MATH1030 Augmented matrix representation

1. Definition. (Augmented matrix representation.)

Consider the system of m linear equations with n unknowns

ar1 +  appry + - 4+ AT, = b

a21x1 +  axpry + - 4+ ar, = b
(S):

Am1T1 + Am2T2 + e + AmnTn = bm

in which the a;;’s, b;’s are the given’s and the x;’s are the unknowns.

The (m x (n + 1))-matrix

aiy a2 - Gip | b1
az1 Gz - G2n | b2
am1 Am?2 T Amn bm

is called the augmented matrix representation of the system (S).

2. Question. Why are we interested in ‘augmented matrix representations’?

Answer. Augmented matrix representations and row operations can be used as short-hand for presenting the
manipulations for solving systems of linear equations.

Illustration.

(a) Inspect how we apply ‘equation operations’ to manipulate a given system of equations, say, (5)

T 4+ 2z + T4
(S): rT + X2 + T3 — x4
3r1 + o + bxg — Txy

I
— W

towards finding all solutions of the system. (We start by re-labeling (S) as (S1).)

lzy + 229 + Ox3 -+ lzy = 7 — @
(S1) ley + lzg + las + (l)zg = 3 — @
3r1 + laxs + OSx3 + (—7)1‘4 =1 — B
lzy  + 2z + Oz + ley = 7T — @
) xO+®@: (S2) 0z; + (=Dxy + lag + (—2ay = -4 — @
3(E1 + ]..’EQ + 51’3 + (-7)1’4 = 1 — @
1l + 2ry + Oxs + ley = T — @
(=) xO+®: (S3) 0x1 + (—Dzo + lzg —+ —Nzy = -4 — @
0z, + (—5).732 + S5r3 + (—10)33‘4 = 20 — @
1%1 + 2$2 + Omg + 1:64 = 7 — @
(Dx@:  (S4) Ox1  + 1z, + (=Dazg + 2%, = 4 — ©®
O0z1 + (=H)ze + Srs 4+ (-10)zy = -20 — ©®
lzy, + 229 + 0z + lxzy = 7 — (@
5x©@+®:  (5) Oy + lag + (-Dag + 224 = 4 — @©
O0zy + Ozo + 0Ozz + O0xy = 0 — (@
]."El + 01’2 —+ 21’3 —+ (73)1’4 = 71 e @
(-2)x®+®:  (S6) 0r; + lwe + (=lazs + 20, = 4 — ©
0x1 + O0zo + Oxs —+ Oxy = 0o — @

Hence the solutions of () is described by (z1, 22, 3, 24) = (—1 —2s+3t,44 s —2t, s, t) where s,t are arbitrary
numbers.

(b) We observe:—
It is the ‘effects’ on the ‘givens’ in the successive systems resultant from the applications of ‘equations operations’
that matter.
We may think of the symbols ‘+’; ‘=" and ‘z;’, ..., ‘x4’ as ‘hangers’ for the ‘givens’.
If we can find a way to keep track of the ‘givens’ in the successive systems, we can do without writing the
symbols ‘+’, ‘="and ‘x{’, ..., ‘¢4 repeatedly.
The augmented matrix representation is a tool for this purpose.



(c) Just write down the sequence of augmented matrix representations (C1), ..., (Cg) of the system of systems
(51), ..., (Sg) in the manipulations.
Ask: How are these matrices related to each other?

Answer. The sequence of ‘equations operations’ linking (S1), ..., (Sg) translates as the sequence of row operations
linking C1, ..., Cg:

1 2 0 1|7 1 2 0 1 7
C=C,=|1 11 —1]|3 | 2t Co=10 -1 1 —2/|-4
3 1 5 —-7]|1 '3 1 5 7|1
(1 2 0 1 7
AR o0 21 1 -2 | —4
| 0 =5 5 —-10]-20
iR (1 2 0 1 7
—_— Cy=10 1 -1 2 4
| 0 -5 5 -10]-20
(1 2 0 1|7
Shaths oo |01 -1 24
00 0 0]0
(1 0 2 =3]|-1
2letf, gg=|0 1 -1 2| 4
|00 0 0 0
We see that (Cg) is the augmented matrix representation of system
ley + Oxzo + 23 + (-3)axy = -1
(SG): O0zy + 1z + (—1).’173 + 2vy = 4
0x1 + Ozo + Oxz + Oxy = 0

from which we can read off the solutions of (5).

This is why, and how, augmented matrix representations and row operations can be used as a short-hand for
presenting the manipulations for solving systems of linear equations.

