
Lecture 16:

Recap :

Def : Given a linear operator T on a vector space V
,

and a non - zero IEV
,

the subspace

W : = span ( I TEXT : KEIN }) spa # Is text , -1277:} " ⇒

( Tk Et To Tro -
-

- OT )
-
k times

is called T - cyclic subspace
of V generated by I

.

Prop : W is the smallest T - invariant subspace of V

containing I .



Example :  a For T : PUR ) -7 PUR) defined by Tlfcxi ) = f '
Cx )

then T - cyclic subspace generated by X
" is :

span @ xn
,

nx
"

, . .
.

,

n ! X
,

n ! } ) = Pn CIR )

. Let Ti V → V be linear
. Then ,

a 1 -
dimensional

T - invariant subspace UCV is nothing but the span

of an eigenvector of T .

ftU = I - dim T - invariant subspace .

.

Then : Ttv ) EU
Then

,
U = Spain { T )

⇒ Two , = XI
.

c- .

Tv -
- eigenvector

It of  T
.

Also ,
if TEV is

Taneigenvector of T
,

then T - cyclic

subspace generated by I is also span { I 3. f- { I
,

- - 3)



:V→VE÷
Def :T/jW→Wdefined by Ttwlw ) = TCJ )

Next time , fault ) divides felt )



=V→V
Remark : Let T be a linear operator on a finite - dim vector

Space V
,

and let W c V be a T - invariant subspace .

Then ,
the restriction of T to W

,
denote it by Tlw : W → w

,

is well - defined and linear .

Proposition : fyywlt ) divides ft I t )
.

Proof: Choose an ordered basis D= { VT
,

Tz
, . . ,

Th } for W and

extend it to an ordered basis p -

- { Ti
,

Tz
, . . .

,
Tk

,

Thu
,

. .
.

,

Sn ]

for V
.

Then :

ik

" I
e

-

. fiorin:p .
. )

-

. f:
h

Do



felt = detffrBc ) - t I ]

=detf"
' or" "

:* !
= det ( [ Twtr - TIK ) det ( C - t Into )

= fact ) get ,

¥

i

'

' FTW Lt ) divides ft C t )



Theorem : Let  T : V → V be a linear operator on a finite - dim

vector space V and let WCV be T - cyclic subspace of V

generated by Toto EV
.

( W = span { T
,

Thi )
,

TTT )
, -

. . 3)
Let k= dim CW ) .

Then :

Ca ) { i. TIED
,

Ttv )
,

.
. . ,

Th - '

to ) } is a basis for W

Cbl If aoi ta ,
Tiv ) taz TZJ ) t . .  . take ,ThTJ ) -17481=8

,

then the characteristic polynomial of Tfw is -

.

£  Twlt ) =L-Dh ( a. taitt art 't . .  .
take tht )



Proof "

(a) Since Toto
,

then { I } is linearly independent .

Let j be the Largest  tire integer sit .

p = { T
,

TCT ) , .
. .

,

TJ
' '

CT ) } is linearly independent .

Such j exists because V is finite - dim .

Z

Let Z  = span l p )
.

c

'

. Z C W u

Then , p u Thi ) is linearly dependent . c

-

n
TILT ) Espanto )

-
c

'

. Tieu ) EZ
.

[ .
I .

Now ,
let JEZ .

Then I bo
,

bi
,

. . .,bj - i
C- F sit .

I = bottb
,

TCT ) t in .

t bj ,
T Jt CJ )

TCT )=bzT4vTt bi THEE. . .  +bj.zTJ-tv-F-bj.IT 'tFEZ



,

'

.
If JEZ

,
then Tco ) EZ .

c

'

- Z is T - invariant containing I
.

Subspace

.

'

. W CZ .

(
'

,

'

W is smallest T - invariant

Subspace containing I
)

-

I I

I cyclic subspace
containing I

L .
I

.

M

i . W = Z = span C p )

i - p is a basis of W and j -

- k
.


