MATH1010 University Mathematics
Supplementary Exercise

Chapter 1: Functions

1. For each of the following functions, find the maximum domain of definition of the
function and the range of the function with this domain.

@) fl@) =2 3045 o) fa) = e () S) =
(b) f(@) = VT=22 1
v+ 4 (f) flz) = () f(z)=v3+nz

(c) flz)= 2 _3:-10 S 1

(d) fz)= 2rorss () fl@)=In(z—3) 1) f(z)=+/2—|In(1 — )|
2. For each of the following functions, determine whether it is injective, surjective or

bijective.

(a) f:R—R; f(z) = (1) f:R—>R; f(z) = fo

(b) f:R—=R"; f(z) = ' ‘ et —e "

© f:R* =R f(z) = lnx (8) [:R=R; f) = —3

(d) f:RY = RY; f(z) = |z —2|+3 (h) f:R—=R; f(z) =In(z + va* +1)

(€) fR\(2) > R: fa) = 2

3. Sketch the graphs of the following functions.

(a) f(x):$2—4x—5 (e) flz)= x
2 — x?+1
) S =g a # 8 (t) fla)=3—e
(©) fl@) == w42 (&) fl) ="
(d) f(z)=3—V4—22 —2<x<2 (h) f(z)=5—In(zx —2)% z #2

4. Sketch the graphs of the following functions.

(a) f(z) =|2* =22 — 3| (¢) f(x) = lx—2] -4
(b) f(x) =a® —4lz| +3 (d) f(x) =13~ |2* = 1]]

5. Sketch the graphs of the following piece-wise defined functions.

(a) f(z) 20 +5, < —1 T, r < =2
a T) =
x, T > 2



(d) f(=)

1—|z+ 3|,
2—|ZL",
1_|$_3|a

T < —2
—2<zr<?2
T > 2



Chapter 2: Derivatives

1. Evaluate the following limits

(a) lim(z® — 5z +4) . a2®+8 . sinz
= (g) lim —Z——r (m) lim =
¢ —2x —3
(b) lim = — =22 _ Vh+16-4 _
3 1 —3 (h) lim ———— () lim 22 3z
2+ 5 141 =20 dx
(c) lim ——— (i) Jim 3 L
T —= sin“ x
lim ——
(d) lim—x2+3m_10 (j) lim Vi+w—+v4—w (0) :vlgtl)l—cosx
=2 12 —x—2 w0 w
. In(1+1¢)
2-Vx (11 (p) lim ———=
omil wm(Ge) B

. x ) 1 1 eh —1
f) lim ————— 1) lim [ —— — - -
Uy B ()zLo<z\/m z) @ Hm =

2. Evaluate the following limits.

.20 +5 Oxt — 3x + 2 e* + 2
a) lim . )
(a) lim 2573 (d) tim — () Mim ———7
(b) lim et : 5 . sinzx

200 51 — 4 (e) Jim (Va2 +5z—2z)(h) lim —
622422 —5 R COS T

m i Vx? 1) lim

(C) mhjgo 202 —4r + 1 (f) xEIEloo (:E TVt 4$) ( ) T——+00 (hl $)2

3. Use definition to evaluate the derivatives of the following functions.

(a) y=3x—2 (e) y=+vVx+2 (h) y =cosx
(b) y:(j+1)2 (f) y:% (i) y=Inzx
(c) y=x 1

(@) y=3Va ®v="7 ) y=e

4. For each of the following functions, determine whether it is differentiable at z = 0.
Find f/(0) if it is.

(a) flz) = a3 (b) f(z) = [sinz| (c) f(x) = x|zl

5 — 2z, when x < 0
22 —2x+5, whenz>0

22+ 3x+2, whenz>0

1
e 22, when z # 0

0, when x =0

{1—1—3x—x2, when x < 0

5. Find the first derivatives of the following functions.



10.

(a) y=a3 — 4z + 3 (i) y:x2—|—1 (p) y=In(Inx)
1 r+1
(b) y:ﬁ+ﬁ _ sin (@) y =
) - ) y=— 0 x

= r r =
(c) y=ase tan x Y V14 2?
(d) y =cosxlnz (k) y= 7
(e) y =sinzcosz (8) y =In(z + v1+2?)

