MMAT5390 Mathematical Image Processing
Practice Midterm Examination Solution

1. Note that H is a 4 x 4 matrix; hence it represents a linear transformation on 2 x 2
images.

H is not block-circulant. For example, consider the y = 1, 8 = 1-submatrix of H,

ie. (g g) This is not a circulant matrix, as the shift-operator 1" maps (g) to

(g) instead of (2) . Hence h is not shift-invariant with h being 2-periodic in both

arguments.
(However, H is block-Toeplitz and thus h is shift-invariant.)

2. Assume f and H are periodically extended.

(a) H x f is the 5 x 5 matrix whose entries are given by

2 2

Hx f(a,8) = Z Z H(m,n)f(ae —m, 5 —n).

m=—2n=—2

Hxf(a,8)= Y Y H(mn)f(a—m,3—n)

m=—2n=-—2

2 2
= Z Z Am43bn13f (0 —m, B —n)

m=—2n=-—2
2

- Z Z H{(m,0)Hy(0,n)f( —m, 5 —n)

m=—2n=-—2

= Z H,(0,n) Z Z Hi(m,n)fla—m,5 —n—n')

n=-—2 m=—2n/=-2
2
= Z HQ(Oun)Hl * f(avﬁ - n)
n=—2

= Z ZHg(m/,n)Hl*f(a—m,,ﬁ—”)

m/=—2n=-—2

= Hyx (Hy * f)(a, B).
Hence H * f = Hy * (Hs * f).

3. (a) Assume I, I, € 7 are periodically extended.

The discrete convolution [ % Iy of I} and Iy is the (2N + 1) x (2N + 1) matrix
whose entries are defined by

N N

I * I, B) = Z Z Ii(m,n)Iy(a —m, B —n).

m=—N n=—N



Let I1,1I, € Z, and let ¢ € R. Then
O(Il + C]Q) == (]1 + C[Q) x H

— Z Z I + cly)(m,n)H(a —m, 3 —n)

—Nn=—N

—N<a,8<N

= Z Z [Ii(m,n)H(a —m, B —n)+ cla(m,n)H(a —m, 3 —n)]
—Nn=-N —N<a,8<N

= [[1 * H(a, B) + cly* H(a, B)] _yeop<n
=LxH+cly«H
= O(11) 4+ cO(I3).

Hence O is linear.

For any I € Z, the PSF h of O satisfies

N N
Zthayﬁ (x,y) = I*xH(« Z Zlmn (ae—m, B—n),
—Ny=—N —Nn=—N

and thus h(z,a,y,5) = H(a — z, 5 — y).
Hence h is shift-invariant.
Let Hy, H, € Z. Then

N N
I« (Hyx Hy)(ov,5) = Z Z[mnHl*HQ(a—mﬁ—n)
—Nn=—N
N N

ZN Z I(m,n) Z Z: Hi(m/',n'YHy(a —m —m/, —n —n)



N N N+m N+n

= Z Z I(m,n) Z Z Hi(m" —m,n" —n)Hy(a —m", 8 —n")

N n=—N m'’'=—N+mn''=—N-+n

N N —-N-1 N+m N+n

= osam (¥ 4% S
—Nn=—N "=—N+m m'"=—N "=—N+n

Hi(m" —m,n" —n)Hy(a —m" ;5 —n")if —N<m<0
N N+m) N+n

= osamn (% 4 Y)Y

= N+m m"=N+1/ n"=—N+n
Hy(m" —m,n" —n)Hy(ao —m", 3 —n")if 1 <m < N

N N N N+n
= Z Z I(m,n) Z Z Hi(m" —m,n" —n)Hy(a —m", 3 —n")
—Nn=—-N m""=—Nn""=—N+n

N N N ~N-1 N+n
(2 samn x (F 4 ¥
—Nn=—N m/'=—N "=—N+n n""=—N

Hi(m" —m,n" —n)Hy(a —m",f—n")if =N <n<0

- N N N+4n
oSN TR0 NS R (I R il
N n= = "=—N+n n/'=N+1

Hiy(m" —m,n" —n)Hy(a —m”",f—n")if 1 <n <N

N N
= Z Z (m,n) Z Z Hi(m" —m,n" —n)Hy(a —m", 3 —n")
—Nn=—N m!'= =

= Z Z I+ Hi(m",n")Hy(a —m", B —n")

m!'=—N n!'=—N

= (I x Hy) * Ho(av, ).

