1a + asbgs + agbzs)cs

+(a1b13 + asbos + asbss)cs

+(a1b14 + asboy + asbsy)cy

= aibric1 + arbiacy + ai1bizcs + a1biacy
+asbo1C1 + a2b2aCa + asbaszcs + asbascy

+asbsic1 + asbsace + agbsscs + asbsycy

which is the sum of all the a;b;ici’s, each copy exactly once.



6. Illustration of the idea in the argument for Lemma (2).

&
b iz bis big .
Let A = [al a9 &3], B = bgl b22 b23 bg4 O — 62
bs1 b2 by b i
C4

by,

« We have B = [ B By | B | B ], in which B,,, = | by, | foreach k=1,2,3, 4.
b3y

Then, for cach k = 1,2,3,4, we have AB.,, = a1by; + asbyr + asbsx. This is the k-th
entry in the (1 x 4)-row matrix AB. So |
(AB)C' = _(a1b1y + aghboy + azbz)c;  <— Ths ">("‘L\Ec(\- l)Q'
2 ,(a1big + agbay + asbsy)ca «— =ho s U'\Bul\d) Ch
v+ (a1b1s + agbog + asbsz)cs VIR I | ABus) g,
b +(a1b14 + agboy + asbsy)cy, E— Tho U (Q\Bm{.(‘ ) e

= Cllbncl - a1612(32 - a1b1363 5 albu@

+CLQbQ‘161 = CLQbQQ_CQ S &252363 - CL2624C4

+(L3531 iy -+ CLgb;g;)_Cg S8 CLgbggCg —+ (L;gb;g;;&l

which is the sum of all the a;b;,¢1’s, each copy exactly once.



« We have B= | B, |, in which B, = [bﬂ bja bj3 bj4} for each 7 =1, 2, 3.

L Brow-S _
Then, for each j = 1,2, 3, we have B, ,C' = bjic1 +bjoco + bjgcs + bjscy. This is the j-th
entry in the (3 x 1)-column matrix BC'. So

A(BC) = ayi(biic1 + biaco + bizes + byycy)
+as(barc1 4 baaco + bagcs + boycy)
+az(bsic1 + baacay + bszes + bgacy)

= aibiic1 + arbiacy + arbizes + arbiscy
+asba1C1 + a2b22Cy + a2bazcz + azbascy
tasbszicy + azbsacs + agbsses + asbsacy

which is the sum of all the a;b;ici’s, each copy exactly once.

Hence (AB)C' = A(BC) in this particular case indeed.



B,
 We have B = | B,.,, |, in which B, = [bﬂ bjo bj3 bj4} for each 7 = 1,2, 3.
U3
Then, for each j = 1,2, 3, we have B, ,C = bjic1 + bjaca + bjscs +bjscy. This is the j-th
entry in the (3 x 1)-column matrix BC'. So
A(BC) = ay(biicy + bioco + bises + bacy) & Thoi- By, ( (Bmf\ Q>
+a2(52161 + b9y + bogcs + 52464) G—TL\D U6, (Bm—r’lC>
e, / +as(bsici + bsaca + bgscs + baicy) Ty oy (Bror- Q)

= a1b11¢1 + a1biocy 4+ a1bizcs + a1biacy

+a2b2101 = CLQbQQCQ = agbggcg == a2b2404

+azbsicy + azbsacs + asbszcs + azbzscy
which 1s the sum of all the a;b;rcr’s, each copy exactly once.

Hence (AB)C = A(BC) in this particular case indeed.



7. Theorem (3). (Associativity of matrix multiplication.)

Suppose A is an (m X n)-matrix, B is an (n X p)-matrix, and C' is an (p X q)-matrix. Then

(AB)C = A(BO).

Proof.
Ay
. . As
For each i, denote the i-th row of A by 4;. (So A= |—>].)

