
1. Definition. (Matrix Multiplication.)
(a) Let A be a row vector with n entries, given by A =

[
a1 a2 · · · an

]
, and B be a column

vector with n entries, given by B =


b1
b2
...
bn

.

We define the product AB to be the (1× 1)-matrix [a1b1 + a2b2 + · · · + anbn].
For future convenience we abuse notations to confuse as the number a1b1+ a2b2+ · · ·+
anbn.
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(b) Let A be an (m × n)-matrix, whose k-th row is denoted by Ak, and B be a column

vector with n entries, given by B =


b1
b2
...
bn

.

We define the product AB to be the column vector with m entries, given by AB =
A1B

A2B
...

AmB

. (The k-th entry of AB is AkB.)

Remark. Denoting the (i, j)-th entry of A by aij, the k-th entry of AB is given by

the number
n∑

j=1

akjbj = ak1b1 + ak2b2 + · · · + aknbn.

We have AB =


a11b1 + a12b2 + · · · + a1nbn
a21b1 + a22b2 + · · · + a2nbn

...
am1b1 + am2b2 + · · · + amnbn

.
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(c) Let A be an (m×n)-matrix, and B be an (n×p)-matrix, whose ℓ-th column is denoted
by Bℓ.
We define the product AB to be the (m× p)-matrix, given by

AB =
[
AB1 AB2 · · · ABp

]
.

(The ℓ-th column of AB is ABℓ.)

Remark. Denoting the (i, j)-th entry of A by aij, and the (k, ℓ)-th entry of B by bkℓ,

the (i, ℓ)-th entry of AB is given by the number
n∑

j=1

aijbjℓ = ai1b1ℓ+ai2b2ℓ+ · · ·+ainbnℓ.

Denote the i-th row of A by Ai, we have AiBℓ =

n∑
j=1

aijbjℓ for each j, and

AB =


A1B1 A1B2 · · · A1Bp

A2B1 A2B2 · · · A2Bp
... ... ...

AmB1 AmB2 · · · AmBp

 =



n∑
j=1

a1jbj1

n∑
j=1

a1jbj2 · · ·
n∑

j=1

a1jbjp

n∑
j=1

a2jbj1

n∑
j=1

a2jbj2 · · ·
n∑

j=1

a2jbjp

... ... ...
n∑

j=1

amjbjp

n∑
j=1

amjbj2 · · ·
n∑

j=1

amjbjp


=


A1B

A2B
...

AmB
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2. Examples.

(a) Let A =


1 2 3 4 5

2 3 4 5 6

3 4 5 6 7

4 5 6 7 8

, B =


0 5

1 6

2 7

3 8

4 9

.

Write A1 =
[
1 2 3 4 5

]
, A2 =

[
2 3 4 5 6

]
, A3 =

[
3 4 5 6 7

]
, A4 =

[
4 5 6 7 8

]
.

Write B1 =


0

1

2

3

4

, B2 =


5

6

7

8

9

.

We have A =


A1

A2

A3

A4

, B =
[
B1 B2

]
. Then AB =


A1B1 A1B2

A2B1 A2B2

A3B1 A3B2

A4B1 A4B2

 =


40 115

50 150

60 185

70 220

.
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(b) Let A =


1 −1 1 6 1

6 4 1 4 −2

2 3 2 −1 3

1 2 3 2 0

, B =


1 0 −5

2 −4 1

−1 1 2

4 2 −3

6 3 4

 .

We have AB = · · · =


28 20 −18

17 −13 −44

20 −3 12

10 −1 −3

.

3. Definition. (Identity matrix.)
For each positive integer n, the (n × n)-matrix whose (k, k)-th entry is 1 for each k and
whose every other entry is 0 is called the identity matrix, and is denoted by In.

Remark. In =



1 0 0 · · · 0 0

0 1 0 · · · 0 0

0 0 1 0 0
... ... . . . ...
0 0 0 1 0

0 0 0 · · · 0 1


.
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4. Theorem (1). (Basic properties of matrix multiplication.)
The statements below hold:

(a) Suppose A is an (m× n)-matrix with real entries.
Then ImA = A = AIn.

(b) Suppose A is an (m×n)-matrix and B is an (n×p)-matrix. Suppose α is a real number.
Then α(AB) = (αA)B = A(αB).

(c) Suppose A is an (m× n)-matrix and B,C are (n× p)-matrices.
Then A(B + C) = (AB) + (AC).

(d) Suppose A,B are (m× n)-matrices and C is an (n× p)-matrix.
Then (A +B)C = (AB) + (BC).

