1.

MMATS5390: Mathematical Image Processing

(a)

Solutions to Chapter 3 Exercises

As A=UsVT,
ATA=wusvhHTusv?h) =vtvtusv? =velsy?

. AAT = uxvhuzvhT = usviveTuT = usxy?uT.
Note that
o 0 . 0
o3y - 0
O (N—n) M < N
0 0 - oig
vTY = O(N—nm)yxm O(N—nyx(N—1)
of; 0 0
2
72 (,) if M >N
0 0 02 1
and
of; 0 0
2
72 (.) if M <N
0 0 0%
el = o3 0 -0
03y 0
: Onxar-n) if M >N
0 0 - o%p
Om—NyxN Ovr—Nyx(m—)
Hence (011,099, ...,0Kk) are the square roots of the largest K eigenvalues of AT A (or

AAT) in descending order, and thus the K-tuple is uniquely determined.

Suppose {oj; :i =1,2,---, K} are distinct and nonzero. Then each eigenspace of AT A
and AAT corresponding to eigenvalue o2 has dimension 1, which means that there are
exactly two unit eigenvectors to be chosen from each eigenspace, each being the negative
of the other. Such eigenvectors are precisely the first K columns of U and V. Combined
with the fact that o;; are in descending order, the first K columns of U and V are

uniquely determined up to a change of sign.
Suppose M = N. Then the argument from (b) follows.
A counterexample with nondistinct {o;; : i =1,2,--- , K} is given by:

I = ((1) (1)) = LILL=ULUT,

1 /1 1 .
where I» and U = \ﬁ <1 _1> are unitary.

A counterexample with oxx = 0 is given by:

0=y 1) =moo (] ).



2. Let g € Myxn(R) with SVD g = UXV7T.

For any c¢1,c9,-++ ,c € R,
I T c
— S
cl; = E — o (U; T;)
: : g;
i=1 i=1
T T c T c
i=1 j=1 "7 j=1 "7
Let ¥ € R™. Since V is unitary, span(0y, s, - - - ,¥,) = R™ and thus there exist ¢1,¢a,- -+ , ¢, €

n
R such that ¥ = )" ¢;¢;. Then
j=1

T n
- N -
gv = ( E o5 ) g ¢;U;
i=1 j=1

™ n
= E E Ciajﬂiﬁfﬁj

i=1j=1

= ZZciajé(i —j)ﬁi

i=1j=1

r
= Z(Cigi)ﬁi.
i=1

Hence range(g) = span(iy, da, - - ,Uy).
For any cr41,¢r42, - ,cn €R,
N T N
9( Y ati) = oyiv] )( Y )
i=r+1 j=1 i=r+1
r N
= Z Z Cidjﬂjﬂfﬁi
j=1i=r+1
r N
:Z Z Cl'O'j(S(Z'fj)ﬁj =0.
j=1i=r+1

n
Let ¥ = Y ¢;0; € R™ such that g’ = 0,,,. Then for any i € [1,7],
i=1

n
and thus 0= > ¢;¥;.
1=r+1

Hence null(g) = span{Ury1,Ury2, - Un}.

3. (a) [T = (100 200).
For \ = 20:



which gives unit eigenvector @; = (0,1)7.
For A\ = 10:

2 .
10
S fTa 1 |0 40 _ T
Then 77 = 11_m 3 0 (1 ——5(0,27071) , and
0 2
1 0
g, = £ 1 |0 Ay T
Vg = 0_22 — \/ﬁ 3 0 (0 = 10(1,0,3,0)
0 2
1 0 3 0
0 16 0 8
Ty _
= 3 0 90
0 8 0 4
For ATAv =0,
1 0 3 0|0 1 0 3 0]0
0 16 0 80| |0 10 50
3 0 9 01/0 0 00 00|’
0 8 0 410 0 00 0f0
which gives orthonormal eigenvectors v3 = \/%*0(_3’ 0,1,0)7 and v, = %(O, 1,0,—-2)T.
Hence an SVD of A is A = UXVT, where
0 1 -3 0
1
U:0172:2\/5000andvz 22 0 0 V2
10 0 V10 0 0 Jiol o 3 1 0
V2 0 0 —2V2

