MMATS5390: Mathematical Image Processing
Solutions to Chapter 5 Exercises

1. Recall that the result g; of the 3 x 3 mean filter applied on f € My« n(R) is given by:

1 1

g9i(2,y) =$ D fatky+0);

k=—11=-1

the result g;; of the 3 x 3 median filter applied on f € My« n(R) is given by:

the result g;; of the convolution filter é

Giii (37, Z/) =

2

gii(xvy) = median{f(x + kay + l) : kal € {_L 0; 1}}7

4
applied on f € My«4(R) is given by:

_ O =

o O O =
o O OO
O O O

F )+ 2@+ Ly) + fe—Ly)+ ey + 1)+ fley - 1),

8

Hence the results from applying the filters on the given images are:
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2. (a) For any f € Mnxn(R) and 2,y € {0,1,--- ,N — 1},

N—-1N-1

hl*f(xay) = Z Z hl(kJ)f(x_kvy_l)

k=0 1=0
=flz+ Ly - f(z,y)



Then for any f € Myxn(R) and z,y € {0,1,--- , N — 1},

—1N-1

ZZhl*hlkl (x—k,y—1)

k=0 1=0
= (hy x hy) * f(z,y)

= hy * (hy % f)(z,y)

=hix f(x +1,y) — b1 * f(z,9)

=flz+2,y) - flz+1,y) — [f(z+1,y) — f(z,y)]
= flz+2,y) —2f(z+1,y) + f(=z,v).

if (z,y) = (0,0) or (—2,0),
Hence hy x hy(z,y) if (z,y) = (-1,0),
otherwise.

(b) For any f € Myxn ]R)andxyE{Ol -, N =1},

N-1N-1
he * f(x,y) = Zhg flea—k,y—1)

k=0 I=

A

=3 Z Z flz—k,y—1).

Then for any f € Myxn(R) and z,y € {0,1--- | N — 1},

—% ST hexfla—ky—1)
k=—11=—1
1 1
/ !/
= 3L flea—k—-kK,y—1-1)
keok! Ll =—1
Note that for k, k" € {—1,0,1},
k+ k' = —2if and only if (k, k") = (—-1,-1),
k+ k' = —1if and only if (k,k") = (—=1,0) or (0,—1),
k+ k' =0 if and only if (k, k") = (—1,1) or (0,0) or (1, 1),
k+ k" =1 if and only if (k,k") = (0,1) or (1,0),
k+ k' =2 if and only if (k, k') = (1,1).

The same goes for [ +{’. Hence

st —leDB 1y if —2,-1,0,1,2
h2*h2(x’y):{81(3 23— |y|) if x,y € {~2,-1,0,1,2},

0 otherwise.

(¢) For any f € Myyxn(R) and z,y € {0,1,--- ;N — 1},

N—-1N-1
hax fley) = > ha(kDf(@—ky—1)
k=0 (=0
= DS y) G L)+ f Ly) + fey + 1)+ fey — 1)



Then for any f € Myxn(R) and z,y € {0,1,--- , N — 1},

i
r

hg s h(k, 1) f(x — k,y — 1)

k=0 =0
= (ha * h3) * f(z,y)
= hg * (hs * f)(z,y)

%hi’)*f(x y) i[ 3*f($+17y)+h3*f(xi17y)+h3*f(xvy+1)+h3*f(xvy71)]
= Sy + [+ L) + F@—Ly) + flay + 1) + fy — D]}
F 1 FE L)+ 2@ +2,9) + @ 9) + fw+ Ly + 1)+ e+ Ly - 1))
+i{;f( )+ @)+ F@—2,9) + fle - Ly + 1)+ [~ Ly - 1)])
F 1 fEy+ D) 2@+ Ly 4 )+ @=Ly + 1)+ fy+2) + fy)])

£ 15 H ey =1+ {f @+ Ly =1+ fo— Ly = 1)+ f9) + Fay—2)

= S y) G L)+ f Ly + fey+ 1) + Sy — 1)

—_

+-[flz+Ly+ D)+ flza—Ly+ D+ flz+1L,y— 1)+ flz — 1,y —1)]

8
@+ 2,9)+ J@ = 2,9) + [y +2) + Sy - 2)]

Hence

% if D(z,y) =0,

i if D(z,y) =1,

hs x hs(x,y) = % if D(z,y) =2,

1—16 if D(x,y) =4,

0  otherwise.

3. (a) 1. Suppose f is a minimizer of F7. Then for any v :  — R,

OZQ El(f+t’l})

ot 0
[(f +tv—g)* + AV (f + tv)|3] dz dy

_/ﬁ
o Ot
t=0

0
= [l =025
= [ =)+ 25| (IVFI3+26(97,90) + 2 VolR)] dody
Q t=0

—o / (f — g) + MV £, Vo) dz dy

(Vf+tVo,Vf+tVo)]dedy

:2/@[f—g—AV~(Vf)]+2)\ v(V f,7)ds. (%)
Q

o0

Since v is arbitrarily chosen, f satisfies:

“AVAf(z,y) + flz,y) = glz,y) if (z,y) € Q,
(Vf(z,y),A(z,y)) =0 if (z,y) € 0.



ii.

iii.

iv.

vi.