1) y= (2 + 1)
(f) y =3secr —tanzx (m) y = VaTE1 (t) y=+vVr+Vzx
(&) y= g;of : (n) y = cos(z?) () y=sin" \/z
(h) y = P (0) y = we*te (v) y =costan™'z
Find the first derivatives of the following functions.
(a) y =37 (c) y=a* (€) y = (cosz)™n*
(b) y =207 (d) y=av" (f) y=a"
. dy o :
. Find T for the following implicit functions.

x
(a) 2% +y* =4 (c) 2®+y* = 2ay (e) sin(zy) = (z +y)?
(b) 23y +ay* =1 (d) xe®™ =1 (f) cos <%> = In(z +y)

%y

Find e for the following functions.
(a) y = Ve (@) y = seca (8) 'y — 3% = 5
T

(b> Yy = m (e) Yy = tan_l T (h) Yy = 3:!:2
c) y= (Inz)? f) 22 4+2 =1 i) y = o
(¢) y = (Inz) Y y

Prove that the Chebyshev polynomials

1
2m71

To(z) = cos(mcos™tz), m=0,1,2,---

satisfy
(1 — 2T () — 2T, (z) + m* T (z) =0

Prove that the Legendre polynomials

1 d" 2 m
satisfy
(1 —2®)P)(x) — 2zP, (x) + m(m + 1) P, (z) =0



11. Show that the function

1

xrsin—, when x # 0
flay={""% 7

0, when x = 0

is not differentiable at x = 0.
12. Show that the function

22 sin 1 when z # 0
flz) = x’

0, when z =0

is differentiable at x = 0 but f’(x) is not continuous at = = 0.

13. Find the absolute maximum and absolute minimum of the following functions on
the given intervals.

(a) f(z) =2 —62%+ 9z — 6; [2,5] (f) f(x) =vV2+x— 2% (—00, +0)
(b) flo) =a"—42%+5; [0,4] (8) f(x) = 2% [~1,+00)

(© ) =+ 25 04oc) () f(@) = a¥5 (0, +0)

(@) J0) = o (=00, 420) () §0) =3~ (e~ 2)% 0,10

(e) f(z) =22% —Inw; (0,3] (i) fla) =ai(z—1); [-1,1]

14. Sketch the graph of each of the following functions. Show clearly, if there is any,
the following:
e r-intercepts and y-intercepts
e vertical and horizontal asymptotes
e intervals of increase or decrease
e local extremum points
e intervals of concavity

e inflection points

4z + 15 __® (v —2)?
(&) y = 2x —5 (e)y_x2—|—9 (h)y:m
(b) y =27+ 62 — 2 () y = I+32 0 2?24
(c) y=a*+ 423 + 12 (x—1) y= 22

1 x?
d — —
(d) vy =575 (&) y= 5.3



Chapter 3: Taylor’s theorem

1. Let f(z) =1 — Va2 We have f(—1) = f(1) = 0 and f'(x) # 0 for any z. Explain
why this does not contradict the mean value theorem.

2. Let f : [a,b] — R be a function which is continuous on [a,b] and differentiable on
(a,b). Suppose f'(x) =0 for any x € (a,b). Prove that f is a constant function.

3. Let f : [a,b] — R be a function which is continuous on [a,b] and differentiable on
(a,b). Suppose f'(z) > 0 for any x € (a,b) and f'(z) = 0 at finitely many points.
Prove that f is strictly increasing on [a,b]. (A function f is strictly increasing if
f(z) < f(y) for any z <y.)

4. Let f: [a,b] — R be a function which is continuous on [a, b] and the n-th derivative

of f exists on (a,b). Suppose there exists a = ag < a1 < as < -+ < a, = b such
that f(ax) = 0 for k = 0,1,2,---n. Prove that there exists ¢ € (a,b) such that

f™(c) =o.

5. Let f: R — R be a differentiable function and suppose

lim f(z) = lim f(x)

T——00 T—+00
Prove that there exists ¢ € R such that f'(c¢) = 0.

6. Let a < ¢ < b. Let f: (a,b) — R is a continuous function. Suppose f is differ-
entiable on (a,b) \ {c} and lim f'(x) exists. Prove that f is differentiable at ¢ and
Tr—cC

/ 1 /
£(e) = lim '(z).
7. Let f be a function which is differentiable at = for any x € [a, b].

