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Solutions to Chapter 4 Exercises
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= fa-

—1

Re(iDFT(0)) = 0.

Re(iDFT(DFT(f2))) = fo-

f
. 4 4
Re(iDFT(: DFT(f2)) = - f>.

Re(iDFT(%DFT(fz))) =

fa
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fo=
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vi.

fo = Re(iDFT((1 — e " \DFT(f2))) = (1 — e ") fo.

fo = Re(iDFT (e *DFT(f5))) = e ' fo.

(c)
1 1 1 1 00 00O0 /1 1 1 1
11— -1 j o1 1ol —j -1 j
DFT(f‘f)_61—11—1 01 1o0)]l1 -1 1 =1
1 5 -1 —j/\o oo o/ \1 j -1 —j
0 2 2 0 1 1 1
_1]0 —-1—-j5 —1—-j 0 —j -1 j
16 |0 0 0 0 -1 1 -1
0 —1+45 —1+445 0 i -1 —j
4 —2-2j 0 —2+2j
1 f-2-2j 2j 0 2
16 0 0 0 0
—242j 2 0 —2j
i i
f3=iDFT(DFT(f3)) = fs.
ii. )
fs =iDFT(0) = 0.
iii.
X 32(AI+') —%(81&3) 8 %(—;H)
Pt : 17 J 5J 5
fs = g ReGDET 0 0 0 0 )
Z(-1+7) 8 0 -8
1 11 A %(81}]') 0 i%(—SHj)
:iRe( 1 j -1 —j —1=(147) 5J 0 5
16 1 -1 1 -1 0 0 0 0
1 —j -1 3 2Z(-1+7) 8 0 8j
-7 17 17 -7
1 [17 313 313 17
T340 | 17 313 313 17
-7 17 17 -7
iv.
00 0 0 -7 17 17 -7
F 0 1 1 0| 1 [17 313 313 17
5710 11 0 340 | 17 313 313 17
00 0 0 -7 17 17 -7
7 17 —-17 7
1 | -17o2r 21 17
T340 | —17 27 21 —17
7 17 17 7
V.
4 —2e75(1+j5) 0 2 5(—1+j)
;1o —2¢75 (14 ) 2e7 7 0 2¢~4
fz= 1GRe(ZDFT 0 0 0
2e5(—1+j) 27 0 —277j
0.0035 0.0553 0.0553 0.0035
[ 0.0553 0.8859 0.8859 0.0553
~10.0553 0.8859 0.8859 0.0553
0.0035 0.0553 0.0553 0.0035
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vi.

0 0 0 O 0.0035 0.0553 0.0553 0.0035
10 1 10 0.0553 0.8859 0.8859 0.0553
fs~ 0 1 1 0| ]0.0553 0.8859 0.8859 0.0553

0 0 0 O 0.0035 0.0553 0.0553 0.0035

—0.0035 —0.0553 —0.0553 —0.0035
—0.0553 0.1141 0.1141  —0.0553
—0.0553 0.1141 0.1141  —0.0553
—0.0035 —0.0553 —0.0553 —0.0035

2. (a) Since M > 6 and N > 8, D(1,2) =5, D(3,1) = 10 and D(2,4) = 20.
Since 3H,(1,2) = 4H, (3, 1) = 6H, (2, 4),

3¢~ 4D 6D3"
D2n 457 D3t 410" D2+ 20m°

Since Do > 0,
3(D§" +10") = 4(Dg" +5"),
4(D3™ +20") = 6(D3"™ + 107),

which gives

D3 =3.10" —4.5" =57(3-2" — 4),
2D2"  —=4.20" —6-10" — D32" =2.20" —3.10" = 5"(2- 22" — 3.2"),

Hence 3-2" —4=2-22" —3.27 and thus (2" — 1)(2" —2) =0 and n = 0 or 1.
If n =0, then 1 = D3*° =5%(3.2° — 4) = —1. Contradiction.
Hence n = 1. Since D2 = 5(3-2 — 4), Dy = /10.

