THE CHINESE UNIVERSITY OF HONG KONG
Department of Mathematics
MATH1010 University Mathematics 2022-2023 Term 1
Homework Assignment 3
Suggested Solutions for HW3

1. By using Lagrange’s mean value theorem, or otherwise, show that

(a) sinz < x for all z € [0, +00).
(b) (1+x)» > 1+ pzx for any p > 1 and = > 0.

Solution:

(a) Suppose f(z) = sinz, f'(z) = cosx, then f(x) is continuous on [0, +00) and
differentiable on (0, 400).
By Lagrange’s Mean Value Theorem, Vxy € (0,+00),3¢ € (0,x¢),s.t.f(§) =
f(x()) B f(O) Thus SN T
To — 0 Zo
zo = 0,sinxg =0 = x9. Sosinz <z, Vr € [0, +00).
(b) Suppose f(z) = (1 + )P, f'(z) = p(1 + )P~V then f(x) is continuous on
[0, +00) and differentiable on (0, +00) since p > 1.
By Lagrange’s Mean Value Theorem, Vo € (0,+00),3¢ € (0,x),s.t.f(§) =
— f(0 1 P—1
M.Thns Utz =1 = p(1+&)®=Y > p which means (1 + z()? >
o — Zo
1 + pxg. More, if 290 =0,(1 +x0)? =1 =1+ pzg. So (1 +x)? > 1+ pzx, Vx €
[0, 4+00).

= cos¢ € [—1,1] which means sinzy < xy. More, if

2. Let0<a<b< g Prove that there exists a < £ < b such that

cosa
In <COSb> = (b—a)tané.

sin x
Solution: Suppose f(z) = Incosz, f'(x) = — = —tanz, then f(z) is contin-
cos

uous on [a, b] and differentiable on (a,b) since 0 < a < b < T

By Lagrange’s Mean Value Theorem, 3¢ € (a,b),s.t.f'(§) = L_l]:(b).Thus
a —_—
1 —1 b
HeOSa T HMESD _ tan & which means In R _ (b —a)tané.
a—>b cosb

3. Show that for all 0 <a < b <1,

(b—a)(1+1Ina) <In (b—Z) < (b—a)(1+1Inb).

a

Solution: Let f(z) = zlnz for x > 0. Consider 0 < a < b, we know that f
is continuous on [a,b] and differentiable on (a,b). By the Lagrange’s mean value
theorem, there exists ¢ € (a, b) such that

f(b) = f(a) blnb—alna ,

P — =f(c)=1+nc.
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Since a < ¢ < b, Ina <Inc < Inb. Thus

Inb—al
1+lna<—bnz ana<1+1nb.
—a

That is,
bb
(b—a)(l+Ina) <In(—
a

) < (b—a)(1+Inbd).

4. Evaluate the following limits.

-1 -1
. osinThr—tan ' x . 1 z
(a) lim p (d) lim (—m e 1)
(b) hH(l) log,,., ,(tan 2z)
T— 1+Inz
e
(c) mlir& tanz Insin x (¢) Rt In(1 + e*)
Solution:

(a) We compute the Taylor series of sin"'2 and tan™'z at 2 = 0 to the third

order:

(sin~!) (2) = (1 = a%)= (tan™')'(z) = (1 +2?)~!

(Sin_l)”(l‘) — x(l _ x2)7 (tan_l)”(x) — _21,(1 + mz)—z
(sin™")"(z) = (1 + 222)(1 — 22) % (tan™1)"(z) = —=2(1 — 2*)(1 + 2?) 3

and

Hence the limit is

sin"'z —tan"'w ’ (z+ g2* + O(a?)) — (z — 32° + O(a*))

lim = lim
x—0 x?’ z—0 ;L’3
. 328+ 0(z*)
= lim
x—0 5(:3
1



alcli% logtan x (tan QLE)

lim tanzInsinz = lim

z—0t

lim
x—1

€1+ln:p

lim

z—+oo In(1 + e?)