Remark on terminologies.
(a) Statement (a) is how the ‘Law of Existence of Multiplicative Identity’ for matrix multipli-

cation. The identity matrices of various sizes are the ‘multiplicative identities’ concerned.
(b) Statements (c), (d) are collectively known as the ‘Distributive Laws’ for matrix addition

and matrix multiplication.
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5. Lemma (2). (Special case of associativity of matrix multiplication.)
Suppose A is a row vector with n entries, given by

A =
[
a1 a2 · · · an

]
,

B is an (n× p)-matrix whose (j, k)-th entry is denoted by bjk, and
C is a column vectors with p entries, given by

C =


c1
c2
...
cp

.
Then

(AB)C = A(BC) =

n∑
j=1

p∑
k=1

ajbjkck.
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Proof.
• Denote the k-th column of B by Bcol-k. We have

AB = A
[
Bcol-1 Bcol-2 · · · Bcol-p

]
=
[
ABcol-1 ABcol-2 · · · ABcol-p

]
=

[ n∑
j=1

ajbj1

n∑
j=1

ajbj2 · · ·
n∑

j=1

ajbjp

]
Then

(AB)C =

 n∑
j=1

ajbj1

 c1 +

 n∑
j=1

ajbj2

 c2 + · · · +

 n∑
j=1

ajbjp

 cp

=

p∑
k=1

ck

 n∑
j=1

ajbjk

 =

p∑
k=1

n∑
j=1

ajbjkck

So (AB)C is the sum of all the ajbjkck’s, each copy exactly once.
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• Denote the j-th row of B by Brow-j. We have

BC =


Brow-1

Brow-2

...
Brow-n

C =


Brow-1C

Brow-2C
...

Brow-nC

 =



p∑
k=1

b1kck

p∑
k=1

b2kck

...
p∑

k=1

bnkck


Then

A(BC) = a1

(
p∑

k=1

b1kck

)
+ a2

(
p∑

k=1

b2kck

)
+ · · · + an

(
p∑

k=1

bnkck

)

=

n∑
j=1

aj

(
p∑

k=1

bjk

)
=

n∑
j=1

p∑
k=1

ajbjkck.

So A(BC) is also the sum of all the ajbjkck’s, each copy exactly once.
Hence (AB)C = A(BC).
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6. Illustration of the idea in the argument for Lemma (2).

Let A =
[
a1 a2 a3

]
, B =

 b11 b12 b13 b14
b21 b22 b23 b24
b31 b32 b33 b34

 C =


c1
c2
c3
c4

.

• We have B =
[
Bcol-1 Bcol-2 Bcol-3 Bcol-4

]
, in which Bcol-k =

 b1k
b2k
b3k

 for each k = 1, 2, 3, 4.

Then, for each k = 1, 2, 3, 4, we have ABcol-k = a1b1k + a2b2k + a3b3k. This is the k-th
entry in the (1× 4)-row matrix AB. So

(AB)C = (a1b11 + a2b21 + a3b31)c1

+(a1b12 + a2b22 + a3b32)c2

+(a1b13 + a2b23 + a3b33)c3

+(a1b14 + a2b24 + a3b34)c4

= a1b11c1 + a1b12c2 + a1b13c3 + a1b14c4

+a2b21c1 + a2b22c2 + a2b23c3 + a2b24c4

+a3b31c1 + a3b32c2 + a3b33c3 + a3b34c4

which is the sum of all the ajbjkck’s, each copy exactly once.
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• We have B =

 Brow-1

Brow-2

Brow-3

, in which Brow-j =
[
bj1 bj2 bj3 bj4

]
for each j = 1, 2, 3.

Then, for each j = 1, 2, 3, we have Brow-jC = bj1c1+ bj2c2+ bj3c3+ bj4c4. This is the j-th
entry in the (3× 1)-column matrix BC. So

A(BC) = a1(b11c1 + b12c2 + b13c3 + b14c4)

+a2(b21c1 + b22c2 + b23c3 + b24c4)

+a3(b31c1 + b32c2 + b33c3 + b34c4)

= a1b11c1 + a1b12c2 + a1b13c3 + a1b14c4

+a2b21c1 + a2b22c2 + a2b23c3 + a2b24c4

+a3b31c1 + a3b32c2 + a3b33c3 + a3b34c4

which is the sum of all the ajbjkck’s, each copy exactly once.
Hence (AB)C = A(BC) in this particular case indeed.
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7. Theorem (3). (Associativity of matrix multiplication.)
Suppose A is an (m×n)-matrix, B is an (n×p)-matrix, and C is an (p×q)-matrix. Then
(AB)C = A(BC).