(b) Since M > 2¢ > 2a and N > 4c, D(a,b) = a® + b*> = ¢ and D(0,2¢) = 4¢2.

2.2

C2 3
Given Hs(a,b) = 8H2(0,2c), i.e. e 202 =8¢ o7 .
Hence e 207 (2¢7 2.7 — 1)(4e" o2 +2¢ 2. +1) = 0.

2
C

2
Thus e 22 = 3; —5£5 = —In2 and thus ¢ = \/ﬁ
(¢) Since M = N =10, D(2,7) =2 + 3 = 13 and D(5,1) = 5 + 1? = 2.

Given H3(2,7) = % and H3(5,1) = 1, i.e.

13" —
DInyi3n
26" _

D2 267

[SINUVITE

Then D2" = 213" and 4D2" = 26", and thus 4 = 271,
Hence n = 3; then DS = D2 = 2. 13" = 2. 133, and thus Dy = V213

3. Recall that for any f € Muyxn(R), DFT(h * f)(u,v) = MN DFT(h)(u,v)DFT(f)(u,v);
hence H(u,v) = MN DFT(h)(u,v).

(a)

k k k
s uxT v 1 S uUxT .U
_ —27{'](W+ﬁy) - - —2mj 4% —277]%
v) _Z _Z 2k+1 (2k + 1)2 .Z__ke ¢

y=—k
II1+2 Z cos

(2k+ 1+2Zcos

_ 1 (,—2mj | 2mj | —9mju | omjun _ r+2(cos 2 tcos 2xv)
(b) Ha(u,v) = g + 757 (€77 €21 +e7“™WN 4N ) = o .




—_

(e “2Mi R 4 2T N e 2N 4 6277]‘%)

v

8¢
(e 2mi (37 + X)) e 23— N) e 2mima T N) e 2mi-w N )
1

21U 2771)) n 1 2mu 2mv
—— + cos —— — COS —— COS ——
M N 4 M N

0 TU o TV
= cos” — cos” —
M N

— ;U S u _ -y s v
H4(u,v) — _4+e 27) 37 +€27TJM +e 27j & +€2W]N

2mu 2mv
=—4+2 — 42 -
+ 2 cos i + 2 cos

N
= —4(sin” % + sin? %v)

1. 1-e 2mITCREH R if oy b ¢z,
T 2w+ 5 N

1 otherwise,
) _—miT(GE+5)
) o mi(h+ 5

if 5 + % ¢ 2,

I I
m\
3
.
~
=
SE
+
S
4]
o | d
a1s
Soi
+| +
@2‘

otherwise,
1 —mj(T—1)(%% 4 52) sin(r T (¢ +5)) au 4 by
_]r° B e e oy g i if 57+ % ¢ 2,
1 0therw1se.
4. To be supplemented
5.

M-1N-1
Z Z F(m,n)F(m,n)
m=0 n=0

] MZINZIM-LN- L MoIN-d oo
= =275 (GF+ %) 2y (bl 4 nll)
—MzNzZZZZ £k, Dye2m > > Twne

m=0 n=0 k=0 [=0 k'=0 l'!=

1 — T 2 (T R | n 2Dy

= Z f(k NFk e w .
mok,k'=0n,l,l'=

1 M—-1 N-1
:EENEE: 23 P DFRLTY - Mygz(K — k) - N1yz(l' — 1)

] MoiN-
i 170k0)

k=0 1=0

6. (a) Let f be a minimizer of |Lf]|% over all {¢p € Muxn(R) : |§— Df]2 = €}. Then
the method of Lagrange multipliers states that f necessarily minimizes the following
Lagrangian: . .

L(f) = ILFI3 + Mg — DFII3.



