Lecture 1: Basic mathematical concept

Brief introduction on:

1. Topological surface
2. Riemannian surface
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Topological surfaces:

Topological Sphere Topological Torus

Figure: How to differentiate the above two surfaces.




Figure: Check whether all loops on the surface can shrink to a point.

All oriented compact surfaces can be classified by their genus g and
number of boundaries b. Therefore, we use (g, b) to represent the
topological type of an oriented surface S.




Figure: Handle detection by finding the handle loops and the tunnel loops.
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Figure: Path homotopy.
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Figure: Loop product

Figure: Loop inversion
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Figure: Algebraic intersection number
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Figure: Algebraic intersection number

Algebraic Intersection Number Homotopy Invariance

Suppose 1 is homotopic to 41, then the algebraic intersection number

T2 =1 Y2
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Definition (Canonical Basis)

Suppose S is a compact, oriented surface, there exists a set of generators
of the fundamental group 71(S, p),

G = {[31]7 [b1]7 [32]7 [b2]7 e a[ag]a [bg]}
such that _
£l o oy = iy - ey = 0, Loy = oy = (1),

where a; - b; represents the algebraic intersection number of loops a; and
b;, dj; is the Kronecker symbol, then G is called a set of canonical basis of

m1(S, p).
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Universal covering space
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Figure: Universal Covering Space
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Figure: Universal Covering Space of a genus two surface.
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Smooth manifold

Definition (Manifold)

A manifold is a topological space M covered by a set of open sets {U,}.
A homeomorphism ¢, : U, — R"” maps U, to the Euclidean space R".
(Uqa, @) is called a coordinate chart of M. The set of all charts

{(Uq, @)} form the atlas of M. Suppose U, N Ug # 0, then

bap = 050 dn" : pa(Ua N Us) = ¢5(Us N Up)

is a transition map.

If all transition maps ¢o3 € C>°(R") are smooth, then the manifold is a
differential manifold or a smooth manifold.




Definition (Tangent Vector)

A tangent vector ¢ at the point p is an association to every coordinate
chart (x!,x2,--- ,x") at p an n-tuple (£1,€2,---,£™) of real numbers,
such that if (§~1,§~2, e ,f”) is associated with another coordinate system
(%1,%2,--- X", then it satisfies the transition rule

§=3 (e

OxJ
J=1

A smooth vector field ¢ assigns a tangent vector for each point of M, it
has local representation

& %)
1,2 .. o0y _ (xl X2 ... xM)—
E(x x5, x™) ;Zlf,(x S X7 X )8x,-'

{%} represents the vector fields of the velocities of iso-parametric curves
on M. They form a basis of all vector fields.
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Definition (Push-forward)

Suppose ¢ : M — N is a differential map from M to N, v : (—€,e) - M is
a curve, v(0) = p, v/(0) =v € T,M, then ¢ o~y is a curve on N,
¢ ov(0) = ¢(p), we define the tangent vector

$x(v) = (¢07)(0) € Typ)N,

as the push-forward tangent vector of v induced by ¢.




Integration on surface
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Discrete Gauss-Bonnet Theorem
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