MMATS5390: Mathematical Image Processing
Assignment 2

Due: March 8 2022

Please give reasons in your solutions.
1. Let H,(t) denotes the n*® Haar function, where n € NU {0}.

(a) Give the definition of H, (t), and derive the Haar transform matrix for 4 x 4 images
according to the definition.
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(b) Let A = 3 g g g . Using the Haar transform matrix derived above to compute
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the Haar transform Apgaa, of A.

(c) By setting the four smallest (in absolute value) nonzero elements of Agaar to 0, we
obtain Ag,.,. Compute the reconstructed image A of Apaar-

2. Let W,,(t) denotes the n'® Walsh function, where n € N U {0}.

(a) Give the definition of W, (¢), and derive the Walsh transform matrix for 4 x 4 images
according to the definition.
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(b) Let B = 3 g g g . Using the Walsh transform matrix derived above to compute
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the Walsh transform Byyash of B.
(c) By setting the lz}rges‘g element of Bwaisn to 1, we obtain Bwalsh. Compute the recon-
structed image B of Bwalgsh-

3. Let H,(t) denotes the n*" Haar function, where n € NU {0}. We denote the inner product
of two functions f and g as

L%@:{ﬂR%RL/ﬂ<m}
R
and for any f,g € L%(R),

%m=AM-

(a) (Unit) Prove that [ [Hp(t)]*dt =1 for any m € NU{0}.
(Hence H,, € L*(R) and ||H,,| =1.)
(b) (Orthogonality)
i. Prove that (Hg, H,,) = 0 for any m € N\ {0}.
ii. Let m1,mo € N such that 0 # m; < mg. Then m; = 2P* + ny and my = 2P2 + ng
for some py,ps € NU{0}, ny € ZN[0,2P* — 1] and ny € ZN [0, 2P2 — 1].
A. Suppose p; = p2. Prove that (H,,,, Hy,) = 0.
Hint. In this case ni < nao.
B. Suppose p; < ps.

1
e Show that the length of {0, ﬂ) is a multiple of that of [nQ, Rz + )
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e Show that the length of [nl, W) is a multiple of that of {RQ, n2 + ) .
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e Show that the length of o om op2’ ops

e According to the above steps, considering the possible subset relations be-
tween the supports of H,,, and H,,,, prove that (H,,,, Hp,,) = 0.
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The above establishes that H is orthonormal in (L?(R), (-, -,)).

4. (a) Give the definition of 2D discrete Fourier transform of an M x N image, and write down
the Fourier transform matrix U for 4 x 4 images.
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(b) Let C = le ; g 411 Using the Fourier transform matrix U derived above to
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compute the Fourier transform Cppr of C.
(c) By setting the smallest (in modulus Value)~ nonzero elements of Cppr to 0, we obtain
Cprr. Compute the reconstructed image C of Cppr.

5. Coding assignment: Please read the MATLAB file or the Jupyter notebook file in the
attached zip file carefully. There are missing lines in the file. You can either choose MATLAB
or Python to finish. Add the missing lines by yourself and test the file using the given image.
(Note: In this coding assignment, we discuss the image processing of grayscale images only.)

Coding instruction:

Q1: Recall that DFT can be rewritten as matrix multiplication.
g=UgU (1)

1 .
where Uyp = Ne_QWJWﬁ where 0 < o, < N — 1, and U = (Unp)o<a,p<N-1 € Mnxn(C).

In this coding assignment, you are required to reconstruct the image given a modified g,
which represents the Fourier coefficients. You are not allowed to use the built-in MAT-
LAB function if ft2 or any Python Fourier transform module such as numpy.fft module and
scipy.fft.

Later in this course, we will do image processing in the spectral domain. We will use this
technique again and again.



