
§ 2 . Poisson process

( a nontrivial example for a time-homage .

MJP )
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Model = Counting arrivals

}n ~} = waiting time for one
arrival

i.i.d.

P ( 3 > t) = e-
"t
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↳ the waiting time for the nth arrival
.

Set Xo --o ,

Xf DE' total no of arrivals up to time t>o

= max { n30 i Tn Et }
,

tf t > 0



Neese:{ Xtft
,.

is a JP
,

to show i

1? Xf is a Poisson riv .

with

parameter ⇒ t

2? Muputy is satisfied .

-5 then we call it

Poisson Process
.#

Ma-oh 27 :

Them : Xt is a r.ir. with Poisson

distribution with parameter Xt ,
ice .

P ( Xt -- n ) = e-
"t

,
mom. . . .

t > 0
.

Prd . observe

{ Xt -- n ) = ( Tn Et < It . )
p * up to

t
, get the

nth arrival
n arrivals

* the time for the @tilth arrival
up to t

must be after t



Tue ,> t

= { It , > t) - ( Tn > t)
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. P (Xt - n) =P ( Tut , >t) - P (I > t) txt

cheek n=o : toy

P( Xt -- o ) =P (T, >t ) - ptg >④-
-it =P ( 3 > t ) wRe -*

=o

" = e

t
= e-
it
,

V t> 0

Claim ( Induction in n? I ) :

PCI > t) = e-
"t CHI

,

ft > u .

k !

if you agree, plug it to tx) .
#

Pf of claim :

n-
-
l : P (T, >t ) = PC 3, >t)

= e-
"t

Assume
"

TRUE
"

for n 31
,

to show ' TRUE
"

for ntl :

P ( Tue , > t ) Tn>t-s

= PC In + 3mi , > t )
I
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⇐ P ( 3mi , >t) t p ( 3n+, ft, Tnt 3n+,
>t)

"

s p ( 3n+,=s) ⇒ e-
"s
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Exercise

-ht t at)k
= e 2

KaoY .

( desired ) #

RI :

E- (Xt) = ht : average no of

arrivals in [o,t)

# ⇒ = arri

:
'
.IR: sremski

. ..

Prep .
: The ( Poisson ) process

{ Xt )# o

defined above in terms of waiting time ,

satisfies the following properties :

( t) Xo = O
j ( ok by def. )

⇐ Xs- Xo Xt
-Xs

Cii ) For ocsct, time

Xt - Xs



is a riv. of Poisson distribution with

mean = X (t- s)
,
and

Xt -Xs is independent of Xs
Ciii) For Oct, E - - - Eth

,

Xt- Xt
,
, Xt

,

- Xtz , - - -

i Xtn -Xtn
. .

are independent . X.h-xt.X.tz-xtzfty-Xtu-i.ms#me
Moreover,

OF E3 -- - ta
,
In

{ Xt }+
,.

-satisfies the Markov property .

( so
, it is MJP , called

the Poisson process ) .

#

Remark :

Li) ( ill (Iii ) are often used to directly
give the definition of P. P . #

proof c sketch )
. Xs= - Xt -Xs

( ii) take oasst
t

PC Xt - X, =n ) ¥xg=m } --A
co

= E P ( Xt - X , -→Xs=m)
m--o E
-

v PCA,nB)
Xf = with =p(AIB)PCB)

= ¥
.
P ( Xt - man I X. = - ) PC X, -- m)
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=PCXt.sn/Xo--o)=Po(Xt-s=n)

= (Xe, -- n) P(Xs -- m)
nm

✓
= Po ( Xt, -- n ) . 1

.
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I
f Poisson

Wareing : Xt - Xs ⇒ Xt
-s

T T
no of arrivals no of arrivals
in the period Es, t] in Eo, t-s]

To show : indep . of Xt - X, d Xs

PC Xt -X,
-
- n , Xs=m) t.ph/t-Xs=DPlXs--u)
=-

Indeed , je
LHS =P ( Xt -X, -_n/Xs=m ) P (Xs -- m )
e-

to show :

PCXT - Xs - IX , --→ =p (Xix,-- n)
I



Indeed ,

LHS =P ( Xt -- / Xs
= - - - = P ( Xt, -- n ) Xo -- o)
=P ( Xt-s -- n )

. #

①unit the proof of rest parts
( Ciii) and Markov )
-

¢ Tutorial ?
#