(a) Prove that if f'(a) < 0 and f’(b) > 0, then there exits ¢ € (a,b) such that
f'(¢) = 0. (Hint: By extreme value theorem, f attains its minimum on [a, b].)

(b) Prove that if f'(a) < f'(b), then for any f'(a) < K < f'(b), there exists
¢ € (a,b) such that f’(¢) = K. (This may be considered as the intermediate
value theorem for derivatives of functions. Note that f’ may not be continuous.)

8. Prove the following case of L’Hoépital rule: Let f(z) and g(x) be differentiable
functions such that lim, .. f(z) = lim, o g(z) = 0 and lim,_,, L@ _ I, Then

f(=) 7

limy o0

9. Use L'Hospital rule to evaluate the following limits.

. sindx . 1 —xcotx 1 1
1 d) im ——— i Z_
(a> aclg(l) sin bz ( ) wg% rsinx <g) ilir(l] (x er — 1)
sin? sinhx — sinx e —r—1
(b) olclgtl) 1 —cosx (€) 20 x(cosh z — cos x) (h) :lclg(l) 1 —coshz
r—sin’x In cos 2z e—(1+x)=
! . -
(c) 250 2sinx — sin 2x (®) alsl—rf%) Incosx (i) :%:1—% x

6



10.

11.

12.

13.

14.

15.

z—0 X z—0F z—1

Find the Taylor polynomials centered at 0 of the following functions up to the term

in 3.

1 c sin x)? 1
(a) m (e) {1+ ) (e cosh x

(b) V1 —=x (d) Incoszx (f) sin" 'z

Find the Taylor polynomials of degree 3 of the following functions at the given center

o= b) Inz;c=e t o=
(a) c=1 (b) (c) tanz; = -

For each of the following functions f(z) and value a, us the Taylor polynomial of
degree 3 to approximate the value of f(a) and state the maximum possible error.

(a) f(z)=tantz;a=1 (c) flx) =In(1+z);a=1
(b) f(x) =cosz; a=0.5 (d) f(x)=v4+z;a=0.1

Suppose the Taylor series of f(z) is 1 + ayz + asx® + azz® + ---. Find the Taylor
polynomial of % up to the term in #® in terms of a1, as, ag by

(a) expanding the product of the series for f and %
(b) finding the first three derivatives of %

Suppose the degree 3 Taylor polynomials of f(z) and g(z) are p(x) = ap + a1 +
asx? + azx® and q(z) = byw + byx? + byx® respectively. Find the Taylor polynomial
of f o g up to the term in 2® in terms of ag, a1, as, as, by, by, bs by

(a) expanding the polynomial p(q(x)).
(b) finding the first three derivatives of f o g.

Prove that the Taylor series of the function

B e*z%, x#0
f(x)—{()’ r

is identically 0.



Chapter 4: Integration

1. Evaluate the following indefinite integrals.

a:—|—1

a 3 — 2?)3de e 3 csc? xdx
\/_
2
(b) /x2(5 —z)tdw (d) / <8t - t_> dt (f) /4tan956c 0do
2. Use a suitable substitution to evaluate the following integral.
dx xdx ) e*dx
@ [ © [ i 0 [
e +1 dx . / dx
£ - -
(b)/e“’—i—ldx ()/\/_I—FZE () et + e
(c) / \/% dx / — sm dx (k) /tan xdx
) /x2\3/1 + 23 dx (h) /:ce“de 1) / . ix
61‘

3. Evaluate the following definite integrals.

3943 -5 1 5 F:d
(a>/1 - 7 (C)/O (44_9;2)2‘& (e) /O4sec2xtanxd;c

x
1 s
b) / V1 — x2dx (d) / cos® z sin zdx
0 0

4 1
f) / Vil v

4. Find the area of the regions bounded by the graphs of the given functions.

(a) y =4 — 2?; z-axis (d) y = 2% y=x — 2; r-axis
(b)y:3—x2;y:—m—3 (e) y=+x; y =1 —2; z-axis
() y=a—4y=—a®—2z ) s+’ =4 0+y=2