Hence I x (Hy x Hy) = (I * Hy) * H,.
(c)

N N
I« H(a,p) = Z ZI H(a—m,B —n)
—Nn=—N
a+N B+N

= > Y IHa—w/ B—n)Hm n)

m'=a—N n'=—N

~N-1 a+N B+N
( oo+ Z) oo IHla—m/,f—nYH(m',n') it —=N<a<0

_ m'=a—N m'=—N/ n'=—-N
- N a+N B+N
( >+ X ) S Ia—m/,B—nYH(m' n') ifl<a<N
m'=a—N m/=N+1/ n'=—N
N B+N
= Z H(m',n")I(a —m/, 8 —n)



% oo+ D )H(m’,n’)[(a—m',ﬂ—n’) if —N<p8<0

m/=—N \n'=—N n'=—N

; > X )H(m’,n’)l(a—m’,ﬂ—n’) if1<B<N

I
(]
(]
=

=
2
=

a—m' B—n')

Hence I x H = H * I.

4. (a)

Note that <§ Z) and (g 3) are Toeplitz, and that H; is circulant (hence

Toeplitz) when viewed as a matrix of 2 x 2 blocks.

Hence H; is block-Toeplitz, and thus represents a shift-invariant linear trans-
formation on 2 x 2 images.

On the other hand, as is not circulant, H; is not block-circulant. Hence

4 5
3 4
hs is not 2-periodic in some of its arguments.

Note that Hs is a 9 x 9 matrix; hence it represents a linear transformation on
3 X 3 images.

H, is block-circulant. They =1, = 1-,they = 2,5 = 2-and they = 3,5 = 3-

9 9 18
submatrices of Hy are all | 18 9 9 |, which is circulant; the y = 2,5 = 1-,
9 18 9
9 9 18
they = 3,8 = 2- and the y = 1, 8 = 3-submatrices of Hy areall | 18 9 9 |,
9 18 9
which is circulant; the y = 3,8 = 1-, the y = 1,5 = 2- and the y = 2,8 = 3-
18 18 36
submatrices of Hy are all | 36 18 18 |, which is also circulant. Hence h is
18 36 18

shift-invariant with hg being 3-periodic in both arguments.

5. Suppose A is symmetric but not diagonalizable. Then there is a generalized eigen-
vector v ,that is not an eigenvector, with order m associated with an eigenvalue A
such that

(A—=X)"v =0
(A= XDFv =0 A1 <k<m

The above is not very easy to prove. A lot of linear algebra textbooks put it as
a fact without proof. If one is really interested in the proof, he/she should refer
to Section 4.7 of Michael Artin’s algebra textbook. Here we omit the proof. Let
[ to be the least integer that is greater than or equal to m/2. Then we have the
following contradiction:

0=v"(A— M) =0v"(A—-AD" A - XD =|(A—AXD"|? #0

Clearly this question is too difficult for exam. Please just take it as a reference.

6. The following two facts are obvious:

(a)
(b)

Trace of a matrix is equal to the sum of its eigenvalues.

If X is an eigenvalue of A, A" is an eigenvalue of A"



Combining the two facts, we have the statement.

7. (a) ffT = (10 N

0 20)'

For A = 20:
—10 010 1 010
0 010 0 00
which gives unit eigenvector «; = (0,1)7.

For A\ = 10:
0O 0 |0 0 110
0 —1010 0 00

which gives unit eigenvector iy = (1,0)7.

