Homework 6 solutions

April 27, 2020

Problem 1. Since A = dé + dd, using d?> = 0, we have
Ad = (dd + dd)d = déd + 6d* = déd = d*5 + déd = d(ds + 6d) = dA.

Similar, using 62 = 0, we have AJ = §A. Finally, using § = (—1)™P+"+1 « dx and %2 = (—=1)?("™~P) on
QP(M) where m = dim(M), we have on QP (M),

As = (d6 + 6d)x = (—1)PT d s d + (—1)™ PV s d s dse = #(d6 + 6d) = *A.

Problem 2. Let o := V* € QY(X) be the dual 1-form of V. By Hodge decomposition, there exist a
harmonic 1-form ay € QY(X), f € C*®°(X) and w € Q?(X) such that

a=ayg +df + dw.

Taking its dual again, we have
V = Vg + Vf+ (dw)t.

Since ag is harmonic, da = 0 and da = 0. By Poincare lemme, any closed 1-form is exact, so locally
a = dh for some function h, which is harmonic as 0 = da = ddh = Ah. It remains to show that
(dw)t = J(Vg) for some function g. Since ¥ is two-dimensional, we can write w = —gdV where dV is the
volume form for the oriented surface (3, g). Then, dw = *(dg). Let {e1,e2} be a positive local orthonormal
basis of T*M, we have xe; = ey and xe; = —eq, i.e. x is the same as J under the identification between
TM and T*M. Therefore, (dw)* = J(Vg).

Problem 3. By Hodge decomposition, for any « € [ag], we have a unique decomposition o = ag +dn+94
for some n € QP! B € QPFL. Since « is closed,

0 =do = dayg + d*n+ dép = diép.

Moreover, 6(63) = 0. So 68 is a harmonic form, hence must vanish by the L2-orthogonality in the
decomposition. Using o = ay + dn, we compute

B(a) = llag|i> + ldnlli: + 2(am, dn)r2 = lanlz: + ldnlli: > llanl..

Note that we have used (g, dn)p2 = (dap,n)2 = 0. The inequality above implies the assertion.

Problem 4. Since Sa(z,y) = (Dsa)(y) + (Dya)(x), we have (Sa,h) = 2(Da, h) = 2(«a, h) for any
h € T'(S?M). Taking divergence and using Ricci identity, we have

d(Sa)(Y)

=21 (De; De;a(Y) + D, Dy ae;))
D*Da(Y) = Y"" (DyD.,a(e;) + R(ei, Y)e;)

which implies the desired identity in (b). Finally, if of is a Killing vector field, then da = 0, therefore

0= (0Sa,a) = (D*Da, a) — Ric(af, o).



Integrating over M and using Ric < 0, we conclude that a = 0.

Problem 5. Let f € C°°(M) be the solution of the Dirichlet problem

{ A]\/[f=1in]\47
flon = 0.

From Divergence Theorem, we have
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By Schwarz inequality, (A f)? < m|Hessy f|?. Plug this into Reilly’s formula and using Ric > 0, we

have )
0
Vol(M) > /aMH <81Jj> .

Combining the two inequalities above and apply Schwarz inequality,

worr= ([, 2) < (L7 ) ([ 5) <2200

which proves the desired inequality. If equality holds, then Hessy, f = % g, which is parallel. Using the
Ricci identity, R(X,Y)V f = 0 and we can deduce that
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where r = dps(p,-) is the Riemannian distance function of (M, g) from a point p € M. This, in turn,
implies that (M, g) is isometric to a Euclidean ball.



