Homework 4 Solution
1) This problem is done by a direct calculation.

2) a) This calculation is most easily done at a point P in a coordinate
chart z',...,2™ centered at P for which g;;(0) = d;; and I'},(0) = 0
(for example, Riemannian normal coordinates provide such a chart).
We then have
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Therefore we have by direct calculation
Rijii = €® Rijig + hyju
where hyj = higj — hagjr + hjigic — hjrga and
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where |Vu|* = gPu u.,. It follows that
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Rix = Rip + (m — 2)hiy + Try(h)gix
and
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R=e2(R+(2m—2)Try(h)) = e R~ (2m —2)(Au+ mT|Vu|2)

where Au = gPu,,.
b) From the form of the transformation of the Riemann curvature
tensor in part a we see that W(g) = e**W(g).

3) a) Let e, €2, e3 be an orthonormal basis, and let W;;x; be the com-
ponents of W in this basis. First observe that all components W;;i
vanish if three of 7, j, k, [ are distinct. For example, if ¢ = k and 1, j,(
are distinct, then W;;; = 2137:1 Wyip = 0. Now if we fix [ and consider
the symmetric quadratic form h;; = Wy, then we see that h;; = \;d;;
in any orthonormal basis for the orthogonal complement of e;. It fol-
lows that h;; = Ad;; for a fixed number \. Taking the trace we find
Woipr = 2X = 0, and therefore A = 0. Thus we have W;;;; = 0 whenever
two of 4, j, k, [ are distinct and thus all components of W are zero and
thus W = 0.

If g is an Einstein metric on a three manifold we then have W = 0
and Ricy = 0, so Riem = R and R is constant. Therefore g is a
constant curvature metric.

b) We may check the Einstein condition in any orthonormal basis, so

we choose e, €5 to be tangent to the first factor of S? and es, e4 tangent
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to the second factor. We then have Rij;; = 0909, Raju = 0101,
jogl = 54j54l; and R4j4l = 53j53[. It follows that Zﬁ:l Rpjpl = 5]‘[; and
g is Einstein.

4) a) Clearly Hf(pX,Y) = pHf(X,Y), and Hf(X,9Y) = XY f +
(XQ)(YF) = ¢DxY (f) = (X@)(Y f) = gHF(X,Y). Thercfore Hf
is a tensor. We have Hf(X,Y) — Hf(Y,X) = [X,Y]f — DxY +
Dy X =T(X,Y)(f). Thus if D is torsion free, then H f is symmetric.
Conversely, if H f is symmetric then 7'(X,Y’) applied to any function
is 0, and therefore T'(X,Y’) = 0.
b) In coordinates we have
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5) From problem 4b we have
0P 0
Af=g"( S —Zr'f—f).
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To verify the other expression, we have
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so we must show that
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Renaming the summation variables this becomes
1 " . 1
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N (\/_ 99") = =97 9" (95 — 591) = i
completing the proof.

b) Recall that the hyperbolic metric on R is given by g;; = (™) 24,5,
so from part a we have A,f = (xm)m%((xm)Q_m%). Setting f =
(z™)P we find Ayf =p(l —m +p)f.

c¢) For m = 2 we have A of = (@*)? 37, Ao f where A is the euclidean
Laplacian Ay f = Z 1)2, and so the hyperbolic harmonic functions
are precisely the euchdean harmonic functions.




