
Lecture 20:
Recap :

Proposition : Suppose S -

- { I , ,Tz ,
.

- .

,
Th } is an orthonormal

pet in an n - dimensional inner product space V
.

Then :

( a ) S can extended to an orthonormal basis

{ Ji
,
-Vz

,
.  .

,
Jen

,
Thu

,
. . .

,

In } for V
.

(b) If W= span I S )
,

then S
,

= { Then
,

. . ,Tn3 is

an orthonormal basis for Wt

(c) If W is any subspace of V
,

then :

dim I V ) = dim Lw ) t dim C Wt )



Remark : In fact
,

a

"

complement
"

to a subspace WCV

( dimlvko )

is another subspace UCV sit .

g.Wru
-

-
ET } ⇒ V=W④u

. dim I W ) t dim ( U ) = dimly

u ←
is a complement to

✓ = Wt U W

→
Wt

a special W
complement

to W r



Adjoint of a linear operator

Prop : Let V be a finite - dim .

inner product space over F .

Then for any linear transformation g : V -7 F ( linear functional )
,

I ! y-EVS.to GCI ) = L 5,57 for all T.EU
.

Proof : Let p= { I
, , .

.
. ,

In } be an orthonormal basis for V .

Set : I -

- II
,

get Ti .

We have : a Tj ,
I > = En

,

gcv-iysvj.fi > = 9cTj )

⇒ get )=< I
,

I > for all I EV

GL a ) exo, y > a gives
ate on  all basis element



If I g-
' EV sit . GCI ) = LI

,57
for t I

.

then , < I
,

g- > = get ) = L 5,5 '

> to -
HI

⇒ I -

- I
'

,



Theorem : Let V be a finite - dim inner product space .
Let T be

a linear operator on V .
Then : I ! linear operator T

*
: V → V

Such that i

< text ,
I > =fX

,
-14817 for HI , JE V .

T
*

is called the adjoint of T
,

Proof : Given any g- EV
,

the map guy : V → F defined by .

gytx ) = LTCXT , I > is linear (
'

.

' s .

,
. > is linear in

the 1st argument)
By the previous proposition , I ! I

' EV t

T is linear

such that C TCI )
, 57 = LI 'T

'

> for all Ie ✓
.

"
Now

,
wokefine : T

*
: V → V by -1*151=5 !

g- g LI )
uniquely



To see that T *
is linear

, let Ji , Tz E V and CEF .

Then VI E V
, we have :

< I
,

TM cj , tyz , > = CITI )
,

CII -1527

= I CTCXT , I , > t a TCI ) ,
527

= Is I
,

This ,> tax
,-1*15237

= LI
,

c THT , ) t T
't

C Id >

⇒ Titley , -154 = c -145 , t 7454

Remark :

IX. Tcg , > = sTc5 = c5,-* =L TEXT
, 57



Proposition : Let V be a finite -
dim inner product space and let

p be an orthonormal basis for V . Then HT = V → V
,

we have :

I T
'

Jp
= ( ETI ← conjugate tramp on

( AA = I IT )
Proof : Let A  = ETI

p ,
D= [ T *

Ip and p={ This ,
. . ,Tn3 .

Bij  =L T
*

I Tj )
,

Ji > = C Tj ,
TITI ) > = <TLTiyujT

- adjoint= Aji
Corollary : Let A be an nxn matrix

. Then = A *
d

If : The standard basis p for Fn is
LA 't  =LLA )

A

ortho  r normal . conjugate
transposeThem [LAI

,
-

- A  
.

i. [ CLAY )
,

= ( Kalp)* = A
't

= CLAMP ⇒ (LAY - LAA