(b) The eigenimages are given by
Lo 0 0 0 O
ulvfzjg(l)(o 2 0 1):(0 25

0

V5

5
= 2T 1 —

0 0 0 O VIO o 310
H A =25 5 V10| 10 10 .
ence V5 (0 2\55 0 \ég) + ( 0 o0 0 0)

a2+ +c ab+bec+ca ab+be+ ca
4. (a) fTf=ffT=ab+bctca a®>+b*+c* ab+bc+ca
ab+bc+ca ab+bc+ca a®+b%+ 2

Denote a? + b2 + ¢2 by p, and ab + bc + ca by q.

det(fff=A)=| ¢ p—X ¢




p—A 2q
q ptqg—2A
p—aq— NN = (2p+ @A+ +pg — 2¢°]

=(p-q-2)
= (

— g N+ L+ W 12
=(—a-N*+2¢-))
= (

a® + b+ % —ab—be — ca— N)?(a® +b* + ¢ + 2ab + 2bc + 2ca — ).
Note that p — g = (a —b)?>+ (b—¢)> + (c—a)? and p+2¢ = (a + b+ ¢)2.
Suppose g # 0.

Ifp—q#0,ie. a,b,cnot all equal,

for A\=p—q=a%+b>+c%—ab—bc— ca:
qg ¢ q|0 1 1 110
q g gq|l0|~]10 0 0[]0 ],
q q q|0 0 0 0]0

and 7y = (0,1, —1)7;

by Gram-Schmidt orthonormalization, ¥y for g # 0 is given by

{5755 —(t,02)51 = (0,1, 1T = 5(1,0,-1)" = 5(-1,2,-1)7,

which gives eigenvectors ¥ = %(1, 0,-1)T

Py A 2 1 _1\T
%=y = wha T
Then
i ft = Z Z E é
1_ =
ve—a \2p-a9) \p o o) \21
1
= (a—c,c—bb—a)T,
2(p—q
and
i f0 = Z Z Z _21
2: =
VP =4 6r=a) \p ¢ a -1
1
=—— (2b—c—a,2a—b—c,2c—a—Db)T.
6(p—q)
If p4+2¢#0,ie. a+b+c#0, for A\ =p+2q = a® +b* + ¢ + 2ab + 2bc + 2ca,
2 ¢ q |0 1 -2 10 1 -2 110
q -2 ¢ |0~ -2 1 1|0~ 0 =3 310
¢ ¢ -2¢]0 11 =210 0 3 -3]0
1 -2 1 ]0 1 0 —-110
~l0 1 —-1|0|~|0 1 =1/(0],
| O 010 0 0 010
which give unit eigenvector ¥5 = %(1, 1L, 1T,
Then
a b c 1
iy = U _ c a b 1
Vp+2q ¢3p+w boe 1
b 1
= atore (1717 T:7(17131)T'
3(p + 2q) V3



5.

Hence if ¢ # 0 and p — ¢ # 0, an SVD of f is given by f = ULV, where

2b—c—a 1

Ve—a)  \fso—a) VB p—q 0 0
c—b 2a—b—c 1
U= V20-9)  f6p—q) V3 u= 0 p—a 0
b—a 2c—a—b 1 0 0 D+ 2q
V2—q)  6(p—q) V3
1 1 1
V2P
and V = 0 % 7
1 1 1
V2 V6 V3B

If ¢ # 0 and p— g = 0, then p+ 2q # 0. Then since ¥, U5 € span((l, 1, 1)T), we can use
them to form U as well, i.e. 4, = ¥, s = U2 and thus f = VEVT, where V and ¥ are

0 0 0
the same as above with X = [0 0 0 .
0 0 Vp+2¢q

On the other hand, if ¢ = 0, ¥ = /pI3 and thus any 3 x 3 unitary matrix W would
satisfy f = WEXW7.

(b) Suppose p = 0. Then a = b = ¢ = 0 and rank(f) = rank(0) = 0, and thus f has no

rank-2 approximation.
Suppose p # 0 and ¢ = 0. Then for any orthonormal ¥, 7> € R3, \/13(17117? + i) is a
rank-2 approximation to f. In particular,

vp[(1,0,0)(1,0,0)” +(0,1,0)(0,1,0)"] = /p

o
O =
o

and

O =
o O
o O

V/l(1,0,0)(1,0,0)" +(0,0,1)(0,0,1)] = /p

are distinct rank-2 approximations of f.

Suppose p # 0, g # 0 and p — ¢ = 0. Then f = VEVT is rank 1 and f has no rank-2
approximation.

