
Lecture 1: Basic mathematical concept

Brief introduction on: 
1. Topological surface 
2. Riemannian surface

Topological surface Riemannian surface

I
/

a Equipped with a metric

•
interested in the

measuring distance

topology I genus
of

. Topology I genus can be

the surface ONLY .

• not equipped
with discovered by Gauss -

Bonnet Theorem - 2- 2g
a metric measuring

"

distance JµkdA = 21T XFM)

T Euler char
.

Gaussian curvature



Topological surfaces:
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Remark : Topologicalsurfaces
can be determined by the first

homotopy group .

Suppose GESis a base point ,
all oriented loop can be classified

by homotopy and hence form a homo topic class
.

All homo topic classes form the fundamental group / first homo topic

class of S
.

Denote it by IT ,
( S

, of )
.



Definition : Let 8 ,
,

82 :[ o
,

I ] → S be two curves . A homotopy

connecting V ,
and Va is a continuous mapping f : [0,13×6,1]-35

,

Such that :  

Fco , # = 8. L t ) and Fcl ,
t ) = Vat )

.

Vi is said to be homo topic to 82 if there exists a

homotopy between them .

Definition : A closed curve C loop ) through p is a curve

Such that No ) = 811 ) =p .

Lemma : Homotopy
relation is an equivalence relation .

Remark : The homotopy class of a loop 8 is denoted by E 83
.

( If Vi E E 83
,

then : 8 ,
is homotopic to 8)





Definition : Let to
,

8
,

be two loops through p .

The product

of two loops is defined as
-

-

To. V
,

.lt ) = {Vol Zt ) o s tf iz

The loop inverse is defined as? '
Ht - I ) Is tf I

8-
 '

it ) = 811 - t )



Definition : ( Intersection index )

Suppose
8 ,

and 82  intersects

at q .

That's
,

8. it ) -

- Val -4=8 .

Then : the intersection index at

q is ?

def

The anemic intersection harmony ;it:÷÷÷÷÷:
number  of V , and 82 is defined as :

" . "
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Proof : Exercise
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Remark : we 'll learn how to find ai 's
, big's 7 we can cut and flatten !



Universal covering space

Definition ( Covering Space ) Let S and 5 be topological

spaces .

A continuous map p
= 5 → s is a covering map if :

(1) For each goes ,
I neighbourhood U of of such that

p
- '

CU ) = Uni is a disjoint union  of open sets Ii

C 27 plug.

.

 
. Ii → Ui is a

homeomorphism . for ti
.

Then : 5 is called a covering space .

If 5 is simply - connected ,
then 5 is called a universal

covering space .



Definition : ( Deck Transformation )

The automorphism of 5
,

I = 5 → 5
,

is called a deck transformation

if they satisfy pot =p .

All deck transformations form a group ,
the covering group ,

and

denoted as Deck (5)
.

Decks )
u

Space of translations

from one fundamental
domain to another .
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Deck (5)I Space of Mobius transformations .



Smooth manifold
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Stereographic projection from G to $2 a { N }
.

0 : E → 15 ' sin 's defined by :

dex
, y )

-

- ex . ,
xz

.
xD = (I×¥y , ,IY , ¥fE )

4-
'

c x , ,xz ,
xD = c x

, y ) =
, ¥3 )



% = 22¥ =

,++yyz C I - X 't y
'

,
- 2x y ,

2X )

Ty = 7¥ =

,
a

C - 2x y ,
it XZ - y

-

, 2y )

Note that : L # , ¥7 =

c ,+¥F
< Fy , Fy > =

4-

< Ix . Ey > =!
" " y -5 } PATEK: ing ,



±
"" " "



Integration on surface

Definition : Suppose Uch is an open set of a 2- dim manifold

M
,

and 4 : U → r CIRZ is a chart
.

Then :

Ju f DA  = Jr fool
"

JE¥ dudu

where E -

- Col
-

Yu .

- '

In
,

F  = L 9-
' In .

" In
,

G -

-
CO

-  ' In . ft
" Iv

Definition : Choose a partition of unity I Yi -

- Ui  → IR } iez Such

that Ui Ui  = M
,

Hi Cp ) 70 for Hi and ?Yicp ) I I for FPEM
.

Then : JµfdA = I Ju
.

.

Yif DA

=

E Jr
,

#f) of .

" JEFF dudu

where Oli : Ui  → ri is a chart
.



Gauss-Bonnet Theorem

y
#HIGH

"'t 9180 ) =P , ¥4,0108 # =3

Definition : Let PEM and Tie Tp M C tangent plane at p )
.

Define : Spiv ) = - Doo IT
,

where I is the normal direction

of M at p .

Then : Sp , Tp M → Tp M is a linear

operator ,
called the shape operator .

The Gaussian curvature at p is defined as i

K = det L Sp )
.

Theorem : ( Gauss -
Bonnet ) Let M be a compact closed surface

.

J K DA = 21T XLI
M

Euler characteristic

( integer depending on the topology)



Discrete Gauss-Bonnet Theorem.

Theorem : For

an
oriented discrete triangulated surface M

,

-

÷ Ktvi ) = 2T XLM )

where { Vi ) is the collection of vertices
,

Ktvi ) is the discrete

Gaussian curvature defined as : Ktvi ) = 21T - Zjh O ith Viet 2M
# of faces jk

"
{

IT - Ejhoi Vie 2M
and XCMK IV.It IFI - IEI

# of vertices I of edges