Chapter 5: Further techniques of integration

1. Evaluate
dx
(2) / 1 —cosx
(b) / sin® z cos zdx
(c) / sin 3z sin Szdx

(d) / cos g cos % dx

2. Evaluate

(a) / In xdx

(b) / 2% In zdx

e
(d) / retda

(h)

sin? xdx

dx

cos z sin’ x

sin x cos® x

1+cos?z’

e dx
x cos xdx
2

x° sin 2xdx

sin™! zdzx

3. Prove the following reduction formulas.

(a) I, = /x"eaxdac; I, =
(b) I, = /sin” xdx; I, = —

(c) I, = /cos" xdx; I, =

1
(d) ]n:/ ——dx; I, = —
sin™ x

T

(i)

.
~—

(k)

—~
—_—
~—

—~

— —~
~ (S —
~— N ~—

— — — — —— — —

~
[
~—

tan® zdx

dx

xcostx

dx
sin* ’
sin 5z cos xdx

cos  €os 2z cos 3xdx

xtan™! xdx
In(x + V14 22)dx
xsin? zdx

sin(ln z)dx

e n
——[n,l,nzl
a a
s -1
coszsin" x n-—1
In_g,n22
n
sinzcos" 'z n—1
+ [n_g,nZQ
n
cosS T n—2
_ + ]_2 TLZQ
(n—1)sin" 'z n-—1"""

(e) I, = /x" coszdx; I, = x"sinx +nx" tcosz —n(n — 1)1, 9, n > 2

0 k= [ G

x"dx
L= F—=—=il=
® /m

I, =

2n —3

T
" 202(n — 1) (22 — )1 i 2a%(n — 1)
2x™/ 2
x x+a_ an Iy n>1
2n+1 2n+1

]n—h n Z 1

4. Use trigonometric substitution to evaluate the following integrals.



(2) /1—7:—231:2 du
o [ %

ol

()
()

1+z
/wll_xda:

/ dx
(1+2)7

5. Evaluate the following integrals of rational functions.

dx
@ f -2 +9)
241
(®) /(:L’—i—l)Q(a:—l)’dx
(&) /(x2—3x+2)2’dx

W [

(b) /3::—3$ dr

© /(1+:c)2 i

1+ 22

dx
(d) /x2+2x—3

2
4
(h)/x—i-&v—l- d

x4+ 522+ 4’ v

6. Use t-substitution to evaluate the following integrals.

(a) / Siflfx

dx
(b) / TTenz
sin z

7. Evaluate the following improper integrals.

@ [ 5

*  dx
b -
<>/w1+x2

O [ 7

> dx
A
9o x*+x—2

O [ wrei

x2dx

© | =

) dx
(i) /(x+1)(x2+1)

3

) /2x3—4x2—x—

2 —2x —3

4 — 2x

(k) / (24 1)(x — 1)?

0 [

* tan"lzx
g [,
©) o (14+22)2

(h)/ e *cosxdr
0

(i) /0 : In(sinz)dz

8. Determine whether the following improper integrals are convergent.

x2dx

(2) /0 -2 +1

v |

9. Evaluate

(a) /f(x)dx where f(z) = {

(b) /f(x)dx where f(z) = {

()

> dx
d
(d) /2 rlnx

U dx

o Inx

1, itz <0
20 +1, ifx>0
dor —1, ifr <3
22 +1, ifz>3

10

(e) /Ooowdx

(f) /2 tan xdx
0

dx

dx



—~ —~
©) (o} ®)
SN— N— N—

= a2 —
SN—

—e
~— ~— ~— ~

— S S S S
8 Sa no [\

P —
.

W [ @

9 / (22 + ;i + 2)2 da
o [
o [

1)
7 dx
z
8dx
d
(0) /x2x/4 — 72 ’

(p) /(Cosxiii-g[/‘sinx)2
(@) / VI Tsnzde

11



Answers

Chapter 1: Functions

[\
e 20 as S

maximum domain = R, range = R

maximum domain = (—oo, I], range = [0, ¢)

maximum domain = (—oo, —2) U (5, 00), range = (—1, 00)
maximum domain = R, range = [—%5, %5]
maximum domain = (—oo, —2) U (2, 00), range = (0, 00)
maximum domain = R\ {nm,n € Z}, range = R\ {0}
maximum domain = R\ {(n + 2)m,n € Z}, range = R \ {0}
maximum domain = (3,00), range = R

maximum domain = R\ {e}, range = R\ {0}

2, 00), range = [0, 00)

maximum domain = [e~
maximum domain = (1,00), range = R

maximum domain = [1 — e?, 1 — e¢7?], range = [0, 00)