(d) Overall, when asked to find all solutions of the given system (S), we may present the manipulations as follows:—

Consider the system

7
3
1

T 4+ 2x9 + T4
(S): r1T + X2 + T3 — X4
3r1 + o + dxgy — Txy

Denote by C; its augmented matrix representation. Apply the sequence of operations on Cf:

1 2 0 1|7 C1R4R 1 2 0 1 7
=111 1|3 |t o 10 -1 1 —2|-4
i 3 1 5 —-7]|1 3 1 5 —-7]1
(1 2 0 1 7 1 2 0 1 7
AR o0 -1 1 -2 | 4 | Mo =0 1 -1 2 | 4
|0 =5 5 —10]-20 0 -5 5 —10|—-20
1 2 0 117 1 0 2 =3]|-1
Satfs, =10 1 —1 2|4 | 22ty 0 1 -1 2|4
i 00 0 010 0 0 O 0
Note that Cg is the augmented matrix representation of system
T + 21‘3 — 31‘4 = -1
(S/) : o — r3 + 2334 = 4
0 = 0
(From (S’) we read off the relations 1 = —1 — 2x5 + 324 and xo = 4 + x5 — 2x4.)

Hence the solutions of (S) are described by (x1, 2, x3,24) = (=1 — 25 + 3t,4 + s — 2t, s,t) where s,t are
arbitrary numbers.

(e) There is something special about the matrix Cg in this manipulations. In the context here, it somehow signifies
that we are ready to ‘read off” all the solutions of (S). We will look at it in greater detail later.

(f) What we are doing in this illustration applies in the general situation as well.

3. Recall the definition for the notion of equivalent systems:



Let (S), (T) be two systems of m linear equations with n unknowns.
We say (S) is equivalent to (T') as systems if and only if every solution of (S) is a solution of (T') and every
solution of (T') is a solution of (S).
4. Theorem (1). (Sufficiency Condition for equivalence of systems of linear equations.)

Let (S), (T) be two systems of m linear equations with n unknowns.

Let C, D be the respective augmented matrix representations of (S), (T).

Suppose C' is row-equivalent to D. Then (S) is equivalent to (T').

Proof. The argument relies on Lemma (%). Refer to Appendix.

Remark.  Theorem (1) justifies, at the theoretical level, the use of augmented matrix representations and row
operations in presenting the manipulations towards determining all solutions of a given system of linear equations.

5. Illustrations.
We now re-worked some examples we met earlier.

(a) Refer to Example (2) of the handout What is solving a system of linear equations.

Consider the system

xr, + 2552 + 2!173 = 4
(S) : 1 + 390 + 33 = 5
21 + 6x92 4+ b5r3 = 6

Denote by C; its augmented matrix representation. Apply the sequence of operations on Ch:

1 2 24 1 2 24
Ci=|1 3 3|5 | 2t o210 1 11
12 6 56 2 6 5|6
(102 2| 4 12 24
2R ool 001 1|1 | 2o 1001 11
0 2 1|-2 00 —1|-4
(12 2|4 10 02 10 0] 2
s o= 0 1 1|1 | 2o o1 1|1 | Mo 10 1 0]-3
10 0 14 00 1]4 00 1|4

C7 is the augmented matrix representation of the system
T
(S/) . To

(Cy and Cr are row-equivalent. Then (S) and (S’) are equivalent systems.
From (S’) we read off the relations 1 = 2, o = —3, x3 = 4.)
Hence the (only) solution of (S) is given by (x1, z2,x3) = (2, —3,4).

xs3

(b) Refer to Example (3) of the handout What is solving a system of linear equations.

T — T2 + T3
(S) : 333‘1 — 2l‘2 + T3
—T1 + 3932 — 5£E3

Consider the system

1
w ~I N

Denote by C; its augmented matrix representation. Apply the sequence of operations on Cf:

1 -1 1|2 1 -1 1|2

Oy=| 3 —2 1 |7 |28t 0|0 1 —2|1

“1 3 =5 -1 3 -5|3
1 -1 1|2 1 -1 1|2
Ml oo |0 1 —2|1 | 2Bt o0 1 —2]1
0 2 -4|5 0 0 0|1

Cy is the augmented matrix representation of the system

rT — T2 + x3 = 2
(S'): xe — 2xz3 = 1
0 =1

(Cy and Cy are row-equivalent. Then (S) and (S’) are equivalent systems.
(S’) has no solution.)
Hence (S) has no solution.



(c) Refer to Example (4) of the handout What is solving a system of linear equations.

Consider the system

T2 2I3 = 1
(S) : —r1 — 2(E2 + 3%3 = —4
261 + Txo — 1225 = 11

Denote by C; its augmented matrix representation. Apply the sequence of operations on Ch:

0 1 —2 1 -1 -2 3 —4
Ci=1]-1 —2 3 |4 |B2Bo | 0 1 —2|1
i 2 7T —12] 11 2 7T =12 11
(1 2 -3 1| 4 1 2 =34
S gp=001 -2 |1 | 2Bt o 10 1 21
_2 T —12 |11 0 3 —6]3
1 2 -314 1 0 1 ]2
BtRs oo 0 1 =21 | 2Rt oo 1 —21
_0 0 010 00 010
Cs is the augmented matrix representation of the system
X1 + r3 = 2
(9'): o — 2x3 = 1
0 = 0

(Cy and Cg are row-equivalent. Then (S) and (S’) are equivalent systems.
From (S’) we read off the relations x1 = 2 — x3 and x2 = 1 + 2z3. )

Hence the solutions of (S) is described by (x1,xz2,x3) = (2 —t,1 + 2t,t), where ¢ is an arbitrary real
number.

