
Lecture 24:

Def : Let T be a linear operator on finite - dim inner

product space V over F
.

If 11175111=11%11 tix E V ,

then we call T is a unitary linear operator .
( resp .

orthogonal operator) if F  = G ( resp F  = IR )

Lemma : Let U be a self - adjoint linear operator on a fin - dim

inner product space V
.

If LI
,

UCI ) > = o VI EV
,

then U - To = zero transf
.



Pf : Choose an
orthonormal basis p for V consisting of

eigenvectors of U
.

If IEP ,
then ULIK XI for some A

.

O = LI
,

UCI , > = < I
,

XI > = 5<5,57--5115112

⇒ 2=0

.

'

.
ULI ) = o for tx Ep

.

'

.

U = To
,



Thin : For a linear operator T on a fin -
dim inner product

space V
,

the following are equivalent :

Ca ) TT
't

= T
*  

T = I

(b) T preserves
the inner product  on V

,
i. e. ,

< This ,
Tcg , > = 57 VI. 5 EV .

( c ) Tcp,

,
At { This

,
-

. sitcom ) is an orthonormal basis

{ T.in .  . ins

for V for any
orthonormal basis p for ✓

Cdl I an orthonormal basis pforV sit . Tcp ) is an orthonormal

basis for V .

(e) HTLI ) 11=11511 for V-E EV



Pf : Cal ⇒ I b )
i

L Tix ,
,

Tty , > = LI
, T.ITCID = s 5,57

,

(b) ⇒ l C ) : Let p = { Tri
,  . . Tvn } be an orthonormal basis for V

.

Then :LTC Til
,

Thijs > = a Ti
, Tj > = 8ij={ toif

.

.

'

. Tlp ) is an
orthonormal basis for V

,

(c) ⇒ c d ) : Obvious .

(d) ⇒ C e ) : Let IE V and p = { Tri
,

. .
,Jn } = orthonormal basis

for V
.

I = Iz
,

air ; for some ai
,

. .

,
an EF .

⇒ HIM
'

= ix. I > =

,
lair

But Tcp ) is orthonormal .

( Check )

i. HTCIIH
'

= III. ai
 Tevis IT = II lair

.

i. HTIN -41511
.

for HIE V .



(e) ⇒ ca ) -

- VI EV
,

LI ,
I > 41811

'

- HTCIIH
'

-_ s TCI , ,TlID
= C I ,T*ThTD

⇒ s I
, ( I --1*-115×17=0 for all Kev

.

I
'

.

'

U is self - adjoint i
. U = To ⇒ I=T*T .

Similarly ,
we can show TT

'
- I

.



Def : A matrix A E Mmm ( IR ) is called orthogonal if i

The set of  orthogonal real
AT A  = AAT = I

. matrices is denoted as Och )

A matrix A C- Mnxn ( E ) is called unitary if  :

A*A= AAA = I
The set  of unitary complex

matrices is denoted as Uch )

Remark .

.

 . T is unitary ( or orthogonal ) iff .
I an orthonormal

basis p set . [ TIP is unitary ( resp . orthogonal )

. Let Ji
,

.  . in EF ? Then A-  
Eet

- . rip )eMnxfF)

is unitary ( resp .
orthogonal) iff p

-
- { Ti

,  -
. . ,Tn } is

an orthonormal basis for Cl " ( resp IRN )



Thin : Let At Mnxn ( E )
.

Then A is normal iff A is

unitarily equivalent to a diagonal matrix
.

( That is
, ⇒ PE Uln ) set . p*AP is diagonal )

Pf

:#
Suppose A is normal .

Then : I an orthonormal basis p
=

{ Ji
, .

. in } for a
"

S.t. p
' '

A p=[ La)p is diagonal

( of eigenvectors)

where P = C ÷, .  . Tip )
'

.

' P is unitary ,
p*p=pp* -

- I ⇒ p
- '

= P*
.

⇐ ) Obvious .
Exercise .



Thin : Let A E Mnxnllk )
. Then : A is symmetric iff A is

orthogonally equivalent to a diagonal matrix .

That is
, IPE Och ) Sit . PTA P is diagonal .





God : T = a ,
T , that t

. .  .

t 7h Tk

I I l
Simpler Linear Operators .



Spectral Decomposition

Prop ? Let V be an inner product space and WCV a fin - dim

subspace with an orthonormal basis { I
, ,

.
. .

,
Th }

.

Then =

the orthogonal projection T : V -2 V defined by :

Tty ) = ¥45, Fifi

is a linear operator sit
.