Hence ‘;E 0, i.e.

jf[fTLTLfH@T FTDT)G - Df) =

—

which gives 2LTLf + AN(—2DT§ + 2DTDf) = 0 and thus (ADTD + LTL)f = ADT§.
(b) i. For any x,y € {0,1,--- ,M — 1},

- M-1 -k y z
(VUM )/ MUn ) (i y) = MY Ui, k)T () Z 2ms S
k=0

1 1 ifx=y
=— Mély—=x) = ’
M (v ) { 0 otherwise.

Hence vV MU, is unitary.

ii. Note that the (k,)-th block of U ® V, denoted here by (U ® V), is given by
U(k,1)V. Hence the (k,I)-th block of (U ® V)* is given by

(U V) =[U V)] =Ul KV =U"(k, )V

Hence for any k,l € {0,1,--- , N},

N—1
(U e V) U V)] (U & V)l © V)]s
n=0
N-1
=N Uk, n)U*(n, )V V*
n=0
= 3(k — DIy
Hence U ® V' is unitary.
iii. For any k,l € {0,1,---, M},
M-1
m=0
M—-1M-1 L
= Uy (kv m)cm—nU]V[ (n, l)
m=0 n=0
1 M—-1M-1 , .
_ 2mj
=3 2 D emne
M m=0 n=0
1 M-1 s 2ﬂ_jl(7nfn/)—7nk
- L S et
m=0 n'=m—M+1
1 M-1 Z\/I 1 ()
_ —2mj L A
=— Cpr€ v 8 M
M n’=0

ne 2N S(1 = ).

i\
HPﬂH

Hence Uy;CU); is diagonal.
Since VMU, is unitary, Uyt = MU, = MUy, and thus MUy CUyy is a diag-
onalization of C. Hence the eigenvalues of C' are given by the diagonal entries of
MU CUyys:
M—1
MN(C) =D a8 1=0,1,-- M —1.
n=0



()

iv. For any k,l € {0,1,--- ,N — 1}, the (k,l)-th block of (Uy ® Up;)D(Un ® Uxs),

denoted here by [(Uy ® Upr)D(Uy @ Upr)]k,, is given by:

N-1
(Un @ Un)D(Un @ Upp) ks = (Un @ Unt)kem[D(UN @ Upp)lma

N-1

(UN & UM)k,m Z Dm—n(UiN ® m)n,l
=0 n=0
1

UN(ka m)UN<na l)UMDmfnUiM

1 2 ln an
= 272 € Unt D, - nUM

1 Zm 9 Lm=n)—km.
= ~N9 e J UMDn/UM

I
3|
<1:[\3
a
:
N
Ql
]
2
5
-
5

m=0 n’=0
1 = y
= 0= k) Y e K Uy Dy T,

n’/=0

Since D is block-circulant, D, is circulant. Hence by the result of (b)iii., Ups D, Ups
is diagonal and thus (Uy ® Uy )D(Un ® Uyy) is diagonal.

Since vNUy and vV MUy, are unitary, VM NUy ® Uy, is unitary, and MN({Uyx ®
Un)D(Un ® Upy) is a diagonalization of D. The eigenvalues of D are the diagonal
entries of MN(Uy @ Upr)D(Uy @ Uypy), i.e

M—-1N-—

=2 Z e ZIEAR) e (0,1, M 1}, 1€ {0,1,--- N — 1},
m=0 n=0

where D,, ,, denotes the value of the entries on the diagonal of D,, with indices
{(z,y):x —y em+ MZ}.

i. For any z,y € {0,1,--- ,M — 1},

g
A

WDy iWa(2,y) = W (z, 8)[Dr—iWar(s, y)

i

S
L

M-—1
Dy_i(s,t) WM(t y)
t=0

I
i
S
~§

M-1

o ST ty
E Dy s—re“™

t=0

|
2|~
<%
L4

S

csz—(s—t))y
E Dkfl,t'e%r] M
=s—M+1

_— M—1 ,

js(z—y ity

2™ =31 E Dk—z,t/62” g
t'=0

|
S
3

=)~
IV
Il
[}

imy
Dy_yme*™ i ifx=y,

Il
——
S 3=

v

otherwise.