Suppose p # 0, ¢ > 0 and p — g # 0. Then /p + 2¢ > /p — ¢, and thus \/p + 2qiizv% +
VD — qu T and \/p + 2qiistl + \/p — qii2¥4 are distinct rank-2 approximations of f.
Hence for f to have a unique rank-2 approximation, p # 0, ¢ < 0 and p — q # 0, i.e.
a, b, c are not all equal and ab + bc + ca < 0.

1 1 1 1
- 11 1 -1 -1
@WH=51vs vz 0o o
0 0 V2 -2
fHaar:ﬂ—fﬁT
1 1 1 1 5 4 6 6\ /1 1 V2 0
1t 1 -1 =1 |6 16 3|1 1 -2 0
T4lV2 —vV2 0 0 1 2 151 -1 0o V2
0 V2 —v2) \6 4 6 1/ \1 -1 0 -2
18 11 19 15 1 1 V2 0
1 4 -1 5 3 1 1 =2 o0
T4l V2 3vV2 0 3v2||1 -1 o0 V2
—5v2 —2v2 —5V2 42/ \1 -1 0 -2
63 -5 TVZ 432 N . 2
i s svE o] | B -2 2
T4l V2 V2 -8 6| | 2 _¥2 _9 _3
-8v2 —6v2 -6 —18 4\f VR
—2V2 -5 -5 T3



(b) Since H is unitary, for any g € My 4(R),

A gH — fllr = |H (9 — foaaar) H|F = g — fraar]l #-

Hence one should choose to discard the entries with smaller absolute values so

minimize the Frobenius norm of the difference.

as to

, 11 0 2
s .‘ . o 4 4
Hence the matrix that should be kept is either f{,.. = ¥ 0 -’ o |
3v2
) ) —2V2 - -5 3
whose reconstructed image is given by H” ff,. H

1 1 V2 0 63 0 V2 0 1 1 1 1
111 —v2 o0 11 0 5/2 0 I B |
1wl -1 0 V2 52 0 -8 0 V2 V2 0 0

1 -1 0 =2/ \-8/2 —-6v2 -6 -18 0 0 V2 =2

84 0 4+/2 0 1 1 1 1
1 ]64 0 20V2 0 1 1 -1 -1
1636 —12 —4v2 —18v2 | [v2 —v2 o 0

68 12  8&/2 @ 18V2 0 0 V2 —V2

92 76 84 84 23 19 21 21

4 4
_i104246464_§§44.
T 16|16 32 12 84 1 2 %3 % ;

9 64 92 20 6 4 2 2

0 o

11 5v/2

il 0 w2
or keep f// = 4 4 7

P Haar % 0 _9 _%

22 B0
whose reconstructed image is given by HT f{{’aarf[

1 1 V2 0 63 0 W2 0 1 1 1 1
L1t 1 —v2 o0 11 0 5/2 0 1 1 -1 -1
161l -1 0 V2 52 0 -8 —6 V2 =2 0 0

1 -1 0 —/2) \-8/2 —-6v2 0 -18 0 0 V2 —2

84 0  4vV2 —6V2 1 1 1 1
_Lle4 0 20vV2 6V2 1 1 -1 -1
1636 —12 2v2 —18v2][v2 —v2 0 o0

68 12 2v/2 182 0 0 V2 =2

92 76 72 96 %4; ? 2 6
1 ]104 24 76 52| _ 1@ ; 1?9 13
T16 | 28 20 12 84 | £ Do 2?1

84 76 92 20 S e

1
6. (a) /[Ho(t)]th:/ dt = 1.
R 0
For any p € N\ {0} and n € ZN 0,27 — 1],
n«;g.o n;;)l
[iHrnPar= [ 7 @bas [ 2t2ar
R n_ n+0.5
2 2D
1
=2 T 2P =1



(b) i. Let m € N\ {0}. There exists p € NU {0} and n € ZnN[0,2P — 1] such that
m = 2P +n. Then

(Ho, Hyy) = /R Ho(£) Ha o0 (1) dt

n+0.5 n+1
2P p 2P p
:/ 22 dt+/ (—22)dt
o n+0.5
2P 2P
1 P 1 P
= TS .93 +2PT.(722) =0.

ii. A. Suppose p; = p2. Then

(Hpy Hon) = / Hanr sy (£) Hams oy (1) dt

n140.5 ntl

Pl Pl
:/ ’ 2%1-0dt+/2 (—27)-0dt
ny n

140.5
2P1 2P1

n940.5 no41

2P1 p1 2P1 P1
_|_/ 0.274_/ 0-(—272)dt=0.
ny "

