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Interchange of Limits

Uniform convergence is essential when we want to interchange the order of limits. The first
proposition tells us that continuity is preserved under uniform convergence.

Theorem (c.f. Theorem 8.2.2). Let (f,) be a sequence of functions defined on A C R and
converges uniformly to a function f defined on A. Suppose that each f, is continuous on A.
Then f is continuous on A.

Remark. This theorem tells us that for each xy € A,
lim lim f,(z) = lim f(z) = f(x9) = hm fo(zo) = lim lim f,(x).

T—ITy N—>00 T—x0 n—00 T—ITo

Example 1. The assumption on uniform convergence cannot be dropped. Consider
folz)=2", x€]0,1], neN.

The pointwise limit of (f,) is given by f(z) =0 for x € [0,1) and f(

1 However, the
convergence on [0, 1] is not uniform. For, choose ny = k and z;, = (0.5)

) =1.
Uk e [ 1]. Then

| fu (i) = f(2x)| = |[(0.5)/*]F — 0] = = > 0.

In this case, each f,, is continuous on [0, 1] but f is not.

The second proposition tells us that Riemann integrability is preserved under uniform
convergence.

Theorem (c.f. Theorem 8.2.4). Let (f,) be a sequence of functions defined on [a,b] and
converges uniformly to a function f defined on [a,b]. Suppose that f, € Rla,b] for alln € N.
Then f € Rla,b] and

lim fn dx_/f

n—o0

Remark. Does the same result hold for improper integrals?

Example 2 (Section 8.2, Ex.16). The assumption on uniform convergence cannot be dropped.
Let (r,) be an enumeration of all rational numbers in [0, 1]. Consider

17 if € ) serIn gy
fulz) = ne {Tl 2ok z€[0,1], neN.
0, otherwise,

o If 2 €[0,1] NQ, then x = ry for some N and hence f,(z) =1 for all n > N.

o If 2 €[0,1]\ Q, then f,(x) =0 for all n € N.

Hence the pointwise limit of (f,) is given by the Dirichlet’s function f. ie., f(z) =
for x € [0,1] N Q and f(z) = 0 for z € Q\[0,1]. However, the convergence on [0, 1] is not
uniform. For, choose ny = k and z;, € [0, 1] be a rational number that does not belongs to
{r1,72,...;rx}. Then

| i (2x) = f(ap)| = 10 = 1] =1 > 0.

In this case, each f,, is Riemann integrable over [0, 1], but f is not.
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Example 3. Even if the pointwise limit is Riemann integrable, the equality given in the
theorem may not hold. Consider (Draw the graphs of the functions!)

n’x, if0<z<1/n,
fo(@) =< —n?x+2n, ifl/n<ax<2/n, z€[0,1], n>2
0, if 2/n <z <1,

e If x =0, then f,(z) =n?z =0 for all n > 2.
o If z € (0,1], then 2/N < x for some N > 2 and hence f,(z) =0 for all n > N.

Hence the pointwise limit of (f,,) is given by the zero function f. However, the convergence
on [0, 1] is not uniform. For, choose n, = k and 2, = 1/k € [0,1]. Then

| fo(xr) — flxp)| =k =0l =k >1>0.

In this case, each f, is Riemann integrable over [0, 1] and so does f. However,

1 2
/f )Jdr =0 and /fn =—-—-n=1, Vn>2.
2 n
Therefore

n—oo

lim fn dxyé/f

The preservation of differentiability is a bit different. Conditions on the derivatives of the
sequences of functions are emphasised.

Theorem (c.f. Proposition 4.1 of Lecture Note). Let (f,) be a sequence of C' functions
defined on (a,b) and converges to a function f defined on (a,b). Suppose (f!) converges
uniformly to a function g on (a,b). Then

e [ isaC! function on (a,b); and
e f'=g on(a,b).

Theorem (c.f. Proposition 4.2 of Lecture Note). Let (f,) be a sequence of differentiable
functions defined on (a,b). Suppose that there exists a point ¢ € (a,b) such that lim f,(c)
n—oo

exists and (f!) converges uniformly to a function g on (a,b). Then
o (fn) converges uniformly to a differentiable function f on (a,b); and

e f'=g on(a,b).
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Example 4. Even if we have uniform convergence of (f,), the assumption on uniform
convergence of (f!) cannot be dropped. Consider (Draw the graphs of the functions!)

|z, if |z > 1/n,
n(x) = reR, neN.
ful®) {(n2x2 +1)/2n, if |z] < 1/n,

Notice that (f,) converges uniformly to the absolute value function f(x) = |z|, which is not
differentiable at 0. To see the uniform convergence, we have:

o If |z| < 1/n, then

o If |z| > 1/n, then

1
(@) — 2| = lz] = 2] =0 < —.
fule) = Jal| = |l ol =0 <

Thus given any ¢ > 0, we can choose N € N such that 1/N < 2¢. Then

1 1
fn(x)—|$|‘§%<ﬁ<5, VYn > N, VzeR.

In this case, each f, is C! on R, with derivative given by

-1, ifz < —1/n,
fi(x) =< nx, iflx]<1/n, ze€R, neN.
1, if x> 1/n,
o If x =0, then f/(z) =nx =0 for all n € N.
o If # <0, then —x < 1/N for some N and hence f/(z) = —1 for all n > N.
o If 2 >0, then x < 1/N for some N and hence f/(z) =1 for all n > N.

Hence the pointwise limit of (f!) is given by the sign function sgn. However, the conver-
gence on R is not uniform because each f/ is continuous but the limit sgn is not.

Example 5 (c.f. Section 8.2, Ex.4). Suppose (f,) is a sequence of continuous functions
defined on an interval I that converges uniformly to a function f on I. If (x,) C I converges
to xg € I, show that

lim f,(z,) = f(xo).
n—oo
Solution. We need to show that for any ¢ > 0, there exists N € N such that
‘fn(ajn) - f(-TO)‘ <e& Vn=N.
Notice that for any n € N,
|ful@n) = f(xo)| < [ful@n) = flan)] + [f(20) — flz0)-
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Let € > 0. Since (f,,) converges to f uniformly, there exists N; € N such that
fal@) = f@)| <5, V=N, Vrel.

On the other hand, note that f is a continuous function because it is the uniform limit of a
sequence of continuous functions. In particular, lim f(z,) = f(xq). i.e., there exists Ny € N
such that

(@) = @) < 5, Vo= N

Combining the above results, take N = max{Nj, No}. Then whenever n > N,

[Falan) = @)l < 1falwa) = Flan)] +1F (@) = flao)] < 5 +5 =e.

Remark. In the very beginning, we estimate | f,,(z,) — f(zo)| by

What happens if we change the estimation to

[fr(@n) = f(@o)| < [fnlan) = fulwo)| + [ fulzo) — f(z0)]?
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