ii. For any k,l € ZN[0,N — 1],

N—1
[(Wn @ Wa)D(Wn @ War)lg = (Wn @ War)k,m [ D(Wn @ War)lm.
m=0
N-1 N-1
= (WN & WM)k,m Z Dm—n(WN ® W]VI)n,l
m=0 n=0
N—-1N-1
=3 Wak,m)Wy (n, )Wy Dy Was
m=0 n=0
| V1Nl s
=~ Z ™ N WD Wit
m=0 n=0
1 == jhm=llm=n’) )
g km=i(m—n
-— (& WMDn/WM
N m=0n’=0
1 = mk=1)
- N m=0 eQTrj ,ZO 6271—] v WMDTL' W]\/[

=0(k—1) Y X ¥ Wy D, War.

Hence for any k,l € {0,1,--- ,N —1} and z,y € {0,1,--- ,M — 1},
(Wx @ War)D(Wx @ War)|(z + kM, y + M)
(Wx @ War)D(Wx @ War)lki(z,y)

N—1
)Y R WD, W2, y) itk =1,
- n=0
0 otherwise,
N-1 2 s ln M1 2 mE .
B e*™N 3 Dpme*™n  ifk=1[and =y,
- n=0 m=0
0 otherwise,
M—1N-1 .
D(m +nM,0)e*™ 5+ %) if k=1 and z = y,
= § m=0 n=0
0 otherwise,
M_1N-1 s(mx | kn
h(m,n)e*™5F+F) if k=1 and z =y,
= § m=0 n=0
0 otherwise,
_ JMN DFT(h)(z,k) ifk=1andz =y,
~]o otherwise.

(d) For any z € {0,1,--- ,M — 1} and y € {0,1,--- ,N — 1}, and f € My «n(R),

M—-1N-1
(Wy @ War)S(H))(z +yM) = > > (Wy @ War)(z + yM,m + nM)S(f)(m + nM)
m=0 n=0

= W (y, )Wt (x, m) f (m, n)

=VMN 1 Z Zf(m,n)m

EN|



= VMN S(DFT(f))(z + yM).

Hence Wy @ Wia)S(f) = VMNS(DFT(f)).
(e) Recall the result from (a):

(ADTD + LTL)f = AD"§.

Since D and L are block-circulant, the result from (c)ii. asserts that

[(Wxn@War) D(Wn@Wa)](z+kM, y+IM) =

)

{MNDFT(h)(x, k) ifk=landz =y,

otherwise
equivalently, denoting the M N x M N diagonal matrix by Ap,

Similarly, L
L= (WN ® WM)AL(WN & WM)

Hence

(ADTD+ LTL)f = (AD*D + L*L)f
= {A(Wx @ War)Ap(Wy @ War)|*(Wn @ War)Ap (W @ Way)
+[(Wn @ War) AL (W @ Wan)]*(Wy @ War)AL(Wx @ WM)}JF
=MWy W) ApAp (W @ Way) + (Wy @ Wi )* AT AL (W ® WM)]f
= (Wx @ War) AMHAD + AjAL) (W @ War) f
— (Wx © Wa) M pAD + AL AL)VIMNS(DFT(F));
on the other hand,
A\DT§=\D*g
= AWx @ Wu)"Ap(Wx @ War)*g
= AWx @ Wi)Ap(Wx @ W)
= AWy @ War)ApVMN S(DFT(g)).

Hence (MHAp + A5 AL)S(DFT(f)) = M} S(DFT(g)). By comparing each pair of
entries,

(AM?N?DFT(h)(u,v)|*+M? N?DFT(p)(u,v)|*) DFT(f)(u,v) = AMNDFT(h)(u,v) DFT(g)(u,v),
which yields

ADFET(h)(u,v)DFT(g)(u,v)
MN(ADFT(h)(u,v)|?> + |[DFT(p)(u,v)|?)’

DFT(f)(u,v) =

7. To be supplemented.

8. To be supplemented.