10
N Tﬁ 040
Thenul:fml:ﬁ5 3 0 (1):\%(0,2,0,1)7’,and
0 2
10
S fTay 1 0 4 Iy T
2= T Um0 (3 0 (0 = 7(1,0,3,0)
0 2
1 0 30
0 16 0 8
T __
Fr=1s3 0 9 0
0 8 0 4
For ATAv =0,
1 0 30/0 103 0]0
0 16 0 8[0 010 %0
30 9010 000O00]
0 8 0 40 00000

which gives orthonormal eigenvectors v3 =

Hence an SVD of A is A = UXVT, where

V10

0
01 256 0 0 0 1 [2v2
U(lo)’ <o moo)anvmo
V2
(b) The eigenimages are given by
S 0 0 0 0 O
mﬁ{:%(l)(o 2 0 1):<O 25 g ﬁ)and
5 5
, 1 Vo g I
T 1 _
2@2_?0(0)(1 0 3 0)_(16) o T o)
0 0 0 0 VIO 310
H A=2 1 10 10 .
ence \/5(0 %g 0 \/?g)-i—\/_()(o 00 O>
1 1 1 1
PO B S
@H=31v —v2 0 o0
0 0 V2 -2

L (-3,0,1,0)T and vy =

S WO =

1
NG

-3

(0,1,0,-2)7.

0
V2
0
_2\/5



fHaar - ]:—IfﬁT

1 11 1 54 6 6\ (1 V2 0
11 1 -1 -1 616 3|1 1 —/2 0
“1lv2 =v2 0 o 12151 -1 0 2
0 V2 —v2/ \6 4 6 1/ \1 -1 0 -2
18 11 19 15 1 1 v2 0
1 4 —1 5 3 1 1 —vV2 0
1l =v2 3v2 0 32|11 -1 0 V2
—5v2 —2v2 —5v2 4v2) \1 -1 0 -2
63 -5 TV2 42 & -5 2.5
11 5 5v2 o 2v2| | M 5 a2
Tafsv2 —v2 -8 6| | 22 2 9 3
—8v2 —6v2 -6 -—18 —2y2 —BE 8 9

(b) Since H is unitary, for any g € My,4(R),
|79l — fllp = (9 fisaae) Hllp = 119 = fitaae |-

Hence one should choose to discard the entries with smaller absolute values so
as to minimize the Frobenius norm of the difference.

3

’J;|

63
a0 =0
u 0 2 g
Hence the matrix that should be kept is either fi,,, = | ;5 0 42 o |’
N W R VR R

[\

whose reconstructed image is given by HT fi.. H

L1ov2 oo 63 0 7V2 0 1 1 1 1
111 =2 0 11 0 5/2 0 11 -1 -1
161 -1 0 V2 5v/2 0 8 0 V2 V20 0

1 -1 0 —v2) \-8v2 —6v2 —6 —18/ \ 0 0 V2 —2

8 0  4V2 0 1 1 1 1
_ 1|64 0 20V2 0 1 1 -1 -1
T 16136 —12 —4v2 —18v2 | [v2 —v2 0 0

68 12 82 182 0 0 V2 -2

92 76 84 84 23 10 20 21

4 4
1 (104 24 64 6a| (8% 4 g
T 16| 16 32 12 84 12%2%17
96 64 92 20 6 4 2 >
7v2
or keep ﬁaar = %ﬁ 0 _42 _% )
3v2
—2v2 -2 0 3