1540.5
2P1 2P1

B. Suppose p; < ps. Then either

)

1 0.5
e 2P27Pip; < ny < 2P27P1(ny+0.5) and thus [nQ n2 + ) C [nl nl+>

2p27  9p2 2?’ 91
or
_ _ ng ng+ 1 n1+05 n+1
o 2P27P1(n140.5) < ng < 2P27P1(n;+1) and thus {2]02, s )Q [2101’ 5o );
or
o [ng,ng—&-l)m[n1+0.57n1+1>_®.
2p2 2p2 2p1 2p1
. ny na+1 .
In any case, H,,, is constant on [2?, ops ), and thus denoting the constant
by ¢,
(Hy Hs) = [ Hars o, () Hars e (0
R
ng+0.5 no+1
2P2 P2 2P2 P2
:c/ 2Tdt+c/ (=27)dt
no ng+0.5
2P2 2P2
1 P2 1 P2
:C[sz+1'22 +2172+1'(_22)]:0'
1 1 1 1
= -1 -1 1 1
1
@W=31_4 1 1 2
1 -1 1 -1
fWalsh:WfWT
1 1 1 1 3 2 4 4 1 -1 -1 1
_} -1 -1 1 1 4 =2 4 1 1 -1 1 -1
“4(-1 1 1 -1]|-2 -1 -1 3 11 1 1
1 -1 1 -1/ \4 1 4 =2 11 -1 -1
9 0 11 6 1 -1 -1 1
-5 0 -5 —4 1 -1 1 -1
T 4|-5 -6 -5 2 1 1 1 1
-7 2 -5 8 1 1 -1 -1
26 8 —4 14 B2 -1 I
_1—14—44—6_—%—11—%
S 4|-14 8 -8 -6 —3 2 =2 2
-2 8 -4 =22 -5 2 -1 —71



7 2 -1 4
-4 -1 1 =2
-4 2 =2 =2
-1 2 -1 -6

(b) The modified Walsh transform f{, ., is , whose reconstructed

image is given by

1 -1 -1 1 7T 2 -1 4 11 1 1
v o Lf1 -1 1 —1]|-4 -1 1 -=2||-1 -1 1 1
WihvaaeW=711 1 1 1 ||-4 2 —2 —2||-1 1 1 -1
1 1 -1 -1/ \-1 2 -1 -6/ \1 -1 1 -1
4 3 -1 2 11 1 1
18 3 -3 10|[-1 -1 1 1
T 40-2 5 =3 —6[(-1 1 1 -1
8 -3 3 10 1 -11 -1
14 8 18 16 32 5 2
_1f118 -8 18 4| (5 -2 § 1
T 4f-10 -4 —6 12| (-3 -1 -3 3
18 4 18 -8 $ 1 5 -2

(a) Note that Wy = 1.1y and thus (Wy)* = 1j9,1). Recall that for any n € NU {0}, W, is
defined by the recursive relation:

Wajag(t) = (~1)EIFOW; (20) + (~ 1) LE W20 — 1)

for j e NU{0} and ¢q € {0,1}.
Hence for any n € N, (W,)? = 1)y 1) and thus

/R[Wn(t)]th - /01 dt=1.

(b) i. Suppose j1 = jo. Then my = 2j; and ms = 2j; + 1, and
<Wm1 ’ Wm2> - W2j1 (t)Wle +1 (t) dt
R
1 . .
= [Tt W @0 (- n d
0
1 , .
+/ ()W (2t — 1) - (=)l Wy (2t — 1) de

U v—1

- [ WP + [ WP

1 1
= =5 I 2+ W5, 12 = 0.

ii. Suppose j; < j2. Then

<Wm17 Wm2> = /]R W2j1+lh (t)W2j2+qz (t) dt

= [F 0t o (e, o d
0

1

1 . .
+/ ()73 W, (2t — 1) - (1)L W, (2t — 1) dt

2
J J 1t
:enﬁﬁﬁﬁmﬂwilvmwm@wmu
i j 1!
+(_1)J1+J2+L%J+L%J .5/0 W, (v)W;, (v) dv
— (_1)L%J+L%J+q1+q2_|_(_1)j1+jz+L%J+L%2J} (W, W,,) =0

by the induction hypothesis.