1_:0 B
nz z=-—1/)

. Intan2zx

= lim ——
z—0 Intanx
(Intan 2z)’

(Intanx)’

) tan x cos®

= lim2—7m8M—
z—0 tan 2z cos? 2z

= lim

= lim 2—
z—0 sin4x
sin 2z . 4z
lim —
2r =z-0sindx

= lim

=1

Insinz

z—0t tanx

. (Insinz)

= lim 0
z—0t (tanx)

1
sin x
—1

tan? z

] CcoS T
= lim
z—0t

sec? 1

= lim —sinzcosxz =0
z—0t

z—1—Inx

— I -
ol ((x — 1) Inz)
_1

= lim -1
x—>1]nx+$7
. r—1
=lim—— —
s=lzglne+2—1
— 1Y
= lim (2 ) —
=1 (rlnx 4+ — 1)
) 1 1
= lim —1=—=

z—1Inx + 2

1, xre
= lm S —
z—+oo In(1 + €?)
/

o we)
x—>+00 (ln(l + em))'

. e

lim
r——+00

1
14-e®
lim e(l1+e™)=e

T——+00

6213




5. Evaluate the following limits.

1 xT
. sinz ) =2 (I4xz)" -1
(a) glgli%( . ) (c) }g% x?
R ) 2?2 -2z +1\"
(b) lim 2= @) (m)
xr—r
Solution:
(a)
1 sinz . (Insmzy
lim — In = lim L
=0 1 T z—0 (mQ)’
r (cosxr _ sinz
= lim sinx( T 2 )
z—0 2x
1. xzcosz—sinz
=-lim——
2 20 ?sinz
1. (zcosz—sinz)
= — lim -
22-0  (a%sinx)
1 . —zrsinx
= — lim -
2 z—0 2xsinx + 22 cos
1. -1
= _—lim ——
2 =0 2 + taﬁx
1 -1 1
2241 6
So
: L ‘
lim (sm:r;) 2 ei%z%ln¥
x—0 x
;1
— e 6
(b)
2 |
lim m Inz =21lim nxl
=11 — z—1 ] — <
1 !
_ 2)im - 2)
z—1 (1 — x)/
1
=2lim - =2
x—1 o)
So
lim 257 = e =17
x—1



(c) We compute the Taylor series of f(x) = (1+z)® = e*(+) at = 0 up to z*

1
/ — ,xIn(l+x) In(1 1 —
fia) = (1 +2) 41— )
1 x+2
" _ ozrin(l+x) In(1 1 — 2 x In(14x)
f(x)=e (In(1+x) + 1—|—x) +e TEE
As f(0) ="t =1, f(0) = "™ (In1+1— ) =0, f(0) = "™ (In1 41—
%)2 + 601“% =2, we have (1 4+ x)* = 1+ 2% + O(2%), so
1 -1 24 0(23

fig LT Ly, RO

z—0 T z—0 x
(d)
2
lim xlnu — i % det2
T—+00 2 —4r+2  zotoo gl
(z—1)?
= lim (In $2—4x+2>/
T——+00 (;U*I)/
9 _
= lim ° —2

v—too —x 72 (v — 1)(2? — 4dx + 2)

2

. .I‘Q — 2z + 1 v lim zln (Qx_l) 9

lim [ ———— | =evrte 70 F2 —p¢
2

z—+oo \ 2 — 4o + 2

6. For each of the following functions f(x), find

e domain of f and z, y-intercepts
e asymptotes of y = f(x)

e f'(x), local maximum, local minimum, intervals on which f is increasing, de-
creasing

e f'(z), points of inflection, intervals on which f is concave up, down

Then sketch the graph of y = f(z).

() f0) = g (©) f@)= 52—
(b) flz) = ﬁ%f;? (d) f(z) =25 —1
Solution:
@ d T 1 2z x+2
O = G- e -2 -2

7 _i_ T+ 2 _ 1 _3($+2> _ 20+ 8
R e (= ) A et




f is differentiable on the domain (—o0,2) U (2,00), and f'(z) > 0 if and only
if —2 <z < 2. So f is increasing on [—2,2).

Since when = = 2, the denominator becomes 0, so x = 2 is an vertical asymp-
tote.

As lim, 40 % =0 and lim, ,+ f(x) =0, y = 0 is an asymptote.