whose reconstructed image is given by H” fitaar H

aar



_ - 1 1 —\/i 0 11 0 5\/5
1601 =1 0 V2 52 0 g
84 0 4v2 —6v2 11 1
T16 036 —12 2v2 —18V2 ] | V2 —V2 0
68 12 2v/2 182 0 0 2
92 76 72 96 % 1?9 1% 6
7110424765271?gg%
T 1628 20 12 84| | © i Zg
84 76 92 20 2 B b
1 1 1 1
z -1 -1 1 1
_1
9. () W=3 -1 1 1 =1}
1 -1 1 —
fWalsh:WfWT
1 1 1 1 3 9 4 4
“al-1 1 1 =1||-2 -1 =1 3
1 -1 1 -1 4 1 4 -2
9 0 11 6 1 -1 -1 1
-5 0 -5 4|1 -1 1 -1
“1l-5 -6 =5 2|1 1 1 1
-7 2 -5 38 1 1 -1 -1
26 8 —4 14 E.
T 4|-14 8 -8 —6 [ % 2
-2 8 -4 =22 -1 2
702
i / . —4 -1
(b) The modified Walsh transform f{,q, is L o
—1 2
structed image is given by
1 -1 -1 1 7 9 _1
7 =11 =1 1 =1 -4 -1 1
T g/ _ -
W fWalshW_ 1 1 1 1 _4 5 _2
1 1 -1 -1/ \=-1 2 -1
14 3 -1 2 1 1 1
_1fs 3 =3 10| [-1 -1 1
“al-2 5 -3 —6||-1 1 1
8 —3 3 10 1 -1 1
14 8 18 16 § 9
118 -8 18 4 L
T 4|-10 -4 —6 12 -
18 4 18 -8 L

—_ = =

-1
1
1

-1
1
1

-1

—1
1
-1

, whose recon-

—_ e



10. (a) Note that Wy = 1o 1y and thus (Wy)? = 1j1y. Recall that for any n € NU {0},
W, is defined by the recursive relation:

Wajig(t) = (1) EHIW;(21) + (-1 W, 2 — 1)

for j e NU{0} and ¢ € {0,1}.
Hence for any n € N, (W,,)? = 1y91) and thus

/R[Wn(t)]th = /01 dt = 1.

(b) i. Suppose j; = jo. Then my = 2j; and my = 2j; + 1, and

M%wm»=/W%®W%Hwﬁ
R

ol

=A<AM%WMM-GD@HMath

1 . .
+ [ W - 1) (oW 2 1) d
2
U v—1

—— [ W@pag)+ [ Werat5)

1 1
= S IW3 I+ S IW, ) = 0.

ii. Suppose j; < j2. Then

<Wm1> Wm2> = /RWQJ'PHH (t)W2j2+q2 (t) dt

NI

= [, e (<D, en d
0
1 ) .
+[ (=)W, (2t — 1) - (1) L2 W, (2t — 1) dt
2 J1 J2 1 !
= (e L 0w ) du
0

iz 11
(1L W, ) do
0
= |(~1)lBtlRrate 4 (_pyitatlg )+ (W, , W) =0
by the induction hypothesis.
Recall that P(m) states that
{Wo,..., Wy} is orthogonal in (L*(R), (-, -)).
Hence even if we have proven P(m) to be true for any m € NU {0},
W is orthogonal in (L*(R), (-,-))

has not been directly proven. The subtle difference is easier to observe if we consider

the statements 3
P(m) : {0,...,m} is finite

and

N U {0} is finite,



for which P(m) being true for any m € N U {0} does not imply the truthfulness
of the second statement. However, since the orthogonality of WW depends on the
orthogonality of pairs of its elements, and each pair of its elements is contained in
some {Wy ..., W,,}, the induction result suffices.

11 1 1

1 —j 1
o @u==4; 1

r jy -1 =
f=UfU
1 1 1 1 3 2 4 4 1 1 1 1
L1 = -1 4 -3 4 0 1 —j —1
16l -1 1 -1 -2 -1 -2 3 1 -1 1 -1
1§ -1 —j 4 1 4 =2 1 5 -1 —j
9 -1 10 5 1 1 1 1
1[5 344 6 1-2j 1 —j -1
16 | =7 3 —6 9 1 -1 1 =1
5 3—45 6 1+2j 1 5 -1 —j
23 —14+65 15 —1-—6j
L 15425 5-2j T-2j —T+2j
16 -1 —-1465j —-25 —-1-—6j

15—2j —7—-2j 74+2j 5+2j

(b) The submatrix of f formed by the four highest frequencies closest to 0 is f' =