Proof.

For each i, denote the i-th row of A by Ai. (So A =


A1

A2
...

Am

.)

For each ℓ, denote the ℓ-th column of C by Cℓ. (So C =
[
C1 C2 · · · Cq

]
.)

• We have AB =


A1

A2
...

Am

B =


A1B

A2B
...

AmB

.

Then

(AB)C =


A1B

A2B
...

AmB

[ C1 C2 · · · Cq

]
=


(A1B)C1 (A1B)C2 · · · (A1B)Cq

(A2B)C1 (A2B)C2 · · · (A2B)Cq
... ... ...

(AmB)C1 (AmB)C2 · · · (AmB)Cq

.
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• We have BC = B
[
C1 C2 · · · Cq

]
=
[
BC1 BC2 · · · BCq

]
.

Then

A(BC) =


A1

A2
...

Am

[ BC1 BC2 · · · BCq

]
=


A1(BC1) A1(BC2) · · · A1(BCq)

A2(BC1) A2(BC2) · · · A2(BCq)
... ... ...

Am(BC1) Am(BC2) · · · Am(BCq)

.
By Lemma (2), the equality (AiB)Cℓ = Ai(BCℓ) holds for each i and for each ℓ.
Then (AB)C = A(BC).
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8. Matrix multiplication for ‘block matrices’, introduced through examples.
(a) Let A be an (m× n)-matrix, and B =

[
B1 B2 · · · Bs

]
, in which B1, B2, · · · , Bs be

matrices all with n rows and with p1, p2, · · · , ps columns respectively.
Then AB = A

[
B1 B2 · · · Bs

]
=
[
AB1 AB2 · · · ABs

]
.

Remark. When s = p and B1, B2, · · · , Bp are the individual columns of B, the
above formula reduces to the definition for the product AB.

(b) Let A =


A1

A2
...
As

, in which A1, A2, · · · , As be matrices all with n columns and with

m1,m2, · · · ,ms rows respectively, and B be an (n× p)-matrix.

Then AB =


A1

A2
...
As

B =


A1B

A2B
...

AsB

.

Remark. When s = m and A1, A2, · · · , Am are the individual rows of A, the above
formula reduces to the definition for the product AB.
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(c) Let A =
[
A1 A2 · · · As

]
, in which A1, A2, · · · , As are matrices with m rows and

with n1, n2, · · · , ns columns respectively

Let B =


B1

B2
...
Bs

, in which B1, B2, · · · , Bs are matrices with n1, n2, · · · , ns rows respec-

tively and with p columns.
(So for each k, the number of columns of Ak and the number of rows of Bk are the same,
and note that AkBk is an (m× p)-matrix. Also note that AB is an (m× p)-matrix)
Then AB = A1B1 + A2B2 + · · · + AsBs.

Illustration.

Let A =

 a11 a12 a13 a14 a15 a16
a21 a22 a23 a24 a25 a26
a31 a32 a33 a34 a35 a36

, B =



b11 b12
b21 b22
b31 b32
b41 b42
b51 b52
b61 b62


.

Let A1 =

 a11 a12 a13
a21 a22 a23
a31 a32 a33

, A2 =

 a14
a24
a34

, A3 =

 a15 a16
a25 a26
a35 a36

.
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Let B1 =

 b11 b12
b21 b22
b31 b32

, B1 =
[
b41 b42

]
, B3 =

[
b51 b52
b61 b62

]
.

We have A =
[
A1 A2 A3

]
, B =

 B1

B2

B3

. Note that

A1B1 =



3∑
k=1

a1kbk1

3∑
k=1

a1kbk2

3∑
k=1

a2kbk1

3∑
k=1

a2kbk2

3∑
k=1

a3kbk1

3∑
k=1

a3kbk2


, A2B2 =

 a14b41 a14b42
a24b41 a24b42
a34b41 a34b42

, A3B3 =



6∑
k=5

a1kbk1

6∑
k=5

a1kbk2

6∑
k=5

a2kbk1

6∑
k=5

a2kbk2

6∑
k=5

a3kbk1

6∑
k=5

a3kbk2


.

Then

A1B1 + A2B2 + A3B3 =



6∑
k=1

a1kbk1

6∑
k=1

a1kbk2

6∑
k=1

a2kbk1

6∑
k=1

a2kbk2

6∑
k=1

a3kbk1

6∑
k=1

a3kbk2


= AB

indeed.