For each ¢, denote the ¢-th column of C' by Cy. (So C'_: [ _C'l Cyl - Oy } )

U Cp
. We have AB = | 22| p = A%B
A _A;LB_
Then
 AB | (A1B)Cy (A1B)Cs (A,B)C,
AB)C AQ:B GGl Cy] = (A,B)C, (Azf?)cg (A,B)C,
4,8 (A4uB)Ct (AuB)C -+ (AnB)C,




7. Theorem (3). (Associativity of matrix multiplication.)

~ Suppose A is an (m X n)-matrix, B is an (n X p)-matrix, and C' is an (p X q)-matrix. Then

(AB)C = A(BC).

Proof.
A
Ay
For each 7, denote the i-th row of A by A4;. (So A= |—=| )
A'fn

For each ¢, denote the ¢-th column of C' by C,. (So C = [ C} ’ Co I c 'Cq ] E

Ay | A,B |
. We have AB = | 22| B — | A28 e
' ' She (i L)- 9:&
i b et | B ARy . .
' —‘A_lB- [ (A B)C: (4iB)C, - --, (AB)C; |
4aBic = |25\ 1cc) - |c,] = | WBIG (ABIG: - (4B,
o heow A AnB | e e | (AnB)C1 (AnB)Ce - (AnB)Cy |

WAk ) 0 Q/L,



+ We have BC'= B| C1|Chy |-+ |Cy | = | BCy|BChy |-+ | BC, |.

Then

A(BC) =

_Al_
Ay

Ap

| BC\|BC, -+ | BC,] =

A (BCY) A(BCy) --
As(BCY) Ay(BCh) -

Am(:BCl) Am(:BCg)

Am(j}?Cq)

By Lemma (2), the equality (A;B)Cy = A;(BCY) holds for each ¢ and for each /.
Then (AB)C = A(BC).




« We have BO:B[ClICiZl"' ‘Cq} - {Bcl}BCQ‘”' IBC‘I}' The, G,U—TL&:%VD

Then SR H IS
A | A(BCY) A((BGy) -+ A(BC,)
A(BC) = A [BCl ' BCs I . lBCq] = AQ(?CH) AQ(?CQ) - AQ(E?C(])
T!\c e _y A‘m TL"_« SL-*GLA“”“"’ Am<301> Am(BCQ) o ATA.BCQ)
v N i ! Lag T " 1

By Lemma (2), the equality (A4;B)Cy = A;(BCy) holds for cach 4 and for cach £.
Then (AB)C = A(BC).



8. Matrix multiplication for ‘block matrices’, introduced through examples.

(a) Let A be an (m x n)-matrix, and B = [BlBg--- BS], in which By, By, -+, B be
matrices all with n rows and with pq, po, - - - , ps columns respectively.
Then AB=A[ By |By|-- |By| = [ ABy AB,|--- |AB,].

Remark. When s = p and By, By, -+, B, are the individual columns of B, the
above formula reduces to the definition for the product AB.

A
(b) Let A = A2 . in which Ay, Ay, - -+, A; be matrices all with n columns and with
A,
mi, Mo, - - -_, ms_ rows respectively, and B be an (n X p)-matrix.
. s
Then AB = 14?2 B = A?B
A, AB

Remark. When s =m and Ay, Ay, --- , A,, are the individual rows of A, the above
formula reduces to the definition for the product AB.



(c) Let A = [Al Ayl--- AS}, in which Aj, As,--- , Ay are matrices with m rows and
with nq,no, - - - , ng columns respectively
‘ B _
By

Let B = . in which By, By, - - - , By are matrices with ny, ng, - - - , ng TOWs respec-

By
tively and with p columns.