Suppose f satisfies the above PDE. Then for any h: 2 — R,

Ex(h) = Ex(7) = [ ((h=9)" = (£ = 9" + NITHIE = AIV 18] o dy
= [0 = 2gh 4 = £ 4269 5+ MITh = V115 = 2718 +2(Th, V1)) do dy
:/Q[(hff)2+2hf72f2—2gh+2fg+)\(HVh7Vf||§+2<Vf,Vh7Vf>)]d:cdy
>2 [ [(f = g)(h— )+ MVS.Vh = V)] dudy
=2 [ [(f=a)h— 1)~ Xb = VNl dady+2 [ (h= (V1.0 ds =0

Hence f minimizes Fj.
From (%), a descent direction of Fy at f is given by:

’U( y): —f(ﬂc7y)+g(x,y)+)\v2f(x,y) if ($,y) EQ»
’ —(Vf(x,y),7i(x,y)) if (z,y) € 990.

Hence given f: Q — R, the gradient descent scheme for minimizing F; is given by:

of (@, yst) _ ) —fl@.y) +9(x,y) + AV f(z,y) if (z,9) € Q,
ot —(Vf(z,y),n(x,y)) if (x,y) € 0.

Upon discretization in time and space, the explicit gradient descent scheme with
time step 7 becomes:

frt@y) = M (@y) _ J =@ y) + gl y) + AD2(Di(f) (@ y) i (2,y) € Q,
T _<D1fn(xay)7ﬁ(xay)> if ((E,y) € an

where the finite difference operators D; and D, approximate the differential oper-
ators V and V-.

Using the forward difference approximations for first derivatives,

El,discrete(f) = Z {[f(IB, y)*g(% y)]2+)\[f(x+1, y)ff(xa y)]2+/\[f(xa y+1)*f(l', y)}z}

(w,y)€Q
. Suppose f minimizes Ej giscrete- Then for any (zo,y0) € €,
0= aEl,discrete(f)
9f (w0, o)
0

= af (@0, 50) ([f(fﬂo, y0) — 9(x0,10)]> + M[f (o + 1,90) — f (@0, y0)]* + [f (@0, y0) — fzo — 1, 40)]?

o+ [F (@0, 90 + 1) = f(wo, 30)I* + [f (w0, y0) — F(o,50 — D]})

= 2[f(z0,90) — 9(x0, yo)] + 2A[4f (w0, y0) — f(z0o + 1,90) — f(xo — 1,90) — f(w0,y0 + 1)
- f(xoyyo - 1)]»

ie. (14+4N) f(20,90) —Af(zo+1,50) = Af(zo—1,90) = Af (w0, yo+1) = Af(zo,90—1) =
9(70,%0)-
The gradient of E) giserete has been computed in the previous part. Hence the
explicit gradient descent scheme for minimizing E) giscrete with time step 7 > 0 is
given by:

fn+1($’ y) — fn(x7y)

T

=200 +4N (@, y) = 20" (@ + Ly) + [z = Ly) + (@, y + 1) + [ (2,9 = D]+ 29(2, y).




(b) i. Suppose f is a minimizer of E5. Then for any v : ) — R,
0
= | Ex(f+tv)
Ot|,_
[(f +tv—9)* + K|[V(f +tv)[|*] da dy

_/Q
o 0t),_q

= [t -0+ 55

0

(Vf +tVo, Vf +tVv))?] da dy
t=0

= [ 1200 = 9) + 2KV (V1. Vo)l de dy
=2 [ ol —g= V- (KIVSPYN)drdy+2 | oKV L) ds
Since v is arbitrarily chosen, f satisfies:

{—v K|V (@, y) + fa,y) = g(a,y) i (z,y) € Q,
K (. )|V (2, 9) |2V f(z,y), i(@,y)) =0 if (2,y) € Q.

iii. From i., a descent direction is given by

o, y) = 4 @) Fo(@y) £V (K|IVFIPV ) (x,y) if (z,y) € Q,
’ —K (@, y)IIVf (2, 9) (V[ (2, 9),71(z,)) if (z,y) € 9.

Hence given f: Q — R, the gradient descent scheme for minimizing E5 is given by:

Of (@,y;t) _ J—f(@.y) +9(@,y) +V - (KIIVFIPVS)(@,y) if (z,y) €Q,
ot *K(I,y)HVf(I,y)||2<Vf(IL'7y),7_i(fE,y)> if (I’,y) € 0N,

Upon discretization in time and space, the explicit gradient descent scheme with
time step 7 becomes:

T

frt@y) = fry) {—f"(ff,y) +9(2,y) + Do (K|ID1(fM)[IPDo(f™) (@) if (2,y) € Q,
—K(a@y)||’D1(f)(m,y)||2(Vf(:1c7y),ﬁ(sc,y)> if (amy) € 697

where the finite difference operators D; and D, approximate the differential oper-
ators V and V-.