The only critical point of f(x) is z = —2, at which f”(—=2) = & > 0, s0 z = —2
is the only relative extremum and is a relative minimum.

f,<x>_ix2+5x+7_2x+5 > +5x+7 2?4443  (r+41)(x+3)

Cdr 42 42 (42?2 (@+2)?  (z+2)?
d 22 +4x+3 2 +4 -2 2

") = — = — (2> + 42 +3 =
PO = % vy wrop @ TG T e
f is differentiable on the domain (—o0o0, —2) U (—2,00), and f’(z) > 0 if and
only if x < =3 or —1 < z. Also, f(—=3) = —1 <3 = f(—1). So f is increasing
on (—oo, —3] U [—1,00)
Since when r = —2, the denominator becomes 0, so x = —2 is an vertical
asymptote.

1 and lim, ,1 f(z) —2 = 3, so y = x + 3 is an asymptote.
The only critical points are x = —1 and x = —3. Since f”(—1) =2 > 0 and

f"(=3) = =2 < 0, so the only relative extrema are at * = —1 and z = —3,
where z = —1 is a relative minimum and x = —3 is a relative maximum.
) d x? 2x 222z — 2) 2x(z — 2)
€Tr) = — — J— e
dea?—-2x+2 22—-2x+2 (22—22+2)? (2% — 2x + 2)?
() —4x + 4 2(—22% +4x2)(22 —2) Az —1)(2* — 22— 2)
xTr) = —_ —=
(2?2 — 22+ 2)? (22 — 2z + 2)3 (22 — 2z +2)3

f is differential on the domain (—o0, 00), and f’(z) > 0if and only if 0 < x < 2,
so f is increasing on [0, 2]

As limy, 4o @ =0 and lim, .+, f(z) =1, y = 1 is an asymptote.
The critical points of f are x = 0 and = = 2. Since f”(0) = 1 > 0 and
f"(2) = —1 < 0, so the only relative extrema are = 0 and = = 2, where

x = 0 is a relative minimum and z = 2 is a relative maximum.

d, 2 2 2
fo =g V=37 =35
d2 - 2 4 2
" _ 3 — — — 3 — __
P =43 =75 = oy

f is differentiable on (—o0,0) U (0, 00), and f’(z) > 0 if and only if x > 0. So
f is increasing on [0, c0)

Since limg_, 40 @ = 0 but lim, 4+ f(x) does not exist. So f has no asymp-
tote.



The only critical points of f are x = 0 as f is not differentiable at x = 0 and
f'(x) # 0 on (—o0,0)U(0, ). Since for = # 0, f(x) = —1+v22 > —1 = £(0),

x = 0 is the only relative extremum and is a relative minimum.

a =__x
5 @) =gzp T 3.0 Y=
= X 2
— Y= S e )
4 —— asymptotes —— asymptotes
2.0
31 154 K
1.0
2 4
0.5
1 0.0
-0.5
0
-1.0 T T T T
T T T -15 -10 -5 0 5 10 15
-4 -2 0 2 4 6
dy=xi-1
(b) y =X 5 +7 5 (d) y=x5—
10.0 Y X+2 )
y=x +5 +7 — y=xi-1
7.5 +2 41
_— asymptotes
5.0 - 3
—|
2.5 / ]
0.0
1
25
0
_50 4
—75+ -1
-10.0 T T T -2 T
=5 -4 -3 -2 -1 0 1 -8 -6 -4 -2 0 2 4 6 8
Remark:

The graphs of the functions for question 6. Asymptotes, if they exist, are also drawn.

7. Find the Taylor series up to the term in (z — ¢)® of the functions about z = c.

(a) 141—33;621 (e) sinx; c=0
9_ 4 (f) Inz; c=e.
b) cc=1. T.
( 342’ (g) 3% ¢=0.
x o h) V2 + =1.
(c) (x—l)(x—Q)’C_O‘ (h) 1950
(d) cosx; ¢ = 7. (i) \/7 =1.
Solution:
(a) Let £(z) = 1. Then f(c) = ks = 1, £/(e) = s = —4, /(0 = iy = 1,
fm(): (1;2) :_%-

So i = f(2) = f(O)+ f()(z— )+ L2 (z — 02 + Lz — ) + O((z — 0)*)
=} - D@1~ o=+ (e - 9
(b) Let f(z) = == ——1+ Then fle)=—-1+ = —%, f'(c) = =22 :—%,

m o 3+c
—30 15
f//( ) = 3+C)3 = 27 f///< ) — (B0t — T 128"