9.

Remark. Recall that P(m) states that
{Wo,...,Wn} is orthogonal in (L*(R), {-,-)).
Hence even if we have proven P(m) to be true for any m € NU {0},
W is orthogonal in (L*(R), {-,-))

has not been directly proven. The subtle difference is easier to observe if we consider the
statements

P(m) :{0,...,m} is finite
and

NuU {0} is finite,

for which P(m) being true for any m € NU{0} does not imply the truthfulness of the second
statement. However, since the orthogonality of W depends on the orthogonality of pairs of
its elements, and each pair of its elements is contained in some {Wy ..., W, }, the induction
result suffices.

(a) Wo = 1p9,1), so Wy(0) = tl_iglﬁ Wo(t) =
Let P(k) be the proposition that

Wi (0)  if k is even,
—W,(0) if k is odd.

t—1-

Suppose P(j) is true for some j € NU {0}.

Then for ¢q € {0,1},
hr{l Wajiqe(t) = lim (—1)7T9W;(2t — 1)
t—1-

t—1—

= (=1)7* Jim W;(t)

(—1)9 lim W;(t) if j is even,

— t—1—

(=1)9*! lim W;(t) if j is odd

t—1—
W;(0)  ifg=0,

= CDW(0) = {W(O) if g = 1.

Hence P(2j5) and P(2j+1) are also true. By induction, P(k) is true for any k € NU{0}.
(b) Wo = 1jo,1) and thus has 0 zero-crossings on (0,1).
Let P(k) be the proposition that W}, has k zero-crossings on (0, 1).

Suppose P(j) is true for some j € NU {0}. Then a direct observation is that both
Wo; and Waj41 have j zero-crossings on each of (0,1) and (3,1); it remains to verify
whether % is a zero-crossing of theirs.

For g € {0,1},

Hm Wajig(t) = (—1)L214 lim W;(2)

1 — —
t_>§ t—1

1tz J+qW (0) if j is even,
iz J+'J+1W( ) if j is odd

{( )b
(—1)tz
(—=1)7T9Wa;44(3) if j is even,
(1) Wy, 4(5) if j is odd

lim WQjJrq(t) if q = 07
1 t—1t

= (71)qW2j+q <> — pl

2 — lim W2j+q(t) if q = 1.

t—1

Hence % is a zero-crossing of W1, if ¢ = 1 and is not if ¢ = 0, and thus Wh; has 2j

zero-crossings on (0,1) while Wy, has 2j + 1.
By induction, P(k) is true for any k£ € NU {0}.



10. (a) The idea is basically the same with Q6(b)(ii)(B):
Let @ # M C N\ {0} and let m* = max M.
Then 11 R, is constant on each period of R,,, i.e.
meM\{m*}

Eok+1 -
H RmECke{il}OneaCh (27’1*1,2”‘*1)7]6:071’...72 1_1.
meM\{m*}

Hence

/RH Ry = Z /’" kR () dt

meM k=0 om*—1

1
[ v}
M
|
_

o

ES
N
BN
X g*t

QL

~

|

N

ol
A *t

<%

~
v

Il

o

(b) Let M be a finite subset of N\ {0}.

2

For any m € N\ {0}, R,,> = 1(0,1) except at finitely many points. Hence ( 11 Rm>
meM

1jp,1) except at finitely many points, and

[{m) = e

meM

Let My and Ms be distinct finite subsets of N\ {0}. Then (M \ Ma) U (M2 \ M;) # @.
Except at finitely many points,

I[ B 1] Ba= 11 #0- 1 Ru- 11 R,

meM; neMs meMiNMa neMi\Ms p€ Mo\ My
= 11 R,
me (M \Ma2)U(Ma\My)

and thus by the result of (a),

LI e TT R = M R.-o

meM, n€Ms R e (M \M2)L(M2\ M)

11 1 1
1 —j -1
o @U=%|; 3 1
17 -1 —j
f=U0fU
11 1 1 3 2 4 4 1 1 1 1
N R A R 4 -3 4 0 1 —j -1 4
16l -1 1 -1 -2 -1 -2 3 1 -1 1 -1
1 5 -1 —j)J\4 1 4 =2/ \1 5 -1 —j
9 -1 10 5 11 1 1
L5 3+4j 6 1-2j 1 —j —1
16| -7 3 -6 9 1 -1 1 -1
5 3—-4j 6 142§ 1 j -1 —j
23 1465 15 —1—6j
L |15+2j 5-2 7-2j -T+2j
T 16 -1 —-1465 —25 —1-—6j