(So for each k, the number of columns of Ay and the number of rows of By, are the same,
and note that Ay By is an (m X p)-matrix. Also note that AB is an (m X p)-matrix)

Then AB = AlBl + AQBQ + -+ ASBS

Illustration.
b1 012
B 7 ba1 b2
aip ai12 a13]0a14|ais Aaie b b
Lot A — B— 31 032
et A= | ag1 G ag3|Qoq | Q25 Qo6 |, D = o
41 049
as; a3z a33|A34|ass Q36
- - bs1 bso
| b1 be2 |
ail ai2 a3 ai14 ais aie
Let A1 = | ag1 ax ass |, As= | awn |, As = | ag ay
asp as2 ass as4 ass ase




Let Bl =

We have A =

AlBl =

Then

indeed.

A1By + AsBy + A3 B3 =

by by | b b
ba1 by |, B1 = [ by1 by2 ], By=| "t 7
be1 be2
| D31 b2
e
[AlAQAg],B: & . Note that
Bs
. ; i
> b Y awbe
k=1 =1 - .
3 3 a14b41 a14byo
Za%bkl Zazkbkz , Ao By = | agbyr asgby |, AzB3 =
kol bl __034541 034542_
Z asibr1 Z askbro
| k=1 —1 i

-6 6
E a1 g a1br2
k=5 k=5
6 6
E a9k by g aosbi2
=5 k=5
6 6
E a3kbk1 E a3kbk2
| 5=5 k=5
= AB




(d) Let AH, Alg, Agl, AQQ, BM, Blg, Bgl, BQQ be matrices. SUppOSG that

the number of rows of A1, A9 are the same,

the number of rows of Ay, A9y are the same,

the number of columns of By1, By are the same,

the number of columns of Byo, Byy are the same,

the number of columns of each of Aj1, Ag; is the same as the number of rows of each
of Bi1, B2,

the number of columns of each of Ajo, A9y is the same as the number of rows of each
of By, Bos.

(So there are integers my, ms, n1, No, p1, p2 S0 that Ay is an (my X np)-matrix, Ay is
an (mq X ng)-matrix, Agy is an (mg X np)-matrix, Agg is an (meg X ng)-matrix, By is
an (ny X pp)-matrix, Big is an (n; X pg)-matrix, Boy is an (ng X pp)-matrix, By is an
(ng X po)-matrix.)

Define A = [

Then AB = [

A11A12] B:[BHBlZ]
Agp| Agy | Bo1| By |

Ay By + A Bor | A1 Bio + A1pBoo ]
A1 B1y + A By | Aa1Bia + A2 B |




Illustration.
Let

Write

and

aip a2 |ai13 Qa4 ars aie
ao1 Q22 |A23 A24 Q25 A2
as; a32|asz3 a34 azs A3e
41 Q42 | Q43 Q44 A45 Q46
as1 Q52 | A53 As4 Q55 Q56
ail a2
A11 =
a21 a2
asy asg
A21 = a41 Q42
as1 as2
B — b1 012
11 — )
ba1 boo
bs1 b3o
B by byo
21 =
bs1 b5
bg1 g2

ai3
a3

ass
a43

as3

bz3 a24

b33 b3y
bs3 by
bs3 54
bes g4

a4
a24

as4
a44
a54

ais
a5

ass
a45
as5

aie
a26




An | A By |B
So A= [ B = |22 We have
A21 A22 321 322
[~ 6
L k=1 k=1
[ 6
L k=1 k=1
- 6
k=1 k=1
§
A2lBll + AQQBQl — e .. — Z a4kbk1 Z a4kbk2
k=1 k=1
6
- k=1 k=1




6 6 6 6 6
A9 Big+ ApBoy = -+ - = Z a4rbr3 Z a4xbr4 Z 41015 Z 41016 Z 4,017

An B+ A1By | AunBia + A2 Ba
Ag1Bi1 + A By | Ao Bia + A2 B

The recurrent feature in the manipulation is the fact that the (4, 7)-th entry of AB, which is

So the equality AB =

holds indeed.

6

g iy,

k=1

can be re-written as

2 6
E ai;{;bk]‘ + E aikbkj.
k=1 k=3