So 222 = f(a) = f(e) + ['(e)(x — &) + L4 (2 — 2 + L (2 — )* + O((a — o))

=1 —g@-1)+Z@—1) —%(x—l) +O((z — 1))
z _ c2-2 _ 1
Let f(z) = T g lhen fle) = (0= 1)(0 5 =0, file) = T e12(e-22? ~ 2
2(c3—6¢+6 6412024014
f//(C) = (c(—1)3(cj2))3 = f‘///( ) == ( (c—1)% (—’(—;_2) ) = %

So ety = f(@) = f(O)+f ()@= + 532 (x—0)*+ L5 (2 —c)*+O((w—c)*)
=iz + 322 + Io* + O(a?)

Let f(x) = cosx. Then f(c) = cosc = ‘/75, flle) = —sine = =2, f"(c) =
—cosc = —\/75, f"(c) =sinec = ‘[

Socosz = f(x) = f(c)+ f'(c)(z — C)+f o —c)? + I (@ =) +O((x - o))
(

=R 5 La— 1+ R PO

Let f(z) = sin?z. Then f(c) = sin’c = 0, f’
2cos(2¢) =2, f"(c) = —4sin(2c) = 0.
Sosin?z = f(x) = f(e)+ f/(c)(x—c)+ Lz — ) + LD (2 — )3+ O((x— )
=22 + O(x?)
Let f(z) =Inz. Then f(¢) =lnc=1, f'(c) =2 =1 f'(¢c)=—-5 = —=,
O=%=4
Solnz = f(z) = f(e) + [ ()(w =)+ 5L (v — )+ L (@ — ) + O((w — 0)")
=1+i(z—e€)— gzl —e)+ z5(z —
Let f(z) = 3%. Then f(c) =3°=1, f'(c
(In3)%, f"(c) = 3°(In 3)® = (In 3)3.
S0 37 = f(a) = £(0) + (O)a — ) + L (a c>2+%<x—c>3+0<<x—c>4>
:1+x1n3+(ln3)2 2—|—(ln3 3+ O(z*)
Let f(z) = V24, Thenf():\/—Q V3 flle) =12+07 =¥,
o) = -2+ a7 =~ ) =12 +oF = 4.

(=) L2 =+ Ol (o)

(
c) = sin(2c) = 0, f"(c) =

—~

So¢2+_x—f<> f(c)+f’( (o )i e
- \/_+ ( 1) (ZE - 1) 432($ )

+O((z = 1)%)
Let f(z) = - Then flo) = = =5 f0) = —3(7-30)7 = &,
f//( )_ 27(7—3:6) =5 128’ f///( )_ 405(7 3 )77 _ 1%)0254‘
So 7173c:f z) = fle)+ f'(c)(z— C)+f2( (x—c)? 6(6)($—C)3+O((x—c)4)
=3+ -+ Ee -1+ g —1)°+0((z - 1)")

Alternatively, by using the Taylor series of the elementary functions,

1= s =3 (L= 5+ ()7 - () + 0@ - 1Y)

2
=5 — i@ =1 +5@@-1)7° - 5@ -1)>+0((x - 1)")
= A4 A = -1+ (- () - ()P4 O - 1Y)
— 1

1 1
@12 1-Z i
=—(1+2+E?+E)P+0@))+ (1 +z+22+ 28+ 0(z"))
=tx+ 32+ L + O(a?)



(d) cosz =cos(x — T + %) = %2 (cos(z — F) — sin(z — 7))
=2 (- 1 0(@ -5 — (@ -5 = S+ 0w - DY)
=L -Le-9-Le-+ L - +0(@-

(e) sin?a = L(1 — cos(22)) = 1(1 — (1 — 222 4 O(a)))
=22+ O(z*)

=1+i(z—e)— g=(z—

e) x
(g) 3" =e"™¥=1+2In3+ 3(zIn3)? +
3
3

=1+x1n3+@x2+—

(f) nz=1+In(1+2¢) =1+ (= — 2(=<)* + %(“)3 +O0((z — e)"))