15-2) —7-2j 7T+2j 5+2j

10



(b) The submatrix of f formed by the three frequencies closest to 0 is

23 1465 0 —-1-6j
f':i 15425 5—-25 0 —-742j
16 0 0 0 0 ’
15—-25 —=7—25 0 5+2j
whose reconstructed image is
1 1 1 1 23 1465 0 —1-6j 1 1 1 1
= 111 45 -1 —j 15425 5—-25 0 —74+25 1 45 -1 —j
/ _

(4U>f(4U)_16 1 -1 1 -1 0 0 0 0 1 -1 1 -1
1 —5 -1 g 15—-25 —-7—-25 0 5425 1 —j -1 3

5 —3+27 0 -3-23\ /1 1 1 1
119 —1418 0 —1-18|[1 j -1 —j
16|-7 1+105 0 1-10j 1
27 —1-6j 0 —-1+6j/ \1
A7 49 59 57
1|17 —17 21 55
16|-5 —27 -9 13
25 39 29 15

12. (a) i. Refer to DET of convolution of Further properties of DFT in Section 4.
ii.

iDFT(MNf ® §)(k,1)

Il
=
>>

3
<’
Q>
3
S
o
d
g|
B
+
2

=

I—
om(k—k'—k") | n@=U'=1")
- Z Z £( k/ / k// l//) 275 ( ~ + L )
MN mok! k" =0m,l" 1" =0
M-1 N-1
= Z Z FE ) g(K" ") Az (k — K — K" Ing (I =1 = 1")
' k" =0 1 1" =0
M-1 N-1
= 3 N WL g Bk — K — k") + 6(k — K — K" + M)]
k./ k// Ol/ l// O
[6(1—=1 1"y +6(1—1'"=1"+ N)]
M—-1N-1

DD FE gk =K 1 =1) = [ g(k,D).

k'=0 I'=0

—_

(b) Withheld until the due date of Assignment 3.

(c) 1
. N—
f mon Z f k‘ l _2ﬂ_Jmk+nl
k,1=0
1 = k+nl
=— Y fl,—k)e TN
2
N k,1=0

11



whereas

f(m7n) = f(n7 _m)
1 = o
=~z 2 ke
k,l=0
: ¥ 0 mk’+nl
= qE 2 > S ke
'=0 k'=1—N
1 > mk +nl
R e NU S )
'=0 L
: S i mk! +nl 2
= 2 i, —k/)e—QWJ _ Fomim).
k', l'=0
ii.
- Ne1
iDFT(Pk1) = F(m, n)e2mi ™5™
m.,n:o
N-1
- f(n, —m)627fjM
m,n=0
N-1 0 , |
B Z f(m’,n’)ehjw
m'=0n'=1—N
N-1 B |
= (f(m’ 0)e2™ " + Z Fm! n! + N)e2d . l)
m’=0 e
N-1
- Z J?(m/,n) omjmiionk ),
m/,n'=0

(d) WLOG assume ko € ZN[0,M —1] and lp € ZN [0, N — 1].
i. Refer to DFT of a shifted image of Further properties of DFT in Section 4.
ii.

M—1N-—1
iDFT(e ™+ %) fy(e, ) = S Y F(m, m)erri(2 ke 205k
m=0 n=0
= f(k— ko1 ~lo).

~h

(m,n) = f(m —mo,n — ng)
1 MrNd

= LTS et ey

k=0 =0
= DET(E ) f)m, ).

ii.

- M_1N-1 _
iDFT(f)(k,1) = e
m=0 n—=0
M—-1N-1
= f(m m07n—n0) 271'](M+"l)
m=0 n—0
M—1—mo N—1—nq
N Z Z f m’ n 2”]((m +mo)k 4 (n _H,O)l)
m/'=—mgo n’=—ng

IR+ £k, 1).

