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① The following statements are equivalent -s

ca) C is closed C f×y=o, V-x.EC, Vy# C )

( b) P
"

ex , y) so, Vx EC, Vy EC ,
V n > I

,

(c) P (x. y ) - o , Vx EC, Vy # C .

Pff , direct to see : ( a) (⇒ ( b) ⇒ CC )

it suffices to show : C ⇒ Cb)

Fix x EC and Y # C ,
um
-

Rex , y ) = I Pcx, xD pcx, Y )
HES

= Ifs Pex.xspE
XIEC

+ ⇒ ' x. Y )

KIC

=o to = 0

repeatedly use the same argument

pncx, y) = o, V n 32
.

2-

② If C is closed, XEC , and Ip Cx , y) > o

then YEC .



Pf
.

Contradiction + CC) in①
.

③ If CES is closed
,
then a MC

as

sexism
. .

over S can also be regarded as a

Markov chain restricted to the state

space
C

.

Xo
,
Xi

,
Xu
,

- - -
.

X.Cr) - C
,
i.e
. Xo,w C- C

Def. ① A closed set C is irreducible if

X→ y ,
tf x , y E C

i.e . any two States in
C can

lead to eacher other .

② A Markov chain { Xu }n§ is irreducible of

the state space S is irreducible
.



Continue : S = Spe UST
n t

f disjoint

closed set

i. Sr # 01 .

then ⇒ x , recurrent E SR
recurrent

t

Cx
,

Et' ( x Esp i x. → x ) * to
nee
-

Canisius)

claim : Cx
,
is closed and irreducible

Pf . : l?
"

closed
"

:
*E Cx

, ) =D YE Cx ,
x→y

Indeed
, recurrent
f- recurrent

X , → x→ y

-

i. YE Cx
,

20
.

"

Irreducible
"

:

x C- Cx
,

Yfcx
,

/ ⇒ x→y

Indeed
,

recurrent recurrent

te te

x EG
,
⇒ x, f- X

Y C-Cx
,
⇒ x, → y
✓

recurrent
recurrent

s
t

-

'

- X → X ,
→ y
im



W
x→ Y . #

RI : Cy
,
is the

"
"

largest
"

closed L irreducible
we

set containing Xi .

2? Spd =P or * ¢
mm -

If Sri G. *ol
then ⇒ xze Sela ,

C c- Sr
,
x.EIG,
'

define again, G.Et
' (xESR : xz→x}

'

is closed and irreducible .

claim : Cx. N Cx , = ¢ .

Pt : Exercise
.
( use contradiction )

H
Cx
.
= Cx

,

I
Contradiction

to Xz # Gi
.

.

3? Continue the process :

Sal
,

=¢ or to

p

disjoint union of closed & irreducible

general strategy
sets of recurrent

k:t:
s
.

-



Einally
,

The
.
Assume Sr to, then

SR = ! Cx ; Chaos or fees )

T [Cooed a irreducible setdisjoint
union of recurrent States .

Them
.

10
. If C is irreducible L cloud set,
then

either C ESR or CEST
.

20
. If C is a finite , irnedneihhe closed set

,

ur
In -

then

c. CSR
.

Pf , : lo. Contradiction

20
. Consequence of the fair

-

'

A MC over the finite
state spa.ee

. .

must contain

at least one recurrent state
.

"

#



S EST U Sr
p Eos

state

St U
,

Ci )Space

disjoin tceoudlirredncihk
of recurrent States

①⇒x④¥④ - - -

*fHf if
①

Reordering States by the decomposition
for instance S = ST UC, U Cz

(case h= 2)

1€ #

¥÷÷÷¥tfo go④ x K Q

Canonical form of
the Markov Matrix P .



An example : Find the canonical Markov matrix for
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