6. Another application of Theorem (1).

Below is a re-formulation of Theorem (1). It provides a useful method for verifying two given matrices of the same
size are not row-equivalent.

Corollary (2).

Let (S), (T) be two systems of m linear equations with n unknowns.

Let C, D be the respective augmented matrix representations of (S), (T').

Suppose (S) is not equivalent to (T'). Then C is not row-equivalent to D.

Remark. Such a re-formulation of Theorem (1) is known as the ‘contra-positive’ re-formulation of the statement

of Theorem (1).

7. Examples. (Applications of Corollary (2).)

wieo-[3 03 1] o-[4 34 3]

We verify that C' is not row-equivalent to D:

Note that C' is the augmented matrix representation of

. X1 + z3 = 1

and D is the augmented matrix representation of
i x1 + xz3 = 0
G0 S

(z1,22,23) = (0,0,0) is a solution of (T).

(z1,22,23) = (0,0,0) is not a solution of (S).

Hence (5), (T') are not equivalent systems. It follows that C' is not row-equivalent to D.
2 3 1 2 7 4

1 2. p=]0121]|.

1 1 2 1 8 5

is not row-equivalent to D:

1
(b) Let C = (1)

1
1
0
We verify that C



Note that C is the augmented matrix representation of

1 4+ ® + 223 = 3
(S) : r9 + r3 = 2
X1 + r3 = 1
and D is the augmented matrix representation of
r1 + 2z + Tz = 4
(T) - To + 223 = 1
2:61 + 8583 =5

The solutions of (S) are described by (1,22, 23) = (1 —t,2 — t,t) where ¢ is an arbitrary number.
In particular (z1,x2,23) = (1,2,0) is a solution of (5).
Note that (z1, z2,23) = (1,2,0) is not a solution of (T'). (Why?)

Hence (5), (T') are not equivalent systems. It follows that C' is not row-equivalent to D.

8. Warning.

Theorem (1) is ‘one-way’ in the sense that

there are systems which are equivalent systems whose respective augmented matrix representations are not
row-equivalent.

In fact, when the respective augmented matrix representations of two systems are not row-equivalent, we cannot
draw any conclusion for the two systems, on the question whether they are consistent or not.

Examples.

(a) Let (S),(T) be the systems given by
z1 + 22 = 0 1 — Ty = 0
s { ;2 o 2 = O

Both (5), (T') are inconsistent. So they are equivalent.

The respective augmented matrices of (5), (T') are

c=[o o], o=[o 0 1]

It can be shown that C, D are not row-equivalent.

(b) Let (S),(T") be the systems given by

z1 + z2 = 0 r1 — a2 = 0
o {mrmzy s o T
(S) is consistent but (7') is inconsistent. So they are not equivalent.
The respective augmented matrices of (S), (T') are
1 1 0 1 -1 0
02[000} D:[o 0 1}
It can be shown that C, D are not row-equivalent.
Remark. At this moment we have not made the appropriate preparation for an simple justification for the

claims on the non-row-equivalence for the respective matrices in these examples. It will transpire that were C, D
two row-equivalent matrices with two rows, there would be a (2 X 2)-square matrix H which satisfied C = HD. But
then such a matrix H would necessarily be the identity matrix. This would lead to a contradiction.

Theorem (3).
Let (S), (T) be two systems of m linear equations with n unknowns.
Let C, D be the respective augmented matrix representations of (S), (T').

Suppose (S), (T) are consistent. Then the following statements are logically equivalent:

(1) (S) is equivalent to (T).
(1) C is row-equivalent to D.



Proof. Omitted. (One possible argument relies on the notions of inner product and orthogonal complement,
which will touch upon towards the end of this course.)

. Appendix: How to prove Theorem (1).
Recall, from the handout Basic terminologies on systems of linear equations, the result below, which we now denote
as Lemma (*):
Let (S), (T) be two systems of m linear equations with n unknowns. The statements below hold:
(a) Suppose (T) is obtained by (S) by the application of one equation operation. Then (S) is equivalent to
(T).
(b) Suppose (T') is obtained by (S) by the application of a finite sequence of equation operations. Then (S) is
equivalent to (T).
With the help of Lemma (%) we prove Theorem (1):
By assumption, there is a finite sequence of (m x (n + 1))-matrices starting from C' and ending at D, say,

C:Cl —>Cg—>03—>"~—>CN,1—>CN:D

with each step ‘Cy — Cl41’ being given by a row operation, labeled py.
Read each C}, as a system of m linear equations with n unknowns, which we label as (S).

Then, for each k, (Sk+1) is obtained from (Sy) by an application of the equation operation €5 which corresponds
to the row operation pg.

Now we have obtained the sequence of systems of equations
(S) — (S2) — (S3) — -+ — (Sy-1) — (1)

with each step ‘(Sg) — (Sk+1)’ being given by the equation operation &y.
By Lemma (%), we conclude that (5), (T') are equivalent.