16



(d) Let A11, A12, A21, A22, B11, B12, B21, B22 be matrices. Suppose that
• the number of rows of A11, A12 are the same,
• the number of rows of A21, A22 are the same,
• the number of columns of B11, B21 are the same,
• the number of columns of B12, B22 are the same,
• the number of columns of each of A11, A21 is the same as the number of rows of each

of B11, B12,
• the number of columns of each of A12, A22 is the same as the number of rows of each

of B21, B22.
(So there are integers m1,m2, n1, n2, p1, p2 so that A11 is an (m1 × n1)-matrix, A12 is
an (m1 × n2)-matrix, A21 is an (m2 × n1)-matrix, A22 is an (m2 × n2)-matrix, B11 is
an (n1 × p1)-matrix, B12 is an (n1 × p2)-matrix, B21 is an (n2 × p1)-matrix, B22 is an
(n2 × p2)-matrix.)

Define A =

[
A11 A12

A21 A22

]
, B =

[
B11 B12

B21 B22

]
.

Then AB =

[
A11B11 + A12B21 A11B12 + A12B22

A21B11 + A22B21 A21B12 + A22B22

]
.
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Illustration.
Let

A =


a11 a12 a13 a14 a15 a16
a21 a22 a23 a24 a25 a26
a31 a32 a33 a34 a35 a36
a41 a42 a43 a44 a45 a46
a51 a52 a53 a54 a55 a56

 , B =



b11 b12 b13 b14 b15 b16 b17
b21 b22 b23 a24 b25 b26 b27
b31 b32 b33 b34 b35 b36 b37
b41 b42 b43 b44 b45 b46 b47
b51 b52 b53 b54 b55 b56 b57
b61 b62 b63 b64 b65 b66 b67


.

Write

A11 =

[
a11 a12
a21 a22

]
, A12 =

[
a13 a14 a15 a16
a23 a24 a25 a26

]
,

A21 =

 a31 a32
a41 a42
a51 a52

 , A22 =

 a33 a34 a35 a36
a43 a44 a45 a46
a53 a54 a55 a56

 ,

and

B11 =

[
b11 b12
b21 b22

]
, B12 =

[
b13 b14 b15 b16 b17
b23 a24 b25 b26 b27

]
.

B21 =


b31 b32
b41 b42
b51 b52
b61 b62

 . B22 =


b33 b34 b35 b36 b37
b43 b44 b45 b46 b47
b53 b54 b55 b56 b57
b63 b64 b65 b66 b67

 .
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So A =

[
A11 A12

A21 A22

]
, B =

[
B11 B12

B21 B22

]
. We have

A11B11 + A12B21 = · · · =


6∑

k=1

a1kbk1

6∑
k=1

a1kbk2

6∑
k=1

a2kbk1

6∑
k=1

a2kbk2

 ,

A11B12 + A12B22 = · · · =


6∑

k=1

a1kbk3

6∑
k=1

a1kbk4

6∑
k=1

a1kbk5

6∑
k=1

a1kbk6

6∑
k=1

a1kbk7

6∑
k=1

a2kbk3

6∑
k=1

a2kbk4

6∑
k=1

a2kbk5

6∑
k=1

a2kbk6

6∑
k=1

a2kbk7

 ,

A21B11 + A22B21 = · · · =



6∑
k=1

a3kbk1

6∑
k=1

a3kbk2

6∑
k=1

a4kbk1

6∑
k=1

a4kbk2

6∑
k=1

a5kbk1

6∑
k=1

a5kbk2


,
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A21B12 + A22B22 = · · · =



6∑
k=1

a3kbk3

6∑
k=1

a3kbk4

6∑
k=1

a3kbk5

6∑
k=1

a3kbk6

6∑
k=1

a3kbk7

6∑
k=1

a4kbk3

6∑
k=1

a4kbk4

6∑
k=1

a4kbk5

6∑
k=1

a4kbk6

6∑
k=1

a4kbk7

6∑
k=1

a5kbk3

6∑
k=1

a5kbk4

6∑
k=1

a5kbk5

6∑
k=1

a5kbk6

6∑
k=1

a5kbk7


.

So the equality AB =

[
A11B11 + A12B21 A11B12 + A12B22

A21B11 + A22B21 A21B12 + A22B22

]
holds indeed.

The recurrent feature in the manipulation is the fact that the (i, j)-th entry of AB, which is
6∑

k=1

aikbkj,

can be re-written as
2∑

k=1

aikbkj +

6∑
k=3

aikbkj.
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