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6.1 Q4
Ve > 0, take § = ¢, for 0 < |z| < ¢, if z € Q, then
f(z) — f(0) _|=*-0 _ .
pog 0| = pe 0| =|z|] <¢
if © ¢ Q, then
f(x)—f(())_o’: 0_0_0‘:0<5
z—0 z—0

Therefore, f is differentiable at « = 0, and f/(0) = 0.

6.1 Q10

Let g1(x) = 22, f(x) = w%, h(z) = sinz, then g(z) = g1 () - (ho f)(x).

First, for x # 0, f is differentiable at =, and h is differentiable at f(x).
By the chain rule, h o f is differentiable at x. Since ¢g; and h o f are both
differentiable at z, then by the product rule, g1 - (h o f) is differentiable at x.
And

9'(x) = g1(x) - (ho f)(@) + 91(x) - (ho f)(x)
= g1(x) - (ho f)(@) + g1(x)h' (f(2)) ' ()
1, 1 2
= 2xsmﬁ +z c08 —5 - (_ﬁ)
P 1 1
= 2osin —5 — —cos
Second, for z = 0, Ve > 0, take § = ¢, then for 0 < |z| < §, we have
g(x) — g(0) x%sin 9712 -0 o1
— = —_— | = — <
‘ pogy 0 po zsin — <l|z|<e
This shows limg_s % = 0. Take a sequence {z,}, with =, = 217m,

n € N. Clearly, x,, € [-1,1], Vn € N. Then

2
g (z) = ——=sin27n — 2V/27n cos 2rn = —2v/2mn.

V2mn



VM >0, set N = []g—;] + 1, then Vn > N, |¢'(z)| = | — 2v/2mn| > M. Tt shows
¢’ is not bounded on the interval [—1,1].

6.1 Q15

Denote the function f and g repectively by f = cos : [0,7] — [-1,1] and
g = arccos : [—1,1] — [0,w]. For = € (0,7), let y = cosz, since f(z) is
differentiable at x, and f’(z) = sin(z) # 0, then by Theorem 6.1.8 in the
textbook, we have

1 1 1 1
arccos y = =— S - _
Y (cosz) sinz V1—=cos?z V1—y?

where y € (—1,1). For y = 1, then g(1) = arccos 1 = 0, and f/(0) = cos’(0) = 0.
Suppose g = arccos is differentiable at y = 1. Since g o f(z) = z, = € [0,7),
then by the chain rule, we get ¢’(f(0))f’(0) = 1. However, f'(0) = 0, which
leads to a contradiction.

Therefore, g = arccos is not differentiable at y = 1. For the case y = —1, we

apply the similar argument.
6.2 Q9
For = # 0, note that sin% > —1, then

1
f(z) =2z + 24 bm >t —at =21 >0

Since f(0) = 0, then f has an absolutely minimum at = 0. For x # 0, we can
get

1 1

f(x) = 8% + 423 sin — — 22 cos —
T T

1 1
=a? (&r + 4z sin — — cos )

T T

Take a sequence {zp, tnen with z, = n € N. Then

Trn’

() = (73”)2 (fn + % sinn — cos 7m)
() (o)

For any neighbourhood V of 0, without loss of generality, we consider the case
V = (=6,6), for some § > 0. We set N = max{[-5] + 1, [2] + 1}, then Vn > N,



T, = % €V =(-4,6). And if we take some nj, such that n; > N and let n;
be even, then

e (&) (&)= () ()=

On the other hand, if we take some nsy, such that no > N and let no be odd,

then
o= () ()~ () ()

Therefore, f’ has both positive and negative values in V.

6.2 Q10

Ve > 0, take 6 = §, then for 0 < |z| <4,

‘g(a:)—g(O) 1‘_w+2xzsin1 0

x

z—0

_1‘:

1
2xsin‘§|2x|<€
x
It shows ¢’(0) = 1. For = # 0, we have
1 1 1
! =14+ 4rsin = + 222 T
g (x) + xsmx—i— x cosx( :c2)
1 1
=1+4zsin — —2cos —
x x

Take a sequence {x, }nen with z, = #, n € N. Then

n

4
g (zn) =1+ —sinmn —2cosmn=1-2-(-1)
™m

For any neighbourhood V' of the point 0, without loss of generality, we consider
the case V = (—4,6), for some 6 > 0. Set N = [5] + 1, then Vn > N,
xn €V =(=4,6). f n > N, and n is even, then ¢'(x,) =1—2 = —1 < 0; if
n > N, and n is odd, then ¢'(z,) =1—2-(—1) = 3 > 0. Therefore, ¢’ takes on
both positive and negative values in V.

6.2 Q13

Take a, b € I, and a < b. Since I is an interval, then [a,b] C I. Clearly, f is
differentiable on (a,b) and f is continuous on [a,b]. By Mean Value Theorem,
there exists ¢ € (a,b), such that

f®) = f(a) = f'(c)(b - a)

Since ¢ € I, then f'(c) > 0, implying that f(b) — f(a) > 0. Then f is strictly
increasing on I.