Injective, Surjective, Bijective

Not injective, Not surjective, Not bijective
Injective, Surjective, Bijective

Not injective, Not surjective, Not bijective
Injective, Not surjective, Not bijective
Injective, Not surjective, Not bijective
Injective, Surjective, Bijective

Injective, Not surjective, Not bijective

-10 -3

12



4
3.
2
Zp 11 0 13
1.0
0.5F
Y
=05
—1.0t
5,
_‘_-_‘_‘_‘——-
_
-2 -1
—5t
-10
—15¢
=20

13

10
50
-3 ) 1 2 3
-5
—1ot
12
10
8
6
4
—_—
2
-1 0 1 2 3

2345678910

=
—
2
[



-4 -3 -2 -1

4 -3 -2 -1

14



Chapter 2: Derivatives

L (a) 2 (&) —3 (m) 1
(b) 4 (h) 3 (n)
(©) 6 (i) )
@) () : o)
OF ) 1 (0) 1
(f) 4 M —3 (@) 1
2. (a) 0 (d) 3 (g) 1
(b) 2 (e) 3 (h) O
(c) 3 (f) =2 (i) 0
3. (a) y¥ =3 (e) ¥ =3 }C+2 (h) ¢y = —sinx
(b)y,:2x+1) ;o 2 . ;1
(¢) o = 42 () y=-% (i) v =3
(d) ¢ = 3% (&) ' =—% (4) v =e
4. (a) 0 (¢) 0 (e) not differentiable
(b) not differentiable (d) —2 (f) 0
5. (a) 322 —4 (m) 223 /vxt +1
(b) (z —1)/22%7 (n) —2zsin(x?)
(c) (5a® + 2z)e™ (0) (32% + 42 + 1)er*+
(d) —sinz Inx + cosz/x
1/(xlnx
(e) cos2x ®) 1/( sir)lx
(f) (3sinz — 1)/ cos?z () cos(z)e
(g) cotx —xesc?x (r) 1/(z*+1)%?
(h) 10/(x + 2)? (s) 1/vV/a2+1
() 1-2/(z+1)7 () (1+2V3)/(4VaV/ +Va)
(j) (xcos(x) —sinz)/z?
(k) (2ztan®z — tanz + 2x)/223/2 (w) 1/ <2 w(l = x))
(1) 14x(z*+1)° (v) —x/(x? +1)3/?
6. (a) 3"In3 (d) zv=12(In(z)/2 + 1)
(b) — In2sin(z)2°%*) (e) (cosxz)*™*~1(cos? x + In(cos z) cos? z — 1)
(¢) (In(x) + 1)a® (f) 22 (x(lnx)® +xlnz +1)/x
7 a _r 32 — 2y
(&) = (©) 5o 5,2
y? + 32y 1
(b) - 3+ 2xy (d) e

15



2 + 2y ysin(y/z) _ 1

z? z
¢ xcos(zy) — 2y — 2w (f) o

1, sm(y/x)
e T e
8. (a) 2 2e" 4 x2e% + 413 e” 8% + 6y°
() ——a5—
(b) —3z(1 + 2?)3 9y°
(©) a2 @ 10(22% + 32'y® — 81y7)
v v ¢ z?(2® — 9y?)°

cos® x + 2sin® z cos x

(h) 2-3*"In3 +4- 223" (In 3)?

cos*
—2x 4 9
™ N 2y Y
(e) L () () + (1~ Inx)
9. Prove that the Chebyshev polynomials
1 —1
To(z) = S cos(mcos  x), m=0,1,2,---

satisfy
(1 —2*)T) () — 2T (z) + m*T(z) =0

Proof. By direct computations,

m sin(m cos™! x)

1) = Mo
and
T! (x) = m_ (zsin(mcosslx) - cos(m cos™* x))
2m—1 (1—a2)2 1 — a2
Hence,

(1 — 2T/ (2) — 2T, (x) + m*T), ()

- -1
=(1- x2)2m - (mSI?fm CO:)S ?) _ . m 5 cos(m cos ™ x))
m-— — x4)2 — X
msin(m cos™! z) , 1

— X +m

o112 om

—1
— cos(mcos™ x)

=0.

10. Prove that the Legendre polynomials

1 dm -
Pm(.x)zmcm—m(lz—l) m:O,1,2,~-

satisfy
(1 —2*)P!(z) — 22P () +m(m + 1)P,(x) =0

16



11.
12.

