Tutorial 7 MATH2060B Mathematical Analysis II 08-10/03/2021

Substitution Theorem

Theorem (c.f. Theorem 2.24 of Lecture Note). Let f € Rlc,d] and let ¢ : [a,b] — [c,d] be
a strictly increasing Ct function with ¢(a) = ¢ and @(b) = d. Then f o € Rla,b] and

]be<¢<x>>¢%a»dx:= ][df<x>dx.

Remark. The assumption that ¢ being strictly increasing is restrictive. It can be relaxed
but the proof will become complicated. However, it is essential that ¢ is Cl. ie., ¢ is
differentiable with a continuous derivative.

The Improper Integral

Definition. Let —oco < a < b < oo and f be a function defined on [a, b). Suppose f € R]a, |
for all ¢ € (a,b). The improper integral of f over [a,b) is defined by

c—b—

/b f(z)dz = lim cf(x)dac,

provided that the limit exist. In this case, the improper integral is said to be convergent.

Remark. Similarly, we can define the improper integrals for functions defined on (a,?b|,
where —oco < a < b < 0.

Definition. Let —o0o < a < ¢ < b < oo and f be a function defined on (a,b). The improper
integral of f over (a,b) is defined by

l?mwzl3ww+[3mm,

provided that both improper integrals on the right-hand-side converges.

Theorem. Let f be a function defined on [a,00). Suppose f € Rla,c] for all ¢ € (a,00).
The improper integral of f over [a,o0) is convergent if and only if for all e > 0, there exists
M > a such that whenever Ay > Ay > M,

Az

(x)dz| < e.

Ay

Theorem. Let f be a function defined on [a,b). Suppose f € Rla,c| for all ¢ € (a,b). The
improper integral of f over [a,b) is convergent if and only if for all € > 0, there exists § > 0
such that whenever Ay, Ay € [a,b) and b — 0 < A} < Ay < b,

Ao

(x)dz| < e.

Ay

Remark. We have similar characterisations for the convergence of improper intergrals over

(—o0, b] and (a, b].
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Example 1 (2016-17 Final Q2). Let f : [1,00) — R be a function defined by

sin x

fz) =

X

(i) Show that the improper integral / f(z)dz is convergent.
1

(ii) Show that the improper integral / | f(x)|dx is divergent.
1

Solution. This shows that f € Rla,b] = |f| € R]a,b] doesn’t hold for improper integrals.
(i) Note that from the Integration by Parts,

T T T T
/f(x)dx:/ Smxdx:[—cosﬂ —/ e, VT > 1.
1 1 s xXr 1 1 xXr

*° cos
Hence it suffices to show that the improper integral /
1

>—dx is convergent.
x

Note that whenever A, > A; > 1, we have

A2 cos A2 | cos z A2 q 1 1 1
2daz§ —2d:c§ —de:———g—.
A X Ay T A T A Ay A

For any £ > 0, choose M > 1 such that 1/M < e. Then whenever Ay > A; > M,

A2 cosx
5 dx
A 7

It follows by the above characterisation theorem that the improper integral converges.

< ! < ! <
—_ - E.
—A M

ii) Suppose on a contrary that the improper integral is convergent. Since >0,
y

oo (N+1)m | o3 N (k4+D)7m | o
/ |f(x)|dx2/ ‘Smm‘d;cZZ/ sinzl v en.
1 s

T Zz

k=1 km

For each k£ € N, we can substitute =t + km, then

(k+Dm | ™ |sin(t + k " sint 1 "
/ | sin x| dr — / Mdt — / S > / sin tdt.
o x B t+ km o Lk (k+1)m Jo

Note that / sintdt = 2, we have
0

o0 Yoo 2. 1
> —_— = — ——, VN eN.
[z > a5 =25 s e

k=1 k=1

This is a contradiction because the harmonic series diverges to oo. It follows that the
improper integral is divergent.
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