(h) V2+ = \/§(1+§l)a -
= VB (1+ 5t 4 24D ez TN D ey | o((x - 1))
=V3+ L@ —1)— LBz -1+ Lz -1+ 0((x — 1))
w1\ =L
(1> 71_390 = %(1 - 4_31 2
—1z— S (51 2 T (F-D(F -2\ z—
= 40— 5+ TGy - FEED e o - 1Y
s+ —1)+2=(z— 1) + 5(xz — 1> + O((x — 1)*)
8. In the following figure
A
5m
BAY =

a ladder with length 5 m leans against a wall. The point of contact A between the
ladder and the wall slides down at a constant speed of 0.8 m/s. When A is 4.8 m
above the ground,

(a) find the sliding speed of B away from the wall
(b) find the rate of change of 0 (in degree/s, correct to 2 decimal places)

Solution:
(a) Let  m be the height of A above the ground, and y m be the distance of B
d
from the wall. Then y = /5% — 22 and d—i = —0.8. Hence,

dy —2x dx

ar 2\/52—:1:'2‘5'



When z = 4.8,
@ o —(48) 96

i~ vFaw ¥
Therefore, B is sliding away from the wall at a speed of % m/s, when A is 4.8
m above the ground.
(b) Note that
xr = Hsinb.
Differentiate both sides with respect to t, we have

dx df do
R R 2 _ 2.,
o 5cosb 0 5) 4.8 I

When z = 4.8, we have
g —0.38 4

dt 48 T

Therefore, when A is 4.8 m above the ground, the rate of change of 6 is
—— - — & —32.74°/s.
™ /s

9. Sketch a graph of a twice-differentiable function f : (0,00) — R which satisfies the
followings:

e f(1)=5and f(2) =3
e lim f(x)=—o0 (DNE) and lim f(z) =1

x—0t T—00
e f'(x) >0 over (0,1) and f'(x) < 0 over (1, 00)
o f"(z) <0 over (0,2) and f”(z) > 0 over (2,00)

On your graph, label any local maximum(s), local maximum(s), point of inflection(s)
and asymptote(s) (if any).

Solution:

vertfical asymptote

T =0 J5cal max

(1,5)

pt. of inflection

2,3)

horizon




10. Find the global maximum and minimum (if exist) of

11.

flx) = ase™
with domain [—1, c0)
Solution:
First of all, notice that
. f(h) = f(0)
Rf(0) = 1
FO) ==
r hieh
N hggr h
—h
= lim — = oo (DNE)
h—0+ 5

Thus,

N 4

If 2 € [-1,0) U (%,+00), f'(x) < 0 = [ is strictly decreasing over [—1,0] and
over [3,+00)

and
4

lim f(x) = lim T 0,

T—00 r—o00 T

f(z) attains its global min value 0 at = 0.

Suppose

fla)=vita

(a) Find the Taylor polynomials, T, (z), of order n = 0, 1,2,3 of f(x) with center
0.

(b) Use To(x), Ti(x), Ta(x), T5(x) to approximate the value of v/1.2
Solution:

(a) By definition, the n-th Taylor polynomial 7),(x) of f(x) with center 0 is given
by

To(z) = f(0) + f’l(!())$ + f”2<!0) R o



And we may easily calculate out that

fix) = %(1 ),
f”<x> = _111(1 + x)fg7
f"(w) = 2(1 + )75,
Therefore,
/ 1 " 1 " 3
FO)=1,£(0) =5, 1"(0) = =7, /"(0) = 3
So we obtain
To(z) = f(0) =1,
1) = 10+ T =14 o,
R o S e

(b) Note that /1.2 = f(0.2). So, when using Ty(z),T(x),T5(x),T5(x) to approxi-
mate f(0.2), we have

16(0.2) =1,
1
T:(0.2) =1+ 3" 02=1.1,
1 1
T5(0.2) =1+ 5 02-2 (0.2)* = 1.095,
1 1
173(02) =1+ --02— = 2 2)° = 1. .
3(0.2) —|—2 0 g (0.2)* + T -(0.2)3 0955
Remark: In fact,
V1.2 ~ 1.095445115
12. Find the exact value of
1 1 1 1
oAt Tt
Solution: By Taylor series, since
P 22
e” + = 1 + o + ? + -
with z = —1,
N G O I G O S G O N G O
e—1—|—1!+2!+3!+4'+
_q 1 1 1 1
TR TR TR TR

(! 1+1 L,
203l 4l '



Hence,

1 1+1 1+ _11
11 20 31 4l N e’