13.

Proof. Let g(z) = (22 — 1)™, then Pp,(z) = 5t 2o g().

2mm! dxm

Because p

—%(12 — )™ = 2ma(z* — 1),
therfore,

d 2 1)m
—%(:f — 1)+ 2ma(2® — 1)™ = 0.

We get

—¢'(z)(2* = 1) + 2mag(z) = 0

dm+1 , )

= (—¢'(z)(2® — 1) 4 2mzg(z)) = 0.

Apply Leibniz’s rule,

— (¢ (2)(2” = 1) + C7H gD (@) - 22 + Oy g™ (2) - 2)

= +2m (¢ (z) -z + CP g™ (z)) =0
= (1 —2)g" () — 22¢" ™V (z) + m(m + 1)g"™(x) = 0
1
= Sn ((1 = 2%) g™ () = 22¢" ™ (2) + m(m + 1)g"™(z)) =0
mm!
=

(1 —a2*)Pl(x) — 22P,(z) + m(m + 1) P, (z) = 0.

(a) Maximum: f(5) = 14; Minimum: f(3) = —6

(b) Maximum: f(0) = f(4) = 5; Minimum: f(3) = —22
(

(d) Maximum: f(0) = 0; No absolute minimum

(e) No absolute maximum; Minimum: f(3) =1+ In2
(f

(g
(

¢) No absolute maximum; Minimum: f(4) =8

2

Maximum: f(—1) = e; Minimum: f(0) =0
()
(
(

h

(i) Maximum:

—

Maximum: e%; No absolute minimum
3; Minimum: f(10) = —1

f(1) = 0; Minimum: f(—1) = -2

—

2)
0)

)
)
)
)
)
) Maximum: f(1) = 2; No absolute minimum
)
)
)
)

(j) Maximum: f

17



14.

(b)

.............................................

—10F

— 20 L
vertical asymptote(s): x = 2.5
horizontal asymptote(s): y = 2
interval(s) of increasing: none
interval(s) of decreasing: (—o0,2.5), (2.5, 00)
local extremum points(s): none
interval(s) of concavity: (—o0,2.5)
inflection point(s): none

(-v3 .36 40¢ V3 36)

—40t

—60k
vertical asymptote(s): none
horizontal asymptote(s): none
interval(s) of increasing: (—oo, —v/3], [0, v/3]
interval(s) of decreasing: [—+/3,0],[v/3, 00)
local extremum points(s): z = —/3,0,v/3
interval(s) of concavity: (—oo, —1],[1, 00)
inflection point(s): =z = —1,1

18



40
20

3 A i 2
Z3,-15) 50

vertical asymptote(s): none
horizontal asymptote(s): none
interval(s) of increasing: [—3, 00)
interval(s) of decreasing: (—oo, —3]
local extremum points(s): © = —3
interval(s) of concavity: [—2, 0]
inflection point(s): z = —2,0

1

T e s aate o ...
L]

vertical asymptote(s): z = —4,2 =4
horizontal asymptote(s): y =0

interval(s) of increasing: (—oo, —4), (—4, 0]
interval(s) of decreasing: [0,4), (4, 00)
local extremum points(s): z =0
interval(s) of concavity: (—4,4)

inflection point(s): none

Ll

(-3,-

(=20
|
Ll
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vertical asymptote(s): none

horizontal asymptote(s): y =0

interval(s) of increasing: [—3, 3]

interval(s) of decreasing: (—oo, —3], [3, 00)
local extremum points(s): © = —3,3
interval(s) of concavity: (—o0, —3+v/3],[0,3v/3]
inflection point(s): z = —3+/3,0,3v/3

Iir:
038
04t
04}

)

-30 20 =17 100 200 30
—02k

vertical asymptote(s): x =1

horizontal asymptote(s): y = 0

interval(s) of increasing: [—7,1)

interval(s) of decreasing: (—oo, —7], (1, 00)

local extremum points(s): © = —7
interval(s) of concavity: (—oo, —11]
inflection point(s): x = —11

~10 -5 00) 5 10
~02

vertical asymptote(s): none

horizontal asymptote(s): y =1
interval(s) of increasing: [0, c0)
interval(s) of decreasing: (—oo, 0]

local extremum points(s): © =0
interval(s) of concavity: (—oo, —1],[1, 00)
inflection point(s): x = —1,1