I I ) NLT ) = Wt and RCT ) = W

( 21 T
2

= T

(3) T is self - adjoint .



Pf : T is linear because c.
,

° > is linear in the first

NLT ) = { TeV : Etsy .fi > E ;
 af }

argument .

= { I EV = try ,
Ti > = o for i' 1,2 ,

.
.

,
k } = Wt

By definition ,
RCT ) CW .

For tu EW
,

we have : I = ¥454# i
= Ttu ) C- RCT )

.

i
. W -

- RIT ) and Tfw = Iw

.

'

. T -

- TOT = That ,
. T = Iwo T = T

I  l

W



For any I. I EV
,

write I = I
, t Iz I

,
EW

,
Iz E Wt

F = I , tyz I ,
EW

, Iz E Wt
.

Then : LI
,

Teg , > = L I ,txz , TCJ.lt/cIyD=sxi,Ji711 I 8YI
< Text

, 57 = stunt Type,
I , toys > = sxT.fi >

¥
, 8 for VI. TEV

, i Tt = T ⇒ T is self - adjoint .



Thin .

. Let T be a linear operator on a fin - dim inner product
( spectrum  of T )

space V over F with distinct eigenvalues Xi
,

72
,

.
. , 7k

.

Assume T is normal ( resp . self - adjoint ) if F  = G ( resp .

For i -4,4 . ish
,

let Ei = Ex ;
 = { IEV = Text - Xix }

.

I R )
'

and let Ti be the orthogonal projection onto Ei
.

Then :

(a) V = E , ⑦Ez ⑦- - .  ⑦ Ek

C b ) Eit  
= j Ej for i -4,2 ,  

- - ik

(c) Ti Tj  
= Sij Tj for Hi,jEk

←
Resolution

of the identity

(d) I = T ,
t Tat .

.
.

 t Th operator

( e ) T = HIT , t KI t . .
 + 2h Th ← Spectral decomposition



Remark : V = E
,

④ Ez ④ - - - ④ Eh means :

①②
V = E , t Eat - -

t Ek It { Ii txat . .
 txh .

- Ife Ej

Ein Ej) = { 83 for fi # j .

05=1.3 . .kz

Consequence : ① dim IV ) = dim (E) t dim L Edt . .  .
t dim C Ek )

② For any
TeV ,

I can be written uniquely as

Tr = I ,
txzt - . .

 t Ik
in a a

Ei Ee Eh



Pf :

(a) This follows from the fact that  T is diagonalizable . .

Antti )

C b ) '

c

'

Ej C Eit for jti .

.
: j¥Ej C E it

Now , dim I Eit ) = dim ( V ) - dim L Ei )
=

If ;

dint Ej ) = dim ( j EJ )

i . Eit =  ⑦ Ej
jti

(c) Ti Tj  = Tilney. ,Tj =8ijIlEjTj = Sij Tj .

11

Ej



(d) tie ) :  ' i V = E , ⑦ Ez -10 . .
. ④ Ek

.

'

.

for any
I - EV

,
I can be uniquely written as ?

I -_ I
,

txzt . .
.

 + Ik
, Iie Ei for Hialeah

.

Then : Ti CI ) = Ii  ⇒ ( It It
. .  . t Th ) CI ) = I itxztntxk

= I
= ICI )

c

'

. It Tat
.

.  .
t Th = I

Also , Tix ) = TEXT ) t tlxzlt . .  .

ttcxh )
= Xix , t Aziz t

.
. .

 t XkTk

= It Xatzt . .  -t7kTk)lX )
I T = X , T ,

t Antz t
. .  .

t XkTk
.



Cor : If F  = Q
,

then T is normal iff  T*=gCT ) for

some polynomial g .

⇐ ) T= A ,
T , t Aint . - -

t 7kTh
Pf : Suppose T is normal . Let

be spectral decomposition of T
.

Then : T
*

= IT ,

*
t Th

 Taft . .  .
tIkTk*

= IT , t Ia Tz t .
.  .

t Ik Th
.

By Lagrange interpolation ,
I a polynomial g set

. gui ) = Ii

for
'

1=1,4 . .

,
k

,

Then : get ) = glatt - -
t 7h Th )

= guilt , t glad Tzt . . .  t g ( Ak ) Th

= IT , t II t . -
- t Teeth = T

*

.



⇐ I If T
*

= GCT )
, then TAT = get ) T = TGCT )

= TT 't
.

c

'

. T is normal .


