Tutorial 4 MATH2060B Mathematical Analysis II 08-10/02/2021

The Riemann Integral
Definition (Partition). Let I = [a, b] be a closed and bounded interval.
e A partition P of |a,b] is a finite set of points zg, x1, ..., x, € [a,b] such that

a=To< T < -+ <x, =0

e For each i =1,2,...,n, denote Ax; = x; — x;_1.
e The norm of P is denoted by || P|| = max Ax;.

Definition (Upper sum and Lower sum). Let f be a bounded function defined on a closed
and bounded interval [a, b], and let P = {x¢,x1, ..., z,,} be a partition of [a, b].

e For each 7 =1,2,...,n, denote
m;(f, P) = inf {f(:c) s [:ci,l,xi]} and M;(f, P) =sup {f(x) s [xi,l,xi]}.

e The lower sum and upper sum of f with respect to P are denoted respectively by

L(f, Zmsz)Ax, and U(f,P) = ZM (f, P)Ax;.

=1

Remark. Since f is a bounded function, we can define
m= inf{f(x) :x € [a, b]} and M = sup{f(:c) tx € [a,b]}.

Then for each ¢« = 1,2, ..., n, the set {f(x) cx € [xi_l,xi]} is bounded between m and M.
Therefore m; and M; are well-defined. Moreover, we always have the following estimation:

m(b—a) < L(f,P) < U(f,P) < M(b— a)

Furthermore, the oscillations w;(f, P) = M;(f, P) — m;(f, P) can be given by

wilf, P) = sup {|f(z) = fy)] : 2,y € aia, 1] }.
The following observation highlight the important features of the above definitions.

Lemma (c.f. Lemma 2.2 of Lecture Note). Let f be a bounded function defined on a closed
and bounded interval [a,b], and let P, Q) be partitions of |a, b].

(a) If P CQ, then L(f, P) < L(f,Q) < U(f,Q) < U(f, P).
(b) L(f,P) <U(f,Q).
Remark. () is called a refinement of P if P C ().

Prepared by Ernest Fan 1



Tutorial 4 MATH2060B Mathematical Analysis II 08-10/02/2021

Definition. Let f be a bounded function defined on a closed and bounded interval |a, b].

e The lower integral and upper integral of f are denoted respectively by

/bf = sup {L(f, P) : P is a partition of [a, b]}

b
/ f =inf {U(f, P) : P is a partition of [a,b]}

e f is said to be Riemann integrable over |a,b] if the lower integral and upper integral
are equal. In this case, the integral of f, denoted by

/a oo / )

is defined as their common value and we write f € R|a, b].

Example 1. The above quantities are visualized geometrically in the figure below:

D={4 x,%, %, %, b}

y L(f P) = 2 mif P) Ax;
M, D) o

1O =Axs Ox

Theorem (c.f. Theorem 2.10 of Lecture Note). Let f be a bounded function defined on a
closed and bounded interval [a,b]. f is Riemann integrable over [a,b] if and only if for every
e > 0, there exists a partition P of [a,b] such that

U(f,P)—L(f,P)= iwi(f,P)Axi <e.
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Example 2. Show that the identity function f(z) = x is Riemann integrable over [0, 1].

Solution. Let’s calculate the lower and upper integrals of f. Fix any n € N and consider
the partition P, of [0, 1] given by

1 2 -1
P, = {0,—,—,...,” ,1}.
n'n n
Notice that for each i =1,2,...,n
o 1—1 1 — 1
AZEZ‘ = i — ! = — mz(f, Pn) = ! s and Mz<f, Pn) = —
n n n n

Hence the lower and upper sums of f with respect to P, are

i—-1 1 1 nn-1) 1 1
i(f, Pa)Az; = e
me v Z n n n? 2 2( n)

=1

~i 1 1 nh+1) 1 1
Pn):ZMKJC,Pn)A%:ZE'E:—Q'%:é(1+—)
i=1 i=1

n

It follows that the lower and upper integrals of f satisfy:

%(H%)_pr /f</f<UfP)—%(1+1)

Since n € N is arbitrary, taking limit on both sides gives

e el

It follows that the upper and lower integrals of f are equal to each other. i.e., f € R[0,1].
Remark. The integral of f over [0,1] is 1/2.
Example 3. Show that the Dirichlet function is not Riemann integrable over [0, 1].

Solution. Recall that the Dirichlet function is given by

)1, ifreq,
f<x>_{o, itz ¢Q.

Consider any partition P of [0,1]. Notice that for each i = 1,2, ....,n
mz(f7P>:Oa and Ml<f7p>:1

Hence the lower and upper sums of f with respect to P are

ZmeP YAz = ZO Ax; =0
ZM I, Py)Ax; = Zl Az, =1
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Since P is an arbitrary partition of [0, 1], taking supremum and infimum yields that the
lower and upper integrals of f are

/abfzo and /;ble.

It follows that the upper and lower integrals of f are not equal to each other. i.e., f ¢ R[0, 1].

Example 4. Let f be a continuous and non-negative function defiend on [a,b]. Show that

f(z) =0 for all z € [a,b] if
b
[ i=o

Solution. Suppose on a contrary that f(c) > 0 for some ¢ € [a,b]. By the continuity of f,
there exists d > 0 such that whenever = € [a,b] and |z — ¢| < 6,

F@) = FOl < 3f0) = 0= Sf(0) < f(@) < S(0)

Suppose ¢ € (a,b). (The special cases ¢ = a and ¢ = b are left as an exercise.) Let u,v be
points in [a, b] satisfying
c—od<u<v<cHd.

Consider the partition P of [a,b] given by
P ={a,u,v,b}.
Then the lower sum of f with respect to P can be estimated by:
L(f,P)=my(f, P)Axy + ma(f, P)Axy + ms(f, P)Axs

>0 (u—a)+ 37(c)- (v —u) +0- (b~ )

>0

It follows that ) )
o= [ 1= [rzrsp>0

This is a contradiction, so f is constantly zero.
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