12



13. (a) Note that for any ¢ € Z, cos 7k = (—1)* and thus
cos k + cos(—7k) = (=1)* + (=1)"* = 0.

iEDCT(EDCT(f))(k,1)

mm(2k+1) am(2k +1) mn(2l+1) (2l 4 1)
cos cos i SN S o

1 !l g/
=V 2 2. 2. [

k'=0U'=0 m'=1-M n'=1-N

cmm(k+ kK +1) ~mm(k — k') (I + 1+ 1) (=)
(cos i -+ cos i coS N -+ cos N

M—-1N—-1 M-1 N-1

16MN Z f
k'=0U'=0 m'=—Mn'=
(62”M + 672”% T +e 2 m(;&k/))
(ezﬂj n(w;\;ﬂ) n e_zﬂjn(z;\;ﬂ) I 62“ n(é]fvz’) n 6_2‘” n(l z ))
M—-1N-1
= Z Z FE D) amz(k + K + 1) + Loz (k — K)oz ( 4+ 4+ 1) + 1anz(l = 1))
=0 I'=0
= f(k:,l).

(b) Assuming f is symmetrically extended about z = 0 and y = 0,

iODCT(ODCT(f))(k,1)
M-—1 —
Z 2= 1pz(K)][2 = Inz(D][2 — Tyz(m)][2 — 1nz(n)]

=

:(2M—1 2N —1) 2~

£ 1) cos 2rmk o 27ka:’ cos 27mnl o 2mnl’
’ 2M —1 2M -1 2N —1 2N —1

1 M-1 N-1
v 2 2. JW.D)

T aeM -1
mok'=1—M n,l'=1—N
2 ! 2 — K 2 ! 2 =
( ﬂm(k;+k)+ os mm(k k‘)) (cos 7rn(l+l)+cos mn(l l))

oM —1 T a1 N —1 N —1

1 M-—1 N-1
o> FEL

162M —1)(eN —1) A o

s mtk!) (k+k) m(k—k') m(k—k')
eZﬂ-ngM—l +6727”sz T +e27‘7 M —1 +€727U 2M—1 )

(210} n(+l) n(=l) =)
27 ST +e —27j 3N—1 +e 27) SN = 1 +e —2mj S 1)

NN

e
| M-l N-1
=7 X F 1)
W=1—MI'=1—N
Ln—1)z(k +E) + Lon—1)z(k = E)][1en—1)z( +1') + Lon—1)z( = 1')]
= JUF (kD) F b, =)+ (kD) + F(, )] = £, D).
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(¢) Note that for any ¢ € Z, siner = 0.

z’EDST(EDST( N (k, 1)

MN i Z [2 = 1pz(m))[2 = Iz ()] f (K1)

m,k'=0n,l'=

mm(2k + 1) . m(2k 4+ 1) o (2] 4+ 1) o mn(2l' + 1)
oM 2\ TN TN

M—-1N-1 M-1 —

4MNZZ > Y s

=0 I'=0 m=—M n=—N

/ L / _J!
(cos mm(k + Kk +1) o am(k k:)) (Cosﬂn(l—i—l +1) . mn(l l))

S

M TS T N TN
M—-1N—-1 M-1 N-1

TP IP DI

k'=0 I'=0 m=—M n=—N

( 27j m(k+k +1) n 672717 m(k;»Alirl) B e2ﬂjm(l2cl\71k ) 727rj m(k 14 ))

( zﬂ_jn(H—l +1) i 6727”, n(z-g?\/j“) B 627Tj n(éj_vﬂ) 7 6*2”jn(;1_vll))

M—-1N-1

Z > D)Moz (k4 K + 1) = Loyz(k — K)[Qanz(l+ 1 +1) = 1onz(l 1))
01l'=0

(d)

iODST(ODST(§))(k,1)
M—-1N-1 M

TN TT o >33 s

( =0 I'=0 m=1n=1
2rm(k + 1) sin 27rm(k:’ +1) sin 2mn(l+1) sin 2mn(l' +1)
2M +1 2M +1 2N+1 2N +1
M—-1N-1

T L L Y Y )

=0 I'=0 m=—M n=—N

2rm(k + k' +2) 2rm(k — k') 2mn(l+ 1 4 2) 2mn(l —1) 1
COS ————— — COS COS — COS =
2M +1 2M +1 2N +1 2N +1 4(2M +1)(2N -
(e2mm<mr2> I >)
(ezm RS | o2 onnl) omg zsw)
1 M—-1N-1
kl /
42M +1)(2N + 1) z:();f

22M + D1eaynyz(k + & +2) = 2(2M + 1)L apr1yz(k — k)]
[ 2N + D1leninz(l+1+2) = 22N + 1)1 en izl — 1)
~1N-1

Z D FE (k= k)1 —1) = f(k,1).

k’=0 1'=0
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