20



-20 -10 (2,0) 10 20
-0.5

vertical asymptote(s): none

horizontal asymptote(s): y =1

interval(s) of increasing: (—oo, —2],[2, c0)

interval(s) of decreasing: [— 2,2]

local extremum points(s): © = —2,2

interval(s) of concavity: [— 2\/5, 0], [2v/3, 00)

inflection point(s): = = —21/3,0,2V/3

220 ~10 10 20
_0 &

vertical asymptote(s): z =0

horizontal asymptote(s): y =1

interval(s) of increasing: (—oo, —4], (0, c0)
interval(s) of decreasing: [—4,0)

local extremum points(s): © = —4
interval(s) of concavity: [—6,0), (0, c0)
inflection point(s): =z = —6
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Chapter 4: Integration

3.9 1.7
1. (a) 272 —92° + 22° — 227 4+ C

(b) %24%—1252*+302° —Pab+12"+C

3

N[—= 00—

Ne)

ot

22

(d) 4t* — 5ti +C
(e) —3cotz+C
(f) 4secd +C

(g) cosi+C

(h) —le 4+ C
(i) n(2+e")+C
(j) tan~te® +C

(k) —In|coszx|+ C
(1) 2 —In(1+¢€*)+C



Chapter 5: Further techniques of integration

1.

(a)
(b)

Sinx—%sin xz+C

3 1. 1 .
ST — 5 8in2x + 55 sindx + C

zlnx —a+C

(e — i) +C
—1((lnz)?+2mz+2)+C
—(z+1)e*+C

—%(2372 +2x4+1)+C

rsinx +cosxz + C

r—tantz 4+ C
\/1 —z2 +C

—+/1— 22 +sin~!

—x+11n|1+’3\+0

z+C

9z — 3% + 22 - 2TIn 3+ 2|+ C
r+In(l1+2%) +C

}Lln|$+3l+0

#lng—f —ﬁgtan_l\%%—c
x—+1+1ln|x2—1|+0

—5932 4 Lnftan |+ C

2sin“

tanx — secx + C

: (d) 2In2

: (©) i

T (f) 327”3
Convergent (¢) Divergent

Convergent (d) Divergent

23

(8) —qz +alm s +C
(h) —3cos?z + In(1+ cos’z) + C

— s Ay |cos| + C
§cot32x—i—C
—lCOS4I — %COS&L‘-}-C

sin 2x sin 4x sin 6
8 + 16 + 24 +O

tan~lz 4+ C

rln(z+vV1+22) —V1+224+C

£ sin 2z — 3 cos 2z + C
sin(Inz) — cos(lnz)) + C

1+x2
2

(d) 13_3/.2 +C
(e) sin™' % —2/9—a24C
(f) Injz +v4+ 22|+ C
(8) —5 0 +4ln|i5|+C
(h) tan~'z + 21n 221111 +C
(i) 2tan'z 4+ {1n i;il +C
(Dx?+MMx+u+3mu—3H%7
(k) tan™'z — A5 +1In - “2 +C
O>mu1+MWI tIn(z?+1)+C
(¢) ==+ 505z +In|tan |+ C

cos T 3cos 2

-1

~—~
o
—
NI= ol

—gln2

Convergent

Divergent



(a) F(x)+ C where

x, ifx <0
Flr) =4 , .
»*+x, ifxr>0

(b) F(z)+ C where

22% — x, ifxr <3
F(IL’): $3 .
T+zr+3, ifr>3

(c) F(z)+ C where

(%—B—z—g, ifr<—1
Flz)=Sz -2, if —1<z<1
|2 —r+d ifr>1
(e) F(z)+ C where
(23 22 .
3T o lfI<O
F(z) = —?—l—%, if0<z<l1
\%_B_é_‘_%’ ifr>1
() =359+ 122+ 142?)(1 — 2)5 + O () by +tan ' (@ +1) + C
(g) —622l (9 5:3)3 4 C (m) tan™' 2z + 355 + C
(h) < (cosx +sinz) + C (n) /z(4 —2) +4sin ' L+ C
(i) ztanx + In|cosz| + C (o) —2A=2 4 ¢
(i) fIn|5z + /2522 — 4|+ C (p) — =224+ C
(k) 252+ 2tanl o+ C (q) 2T —smz +C
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