23 —-14+67 0 —1—-6j
I 115+25 5—-25 0 —=742j . '
16 0 0 0 0 , whose reconstructed image is
15-2j =7-27 0 5+2j
11 1 1 23 —14+67 0 —1—-6J 1
iam - |V L [+ 5-27 0 =T+25] |1
@@ =17 2 1 1 . AN L
L= =1 j ) \15=2j =7-2 0 542 ] \1 —j
47 49 59 57
|17 =17 21 55
| -5 =27 -9 13
25 39 29 15

12. (a) 1i. Refer to DFT of convolution of Further properties

2.3.

of DFT in Section



ii.

iDFT(MNf® §)(k,1) = MNZ

m=0 n=0
M-1 N—
1
MN
m,k k"=0n,l’ "=
M-1 N-1
_ /{JI
k./ k,ll Ol/ l// 0
M—-1 —
-3 Y s
k./ k,ll Ol/ l// 0

i(mk y nl
7717 n)62”3( AN

m(k k' —k'") 'n.(l - z”))
M N

f k// l”) 2mj(

g(K" ") Ly — K — K )1nz(1— 1 = 1)

g(k" N[k — K — k') +6(k — kK — k' + M)

B—1=1")+6(1—1U—1"+N)]

M-1N-1

= Z Z K1

=0 I'=

. | MoIN-l
f©g(m,n) N f(k,

k=0 1=0

whereas
M-1N-1

= 3282 f(kv l)g(k/7 l/)ei%rj(

]‘ ! oq/
= 30 gk e

10

gk =K 1=1) = f*g(k,1).

Dk, De > 50,

mk’+m/ (k—k') | nl/4+n’ (-1
M( ) 4 N( ))

mk

—27j(

55k — K)6(1 - 1)

—_—

— Flk,Dg(k, e 2" +%) = F & g(m,n).



ii.

- ]E(m,n/)g(m_m ,n—n/)eZWj(mﬁk+%l

1 M-1 N-1
_ W Z f(]{?/, l’)g(k”, l//)
mom! K k=0 nn! 1" =0
ezwj(m(kfk”HMm'(k”fk’)_~_n(lfl”>+1\7/<l”fl’>)
M-1 N-1

_ Z Z f(k’,l')g(k;",l”)

k' E"=01"1"=0
1yz(k — Ky (K — KAz (=1 Inz (U = 1")
= f(k,Dg(k,1).

2 m.n) = i ~ k. De o mbdnl
N2
k,1=0
1 = et
= 5 D Jl—k)e R,
2
N ke, 1=0
whereas
f(m,n) = A(n, —m)
| N2
-nk—ml
= S Flh e
2
N ke 1=0
1 plly 0 K nl’
=G> Y UK
1'=0 k'=1-N
| N ) 0 e
.nl -m n
=2 <f<l’,0>62”N+ > AU K )
=0 k'=1-N
N-1
1 =1 / TL/ '/:
=5 O JU KT = fm,n).
k' 1'=0

11



ii.

iDFT(f)(k,1) = Y f(m,n)e*@ ™5
m,n=0

N—-1 k ,

= X e
m,n=0
N-1

Il
(]
g
—
3.
3\
—
@
[
d
:
>
T
3

m

N-1 ~ ’ 2 .m/1 —! ~ / ’ 2 nk+ml
=3 (fm 0 £ S fl w4 Ny

m/=0 n'=1-N

N-1

N ’

- f(m’,n')e%]mz = f(l,—k)

m’,n'=0

(d) WLOG assume ko € ZN[0,M — 1] and [, € ZN [0, N —1].
i. Refer to DF'T of a shifted image of Further properties of DFT in Sec-

tion 2.3.
ii.
M—-1N-1
iDFT (e 25+ f) (I, 1) = Flm, m)e2nit =7 205y
m=0 n=0
:f(k_k()al_l())
(e) i
f(m7n) = f(m—mo,n—no)
M—-1N-1 " ) l( :
—2mj (2 mO n— "0)
= 20 3 fl e
k=0 [=0
= DFT(*C5 430 ) (m, ).
ii.
M—-1N-1 ~ . l
ZDFT(f)(/{; l) = F(m,n)e*™ mk | nl)
m=0 n=0
M—-1N-1
£ mk | nl
= f(m —mg,n —ng)e*™ T +3)
m=0 n=0
M—-1-—mo N—1—ng

13. Recall that for any f € My n(R), DFT(hxf)(u,v) = MN DFT(h)(u,v)DFT(f)(u,

hence H(u,v) = MN DFT(h)(u,v).
(a)

k k
1 Lcux | VY 1 s ux vy
H — - 727r](ﬁ+w) - - —2mj 57 —2mj ¢
(=3 3 e S e

==k y=— r=—k y=—k

( 1+2ZCOS

1+22

12

v);



2mu 27v
_ r+2(cos =T +cos =X,

r+4 r+4 r+4
()
1 1
Hy(u,0) = 1 + (e 4 70 4 7% 4 k)
+ %6(6—2m(,(2+]§) 4 e 2miG—N) e 2mi-artR) 4 e—2wj(—%—%))
1 n 1 (cos 2mu +cos 27rv> n 1 cos 2mu cos 2mv
44 M N’ 4 M N
1 2 2
= Z(COS % + 1)(COS% +1)
= cos? m cos? v
B M N
(d)
Hy(u,v) = —4 + 7231 4 ™1 4 e7 2N 4 N
2 2
= —4+2(:os%u +QCOS%U
= —4(sin % + sin’ %U)
(e)
=
Hilu,0) = & 3 e 2mii )
t=0
1 1—6_27ro(%+bWU ‘roau b
T iR if M TN ¢
1 otherwise,
1 —mj(T—1)(a%4bv EWjT(%+va)—e_"jT(%+bWU) foau bv
_ ) T° G IR R _emmi (R ) it 5+ N EZ
1 otherwise,
rf(T—1)(2e by sin@w T (52 + %)) .o q
_ %6 (T 1>(A/I+N)Ssin(7r(a% lfﬁu+bﬁv¢Z7
1 otherwise.
14.
M—-1N-1
F(m,n)F(m,n)
m=0 n=0
| MoIN-1IM-1N- M—-1N-1 )
- Pl Y S T
m=0 n=0 k=0 [=0 k'=0 1'=0
1 M—-1 N-1 W D
— F(E N e2mi (R )
=—— > f (R D) TS
M=N m,k, k=0 n,1,1'=0
| Mol N-n
= e > Fe, O f(R ) - M1z (K — k) - N1yg(I' = 1)
k,k'=01,I'=0
| Mo1N-1
= UN |f (kD).
k=0 1=0

15. Let 0 < m,n < 2¥—1, and let h € S(g) such that h(m,n) = g(m,n). Let b/ € S(g)
such that ' = h except at (m,n), where h'(m,n) = 0. Then [|A'||o = ||h]lo — 1, and

13



noting the Haar transform matrix H for 2V x 2V images is unitary, we have
liHT(h') — gl = | H" (b — 9)H|[%
= |In" = glI%
= ||h = gl + [g(m,n)]?
= [[iHT(h) — g7 + "),
Hence
E(W) = [Wllo + liHT(R') — gl[%
= (Ikllo = 1) + (IiHT(h) = g7 + &> =)
= E(h) 4 (25" _ 1),
which is less than E(h) if and only if m? + n* > M.
Vice versa; F(h) < E(I') if and only if m? + n* < M.
Hence h is a minimizer of E(-) over S(g) if and only if h(m,n) = g(m,n) whenever

m? 4+ n? < M, and h(m,n) = 0 whenever m? + n? > M. Hence

. . g(m,n) ifm?>+n?<K
W= (h (m,n)):{o ifm?>+n®>>K

is a minimizer of E(-) over S(§).
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